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Utilization of Bundle Space
formulation in classification of
physical fields.

Samia Ahmed Badr Suliman® and Mohamed Ali Bashir®®

Abstract:

In this paper we discuss the classification of bundles for
physical fields, and illustrate the importance of classification
problem for these physical

Fields. The geometrical description will be global and free of
coordinates.
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Introduction:

We show that universal bundle exist for every group G,
hence there is a classifying space BG which is unique up to
homotopy type so that the homotopy classes of maps from a
space X, [X, BG ], is in bijective correspondence with the set of

isomorphism classes of principal G- bundle prmG(X ). We
describe example and two constructions of universal bundle
one due to Milnor that involves taking the infinite join of a group
with itself. The other is an example of a simplicial space called
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the simplicial bar construction. These constructions are
essentially equivalent.

Universal bundle and classifying space;

Definition (1 ) Let G be a topological group, A principal G -
bu ndleis a fiber bundle P *E = B with fiber F = G satisfying the
following properties :

(1) The total space E has a free right G action. That is, it has a
free group action making the following diagram commute :

ExG ——> E

e I p
Bx{l} = B
Where ¢ is the constant map.

-1 -1
(2) The induced action on fiber 1p (0)xG - P (X)is free
and transitive (3) There e:.._. equivariant. That is, the
following diagrams commute :
v
P 'U)xG — UxGxG

~

u 4 I Ixmult

p L) L UG
v

Theorem (1 ) : Covering Homotopy Theorem. Le
and Y9-2 7Y be fiber bundles with the same fiber F, where B is

normal and locally compact. let ho be a bundle map

E ey 7z

p Vg
B - Y
h,
=H
Let H :Bx1 =Y pbe a homotopy of ho (i.e h Bx ). Then

there exist a covering of the homotopy H by a bundle map

(10)
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Theorem ( 2): Let P ‘E =B pe a fiber bundle with fiber F, and

let foX—B and f.Xx—8 be homotopic maps. Then the pull

— back bundles are isomorphic f o(E)=f ,(E) .
Proof :_since H :Bxl =Y js a homotopy with Ho=f s and

H.=f 1. by a homotopy covering theorem there is a covering

H-f O(E)XI —k that covers H :X xI =B This

fo®x1 " o(E)
2 2

%
X x| X x|

homotopy

defines a map of bundles over X x|
and this is a bundle isomorphism £ it induces the identity

map on both fibers. Restricting t somorphism to X X{l},

since H:1=f : we get a bundle isomorphism

* H *
fo(E) » f4E)
)
Xxl X xl

Corollary (1) : Let P ‘E>Bpea principal G- bundle over a
connected space B. Then for any space X the pull back
construction gives a well defined map from the set of homotopy
classes of maps from X to B to the set of isomorphism classes of
principal G — bundles

p.:X,Bl->prin (X)

(11)
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PEG > BG s called

:[X,B In (X
universal if the pull back construction P [ 1= prmG( )
is a bijection for every space X. In this case the base space of
universal bundle BG is called a classifying space for G ( or a
principal G — bundle).

Corollary ( 2) : If f:X>Y jsa homotopy equivalence, then

Definition (2 )_: A principal G - bundle

f :prin_¢) " prin_(x)
it induces isomorphisms prn. _>p ¢

Vect () ; Vect X)

Where VeCt (') znq VeECtr ) denote the set of
isomorphism classes of real and complex vector bundles over Y
respectively.

Theorem (3 ) : There is a bijective correspondence between

prin_S " =11,.6)

n-1 )
where as a set 11:C)=IS X oCAB  yhich refers to
homotopy classes of base point preserving maps from the

principal bundles and homotopy groups

n-1 n-1
sphere S with base point X 0€S , to the group G with base

point the identity 1€G .
Definition (4 ) : A space X is said to be aspherical if all of its

homotopy groups are trivial, IT,X)= O, vn=0, Equivalently, a

space X is aspherical if every map from a sphere S X can

n+l

be extended to a map of its bounding disk, D 2% .

The following results identifies when a principal bundle is
universal.

Theorem (4 ): Let P'E 2B pes 3|cipal G - bundle, where
the total space E is asphereical. Then this bundle is universal in
the sense that if X is any space, the induced pull -back map

v :[X ,B]- prin_(X)

correspondence.

defined by’ ™ (E) is a bijective

(12)
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Theorem (5): Let E.~B. and E.»B: be universal
principal G- bundles. Then there is a bundle map

E. " E,
—

\ \

ﬁ

B 1 h B 2
So that h is a homotopy equivalence.
Proof : since E.>B. is a universal bundle, by (4) there isa

classifying map B.~B. and isomorphism f~:E 17 h(E 2),

h can be thought of as a bundle map f~:E ~E lying over h.

Similarly we get a classifying map 9:B.~B. and

isomorphism 9:E.~0(E 1), or equivalently, a bundle map

9:E.”E: the composition 9°T '‘B:?B:2B. is a map
(gof )EY = g'(f E))

g (E.)
E.

1

1

whose pull back

That is, (g of ) EJ=id(E 1), and hence by (4) we have
9ot Hid:B.~> B similarly T °9"19°B:>B: thusfand g
are homotopy inverses for each other.

Definition ( 3) : An Eilenberg- Maclane space of type (G, n) is
the space X such that

(X)= G if k =n

IL) =14 otherwise

we write K( G, n) for an Eilenberg- Maclane space of type

(G, n). Recall that for N 22, the homotopy groups IT,(X) are
abelian groups, so in this K(G, n) only exists.

(13)
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Corollary ( 3) : Let © be a discrete group. Then the
classifying space B7 is an Eilenberg- Maclane space of type K (
T,1).

) 4 n n+l

Examples (1) [8] : 1- The Ision S =S is null

limS"=US"=S "
i

homotopic. Hence the direct limit space - n S

aspherical. L acts freely on S .

n n+l
The inclusions S <S are equivariant and hence induce

0

free action of Z. on S . The projection map S »2=RP .
is a universal principal

Z =90 _pyndie, and so RP "=BO(=BZ =K(Z,1)
2-The inclusion of the unit sphere in C into the unit sphere

n+1 S 2n—1CS 2n+1
in C givens an inclusion which is null

S'=u@-

homotopic. It is equvariant with respect to the free

limS "=US ™

action. Then, the limit

1 S OO—)S/]_:CPOC
a free S action.the projection S is a

1 o 1
principal S =U®-pundle. Hence, CP =BS =BUW gjnce
1 0
S is K(Zvl),thenCP :K(Z’Z)_
Theorem (6) : Let G be an a belian group. There is a natural
¢:H "(K(G,n);G)—g—>Hom(G,G)_

is a spherical with

isomorphism Let

n i -5
teH (KG.n)G) pe ¢ 1d . This is called the fundamental
class. Then if X has the homotopy type of a CW- complex, the

mapping [X.KG.mMl->H (X:G) such that f=fO is a
bijective correspondence.

Theorem(7 ) : There are bijective correspondences which
allow us to classify complex line bundles,

(14)
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Vect )= prin, (x)=[x BU@]=[X CP 12X .K(Z 2]z H ‘(X;Z)

Where the last correspondence takes a map X ->CP to
* 2 2 o
the class C:=f ©H X)  yhere ¢€H CP ) s the
generator. In the composition of these correspondence;s, the
2 1
class C1€ H (X) corresponding to a line bundle £eVect (X)

is called the first chern class of ¢ ( or of the corresponding
principal U(1)- bundle).
Theorem ( 8) : There are bijective correspondences

Vect ()= prin, (<)=[X BO@I=[X .CP =X K (Z ,HI=H X:Z )

where the last correspondence takes a map X >RP 1o the
class @:=F (@<H *:Z D wh g © H'RP"Z ) is the
generator. In the composition of th sorrespondences, the class
1,y . 1
wcH X:Z) corresponding to a line bundle ceVect.(X) IS

called the first Stiefel-Whitney class of 3 ( or of the corresponding
principal O(1)- bundle).
X €M

Let A(P) be the space of; connections. let be a fixed
base point, and Py. be the fiber of Pat X o,
P
Definition (4) : The based gauge group gO( ) is a subgroup
P

of gauge group ¢(P)which point wise fix the fiber
gO(P)z{qﬁeg(P):if v EPXO then ¢(v)=v}

Xo_ That is

let B(P) and

B .(P) be the orbit spaces of connections on P up to gauge and

B P)—A(Py
. . = P)
based gauge equivalence respectively s( ,

_A(P)
8O

Theorem (9) :_Let G »EG - BG pe a universal principal
bundle for the Lie group G ( so that EG is a spherical ). Let

(15)
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BG
Yo© be a fixed base point. There are homotopy

equivalences

B<(P)UMap ' (M .BG)

and
B (P)=Bg (P)F I\/Iapop(M BG) where Map (M .8G) is the
Map (M,BG)

space of all continuous maps from M to BG and
is the space of those maps that preserve the base points. The
superscript P denotes the path component of these mapping
spaces consisting of the homotopy class of maps that classify the
principal G- bundle P.

Constructions of the universal bundle:

X xy =X x| xY
Definition (5) : The Join X *Y is defined by é
where | =[0.1] js the unit interval and the equivalence relation is

(x,O,yl)D (x,O,y 2)

, Y
given by for any two points Y. y.© ,

and similarly (X 2LY)D (X 2’1’y)for any two points
X1+ X25%X A point C6Y)EX S shouid be viewed as a
point on the line connecting the points x and y.

Lemma (1) :The inclusions 1:X =X Y gng 1Y =X *Y 5p¢
null homotopic.
Let G be a group and consider the iterated join

G “=G+G *..xG

where there are k+1 copies of the group
element. This space has a free G action given by the diagonal

action 9@ st+ 91,09 ,)=(09 1.99,t..99,)

=1imG "

B , =

Define SC)to be the infinite join ko0 where the
) *(k +1) *(k +2)

limit is taken over the embeddings ‘G G since

these embedding maps are G- equivariant, we have an induced

G- action on ~©).
3G 3G)
Theorem (10) : The projection map Pi3E)= é is a
universal principal G- bundle.

(16)
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3G)has the structure of a G ~CW — complex with a free G-

3G) - J6)
action, the projection G)= é is a principal G - bundle.

To see that S©) is a spherical, since S is compact, any map

a:§ —>36) is homotopic to one that factors through a finite
. n *(n+1) ~ #(N+l)  ~

join, a5 G —36) the inclusion G =3@) is null

homotopic and hence & . Thus 3@)isa spherical, the projection

3G) - JC)
©) é is a universal G- bundle.The total space

EG =3() can be described as the union of simplices, where
the k- simplices are parametrized by k+1- tuples of elements of
G,

v Gk+1

EG =S(G)=LkJA X A
And the classifying space can be described by

k+1

BG = 3(G)/G ;LkJAka /

In these constructions, the simplices are glued together

along faces. If X, denotes the indexing set for the n-

o X =UAT™X
dimensional simplices of X, then we can write n=0

n

where A is the standard n- simplex in R

A"={t,t,)eR ":0<t, <land Zn:ti <5

Definition ( 6) : A simplicial set_X + is a collection of sets
X, » n=0 together with set maps 0 X 2 X and

$;i° X 7 X s for 01+ 120 cqjled face and degeneracy
map respectively. These maps are required to satisfy the
following compatibility conditions

0.0,-0,.0, for i

<J

(17)
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SiS;=S ;.S for i<j
0S;=11 for i=j , J+1
S, 0., for i > j+1

.

the maps 0 and S encode L... _ombinatorial information
necessary for gluing the simplices together. To see this,
consider the following maps between the standard simplices

S:A" A and oA A for 01+ J< N gefined by
to-ti0t-t,) P21
5|(t 1""'t n—l): (1—itq,t 1,...,t n—l) i =0

And

(t peoliali il n+1) h=21

>
Gi(tll-..’t n+1)={ (t 2,---;t n+1) i =0

n-1 n
o includes A in A as the ith face, and O projects, in a

n+l

linear fashion, A" onto its jth face.
Definition (7) : The geometric realization of a simplicial set

X. is the space HX *HZQJA "X/t
Where if t EAH and * <X, , then (t,@i(x))D (5i(t),x)_
#1eA™ and ¥ <X o then ©S ,6DT (5, 0X)
Let X. be any simplicial set, we compute the homology of

X. . Define C n(X J to be the

free abelian group generated by the set of n- simplices X n,

the geometric realization, H .

Define the homomorphism d n :C n(X )—~C n—l(X J
d n([X])=Z(—l)iai([x]), xeX

(18)
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Preposition (1) : The homology of the geometric realization
H*(”X ” is the homology of the chain complex
> —disC (X )—4oC (X ) —4C (X )

We use simplicial theory to construct universal principal G-
bundle and the classifying space. Let G be a topological group
and let G. be the simplicial space defined as follows. The
space of n- simplices is given by the n+1 - fold Cartesian
product

E,‘G n:G n+1

The face maps 0:'G " G

5.(9 0""’g n+1):(g g g g ”*1
The degeneracy maps S G G .
S J(g o’""g n+l) (g g g (g n+l

The group G acts freely on the right of
IsG |G = [ G pﬂjxeﬁug(; [
(t;(go,...,gp))xgl—)(t,gog,...,gpg)

6=leG | we aefine the projection map

p:EG »EG/G =BG is a universal principal G - bundle. This

description gives the classifying space BG an induced
simplicical structure described as follows :

Let BG. be the simplicial space whose n- simplices are the

Cartesian product BG, =G
The face maps 0:°'G G

(g,-9) i =0
6:(d,-9)=1(g,~9.9 .7) 1<i<n-1
(g,-9) i =n

(19)
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. n n+l
The degeneracy maps S J G -G

) wg,0) j=0
S j(g 1,...,gn)_ (g 1,._.’gj,gm,_,,,gn) j>1

The simplicial projection map p:eG .~ BG. defined on the
level of n- simplicies by

p(g,09)=(9,9,-9.9,9,.9,)

So it induces a map on the level of geometric realizations

PiEG =[G |~ [5G .

Which induces a homeomorphism

BG =EG/G —[BG ||

Thus for any topological group this construction gives a
simplicial space model for its classifying space. This is referred
to as the simplicical bar construc* -~ since G is discrete the
classifying space BG =K (G.1),

Line bundle over projective space : by the classification
theorem we know that the set of isomorphism classes of

complex line bundles over the projective space CP is given
by
Vect CP")=Prine.uc(CP ") =Priny,CP)=ICP"BUW®I=ICP"CP 1=ICP " K(Z.21=H CP"2)=Z

Conclusion :__In this paper we illustrate geometrical
description for using bundle formulation to classify fields. We
find a result, that is for every group there is a classifying space.
We hope to study the application of fiber bundle for physical
fields using characteristic classes in the next papers.
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