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Abstract: 
In this study we consider the product ௙ܶ ௚ܶത  on the weighted 

Bergman spaces of the unit balls where ݂ ܽ݊݀ ݃ are square 
integrable analytic functions. Other results have been shown on 
unit disc and polydisc. 

Introduction: 
The study of this problem was initiated by Sarason [7] in the 

context of the Hardy space ܪଶ of the unit circle, often he had 
obtained of functions ݂ and ݃ in ܪଶsuch that the product ௙ܶ ௚ܶത  is 
bounded on ܪଶ, while neither ௙ܶ nor ௚ܶ is bounded[5,6]. In the 
context of the Hardy space, the Poisson Kernel plays the role of 
the Berezin transform-Treil showed that a condition analogous 
to (6) is necessary [7], while the second auther proved that a 
condition analogous to (7) is sufficient [8]. 

The above results are analogous to [10], and generalize the 
results in 

[9, 11]. However, the proofs require new tools to establish the 
necessary condition, as well as consideration of higher 
derivatives, and an inner product formula involving higher 
derivatives. Recently Park [3] has proved a necessary and 
close-to-sufficient condition for Toeplitz product on the 
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Bergman space of the ball. In addition to consideration of 
higher-order derivatives, this required him to find a new way to 
rewrite an inner product formula. Park’s method to obtain an 
inner product suitable to prove sufficiency does not work for 
weighted Bergman spaces on the ball in this paper we will use a 
novel approach to obtain a suitable inner product formula. In 
extending the necessity result to the weight setting on the ball, 
we make use of an identity that played a key role in the 
argument for weighted Bergman spaces on the disk [11] as well 
as an estimate inspired by recent result of Arazy and Englis [1, 
2]. 

1- Preliminaries: 
Throughout let n be a fixed integer ݊ ≥ 2. Denote the unit ball 

in ܥ௡ by ९௡, and let ߥ be Lebesque volume normalized so that 
(९௡)ݒ = 1. 

for ߱௥ ∈ ९௡, let ߮ఠೝ be the automorphisms of ९௡ such that 
߮(0) = ߱௥ and ߮ఠೝ

ିଵ = ߮ఠೝ. The mappings ߮ఠೝ are described in 
[4]. 

for −1 <∝< ∞. We denote by ݒஶ the measure on ९௡ defined 
by  
∑ ௡(௥ݖ)∝ݒ݀
௥ୀଵ = ∑ (1 − ௥|ଶ)௡ݖ|

௥ୀଵ
∝ ݀௩(ݖ௥). 

The weighted Bergman space ܣ ∝ଶ (९௡) is the space of analytic 
functions ℎ௥ on ९௡ which are square-integrable with respect to 
measure ݒ∝ on ९௡. The reproducing Kernel in ܣ ∝ଶ (९௡) is given 
by  
∑ ఠೝܭ

௡(௥ݖ)(∝)
௥ୀଵ = ∑ ଵ

൫ଵି(௭ೝ,ఠೝ)൯
೙శ∝శభ

௡
௥ୀଵ   (1) 

for ݖ,߱௥ ∈ ९௡. If 〈. , . 〉∝ denote the inner product in ܮଶ(९௡,݀ݒ∝), 
the݊ ∑ 〈ℎ௥ , kఠೝ

(∝)〉ఈ௡
௥ୀଵ n= ∑ ℎ௥(߱௥)௡

௥ୀଵ , for every ℎ௥  ∈  ଶ(९௡) and∝ ܣ
߱௥  ∈ ९௡. In this paper we use ‖. ‖∝ to denote the norm in 
 onto (∝ݒ݀,९௡)ଶܮ ݂݋ ܲ∝ The orthogonal projection .(∝ݒ݀,९௡)ଶܮ
ଶ∝ ܣ (९௡) is given by 

 ∑ ൫P∝g(z୰)൯(߱௥)୬
୰ୀଵ = ∑ 〈g, kఠೝ

(∝)〉∝୬
୰ୀଵ   

= ∫ ∑ g(z୰)୬
୰ୀଵ९౤

ଵ

൫ଵି(୸,ఠೝ)൯౤శ∝శభ
dν∝(z୰)  (2) 

for g ∈ Lଶ(९୬, dν∝) and ߱௥  ∈ ९୬. Given f ∈ Lஶ(९୬), The 
Toeplitz operator T୤ is defined on 
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A ∝ଶ (९୬) by ∑ T୤h୰୬
୰ୀଵ = ∑ p஑(fh୰)୬

୰ୀଵ , we have  

∑ (T୤h୰)(߱௥)୬
୰ୀଵ = ∫ ∑ ୤(௭ೝ)୦(௭ೝ)

൫ଵି(௭ೝ,ఠೝ)൯
౤శ∝శభ

୬
୰ୀଵ dݒ∝(ݖ௥)९౤

 (3) 

for ℎ௥  ∈ ଶ∝ ܣ (९௡) and ߱௥  ∈ ९௡, note that the above formula 
makes sense, and defines a function analytic on ९௡, also if 
݂ ∈ ∋ ݃ So, if .(∝ݒ݀,९௡)ଶܮ ଶ(९௡) we define ௚ܶത∝ ܣ  as the formula 

∑ ൫ ௚ܶതℎ௥൯(߱௥)௡
௥ୀଵ = ∑ ∫ ௚(௭ೝ)തതതതതതതത௛(௭ೝ)

൫ଵି(௭ೝ,ఠೝ)൯೙శ∝శభ
९೙(௥ݖ)∝ݒ݀

௡
௥ୀଵ  (4) 

for ℎ௥  ∈ ଶ∝ ܣ (९௡) and ߱௥  ∈ ९௡. If so ݂ ∈ ଶ∝ ܣ (९௡) then ௙ܶ ௚ܶതℎ௥ is 
the analytic function ݂ ఫ̅ܶℎ௥  ∈ ஶ(९௡) and ߱௥ܪ  ∈ ९௡, will give a 
necessary condition for boundedness of the Toeplitz product 
௙ܶ ௚ܶത  and then show that this condition is very close (3 ݊݋݅ݐܿ݁ݏ ݊݅) 

to being sufficient (in section 4) our conditions are formulated in 
terms of the (weighted) Berezin transform. For a function ݑ ∈
 is the function on ९௡ [ݑ]∝the Berezin transform ९ ,(∝ݒ݀,९௡)ூܮ
defined by  
∑ ९∝[ݑ]௡
௥ୀଵ (߱௥)  

= ∫ ∑ ௡(௥ݖ)ݑ
௥ୀଵ९೙

൫ଵି|ఠೝ|మ൯
೙శ∝శభ

|ଵି〈௭ೝ,ఠೝ〉|మ೙శమశమ∝
௥߱,(௥ݖ)∝ݒ݀  ∈ ९௡ (5) 

We prove that a necessary condition for boundedness of the 
Toeplitz product ௙ܶ ௚ܶത on ܣ ∝ଶ (९௡) is that  
∑ ఠೝ ∈ ९೙݌ݑݏ
௡
௥ୀଵ ९∝[|݂|ଶ](߱௥)  ९∝[|݃|ଶ](߱௥) < ∞  (6)  
We also prove that a slightly stronger condition is sufficient if 

for every ℰ > 0 
∑ ఠೝ ∈ ९೙݌ݑݏ
௡
௥ୀଵ ९∝[|݂|ଶାఌ](߱௥)९∝[|݃|ଶାఌ](߱௥) < ∞, (7) 
then the operator ௙ܶ ௚ܶത is bounded on ܣ ∝ଶ (९௡).  

Using the reproducing property of ∑ (ఠೝ)ܭ
(∝)௡

௥ୀଵ , We have 

∑ ቛܭఠೝ
(∝)ቛ௡

௥ୀଵ ∝

ଶ
= ∑ ఠೝܭ〉

ఠೝܭ,(∝)
(∝)〉∝௡

௥ୀଵ   

= ∑ ఠೝܭ
(∝)(߱௥)௡

௥ୀଵ = ∑ ଵ
(ଵି|ఠೝ|మ)೙శ∝శభ

௡
௥ୀଵ  (8) 

Thus the normalized reproducing Kernel is given by 

∑ ఠೝܭ
(∝)௡

௥ୀଵ (௥ݖ) = ∑ ൫ଵି|ఠೝ|మ൯
೙శ∝శభ

మൗ

(ଵି〈௭ೝ,ఠೝ〉)೙శ∝శభ
௡
௥ୀଵ   (9) 

for ݖ௥,߱௥  ∈ ९௡.For ߱௥  ∈ ९௡ the function ߮ఠೝ has real Jacobian 
equal to 

∑ ቚ߮ఠೝ 
ሖ ቚ௡(௥ݖ)

௥ୀଵ
ଶ

= ∑ ൫ଵି|ఠೝ |మ൯೙శభ

|ଵି〈௭ೝ,ఠೝ 〉|೙శమ
௡
௥ୀଵ  (10) 
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Thus we have the change-of-variable formula 

∫ ∑ ℎ௥(߮ఠೝ
௡
௥ୀଵ ஻೙((௥ݖ)

ቚܭఠೝ
ቚ(௥ݖ)(∝)

ଶ
  (௥ݖ)∝ݒ݀

 = ∫ ∑ ℎ௥(ݑ)௡
௥ୀଵ஻೙

 (11) (௥ݖ)∝ݒ݀
For every ℎ ௥ ∈  It follows form (11) that the .(∝ݒ݀,९௡)ூܮ

mapping ∑ ܷఠೝ
∗(∝)௡

௥ୀଵ ℎ ௥ = ∑ (ℎ ௥ ∘௡
௥ୀଵ ߮ఠೝ)ܭఠೝ

(∝) is an isometry on 
ଶ∝ܣ (९௡):  

∑ ቛUఠೝ
∗(∝)ℎ௥ቛ∝

ଶ
௡
௥ୀଵ = ∫ ∑ หℎ௥(߮ఠೝ(ݖ௥))ห௡

௥ୀଵ
ଶ

९೙
ቚܭఠೝ

ቚ(௥ݖ)(∝)
ଶ
  (௥ݖ)∝ݒ݀

= ∫ ∑ |ℎ௥(ݑ)|௡
௥ୀଵ

ଶ
९೙

(௥ݖ)∝ݒ݀ = ∑ ‖ℎ௥‖∝ଶ௡
௥ୀଵ  (12) 

for all ℎ௥  ∈ ଶ∝ ܣ (९௡). Using the identity  

∑ 1− 〈߮ఠೝ(ݖ௥),߱௥〉௡
௥ୀଵ = ∑ ଵି|ఠೝ|మ

ଵି〈௭ೝ,ఠೝ〉
௡
௥ୀଵ   (13) 

We have 

∑ ఠೝܭ
(∝)௡

௥ୀଵ ቀ߮ఠೝ(ݖ௥)ቁ = ∑ ൫ଵି|ఠೝ|మ൯
(೙శ∝శభ)

మൗ

൫ଵି〈ఝഘೝ(௭ೝ),ఠೝ〉൯
೙శ∝శభ

௡
௥ୀଵ    

= ∑ (ଵି〈௭ೝ,ఠೝ〉)೙శ∝శభ

(ଵି|ఠೝ|మ)
(೙శ∝శభ)

మൗ
௡
௥ୀଵ = ଵ

௄ഘೝ
(∝)(௭ೝ)

  (14) 

Since ߮ఠೝ߮݋ఠೝ = ݅݀, we see that  

∑ ൬Uఠೝ
∗(∝) ቀUఠೝ

∗(∝)h୰ቁ൰୬
୰ୀଵ (௥ݖ) = ∑ ቀUఠೝ

∗(∝)h୰ቁ୬
୰ୀଵ ቀφఠೝ

ቁKఠೝ(௥ݖ)
  (௥ݖ)(∝)

= ∑ h୰(ݖ௥)୬
୰ୀଵ Kఠೝ

(∝)(φఠೝ
Kఠೝ(௥ݖ)

(௥ݖ)(∝) = ∑ h୰୬
୰ୀଵ  (15)  (௥ݖ)

for all z୰ ∈ ९୬ and h ∈ A ∝ଶ (९୬). Thus ቀUఠೝ
∗(∝) ቁ

ିଵ
= Uఠೝ

∗(∝) and 

T୤୭஦ഘೝUఠೝ
∗(∝) = Uఠೝ

∗(∝)T୤ (16) 
Holds for f ∈ Lஶ९୬  
Proof : for h୰ ∈ HஶB୬and g ∈ A ∝ଶ(९୬) we have  
 ∑ 〈Uఠೝ

∗(∝)T୤h୰, Uఠೝ
∗(∝)g〉∝୬

୰ୀଵ = ∑ 〈T୤h୰, g〉୬
୰ୀଵ ∝ = ∑ 〈fh୰, g〉∝୬

୰ୀଵ  

= ∫ ∑ f(u)୬
୰ୀଵ h୰(u)g(u)തതതതതത

୆౤
dv∝(ݖ௥)  

 = ∫ ∑ f ቀφఠೝ(ݖ௥)ቁ୬
୰ୀଵ h୰(φఠೝ(ݖ௥))g(φఠೝ(ݖ௥))തതതതതതതതതതതതതതത

९౤
ቚKఠೝ

ቚ(௥ݖ)(∝)
ଶ

dv∝(z)  
=
∫ ∑ f ቀφఠೝ

ቁ୬(௥ݖ)
୰ୀଵ h୰(φఠೝ(ݖ௥))Kఠೝ

Kఠೝ୵((௥ݖ)φఠೝ)g(௥ݖ)(∝)
(∝) (z)തതതതതതതതതതതതതതതതതതതതതതതതത

୆౤
dv∝(z)  

∑ 〈fUఠೝ
∗(∝)h୰, Uఠೝ

∗(∝)g〉∝୬
୰ୀଵ = ∑ 〈T୤୭஦Uఠೝ

∗(∝)h୰, Uఠೝ
∗(∝)g〉஑୬

୰ୀଵ   
Establishing (16). 
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2-necessary condition for boundedness 
In this section we prove the following necessary condition for 

boundedness of the Toeplitz product T୤T୥ത  with f and g in A ∝ଶ(९୬). 
Theorem 1: Let −1 <∝< ∞, and f and g in A ∝ଶ(९୬). If T୤T୥ത  is 

bounded on A ∝ଶ (९୬) then  
∑ supఠೝ∈ ९౤
୬
୰ୀଵ B∝[|f|ଶ](߱௥)B∝[|g|ଶ](߱௥) < ∞  
Suppose ݂ ܽ݊݀ ݃ ݅݊ ܣ ∝ଶ (९௡).  
Consider the operator  
ଶ∝ ܣ ݊݋ ݃⨂݂ (९௡) defined by 
݂⨂݃ℎ∝݂, 
Forܣ ∝ଶ (९௡).. It is easily proved that ݂⨂݃ is bounded 

on ܣ ∝ଶ(९௡). With norm equal to 
‖݂⨂݃‖ = ‖݂‖∝‖݃‖∝ 

We will obtain an expression for the operator ݂⨂݃, 
Where ݂ ܽ݊݀ ݃ ݅݊ ܣ ∝ଶ (९௡), in terms of Toeplitz product ௙ܶ ௚ܶത, 
which we will be able to use to bound the norm of ݂⨂݃ by a 
constant multiple of the norm of ௙ܶ ௚ܶത, To obtain a suitable 
operator identity, we will use the Berezin transform :  

Writing ܭఠೝ
(∝) for the normalized reproducing Kernal, we 

define the Berezin transform of a bonded linear operator ࣭ on 
ଶ∝ ܣ (९௡). To be the function ܤ∝[࣭] defined on ९௡.  

 By ܤ∝[࣭](߱௥) = ఠೝܭ࣭〉
ఠೝܭ,(∝)

(∝)〉∝  
For ߱௥  ∈ ९௡, the boundedness of ࣭ implies that the function 

 is bounded on ९௡.The Berzin transform is injective, for [࣭]∝ܤ
(௥߱)[࣭]∝ܤ = 0 for all ߱௥  ∈ ९௡, implies that ࣭ = 0, the Zero 
operator on ܣ ∝ଶ (९௡) see [8] for a proof. 

We will also make use of the following continuity condition of 
the Berezin transform: if  ࣭ ே → ࣭ in operator norm, then 
(௥߱)[࣭]∝ܤ = limே→ஶ [ே࣭]∝ܤ (߱௥), 
for each ߱௥  ∈ ९௡. The above statement is an immediate 

consequence of the following inequality: 
(௥߱)[࣭]∝ܤ| − |(௥߱)[ே࣭]∝ܤ ≤ ‖࣭ − ࣭ே‖ 

To prove a suitable operator identity, we need the following 
lemma, which is inspired by [1, 2]. 

Lemma 2: Let −1 <∝< ∞. If ࣭ is a bounded linear operator 
on ܣ ∝ଶ (९௡). then 



Sudan Journal of Basic Sciences 

 (72)  

ቛ∑ ௠!
ఊ!
ܶ௭ം  ࣭ ܶ௭̅ം|ఊ|ୀ௠ ቛ ≤ ‖࣭‖, 

for every positive integer m. 
Proof: Given a positive integer m, let ݀௠ denote the number 

of elements of the set {ߛ: |ߛ| = ݉}. 
Then {ߛ: |ߛ| = ݉} = ,ଵߛ} ,ଶߛ … ,  ௞is aߛ ௠}. observe that each݀ߛ

multi-index, that is, ߛ௞ = ,௞,ଵߛ) ,௞,ଶߛ … (௞,௡ߛ ∈ ℕ௡ with 
௞ߛ = ௞,ଵߛ + ௞,ଶߛ  + ௞,௡ߛ …  = ݉. 
for each ݇ ݅݊ {1, 2, … ,݀௠} consider the monomials. 

∑ ௡(௥ݖ)߰
௥ୀଵ = ∑ ට௠!

ఊ௞!
௥ఊೖ௡ݖ

௥ୀଵ = ∑ ට௠!
ఊ௞!

௡
௥ୀଵ ௥భݖ

ఊೖ,భ , ௥మݖ
ఊೖ,మ ௥೙ݖ … 

ఊೖ,೙ . 

Define the row block operator  
௠ܯ = ൣܶటభ ,ܶటమ , … , టܶ೏೘൧:ܣ∝

ଶ (९௡) × ଶ∝ܣ (९௡) × … × ଶ∝ܣ (९௡)
→ ଶ∝ܣ (९௡) 

by  

௠൮ܯ
ଵ݂

ଶ݂
⋮

݂݀௠

൲ = ෍ టܶ௞

ௗ೘

௞ୀଵ
௞݂ = ܲ ቌ෍߰௞ ௞݂

 ௗ೘

௞ୀଵ

ቍ 

then  

ቱܯ௠൮
ଵ݂

ଶ݂
⋮

݂݀௠

൲ቱ

ଶ

≤ ቯ෍߰௞

ௗ೘

௞ୀଵ
௞݂ቯ

ଶ

 

= ∫ ∑ ห∑ ߰௞(ݖ௥)ௗ೘
௞ୀଵ ௞݂(ݖ௥)ห௡

௥ୀଵ
ଶ

஻೙
  (௥ݖ)∝ݒ݀

 ≤ ∫ ∑ ൫∑ |߰௞(ݖ௥)|ଶௗ೘
௞ୀଵ ൯௡

௥ୀଵ ൫∑ |( ௞݂ݖ௥)|ଶௗ೘
௞ୀଵ ൯஻೙

   (௥ݖ)∝ݒ݀
Using the multinomial formula, 
∑ ∑ |߰௞(ݖ௥)|ଶௗ௠

௞ୀଵ
௡
௥ୀଵ  =∑ ௠!

ఊೖ!
ఊೖ|ଶௗ௠ݖ|

௞ୀଵ  = ቀหݖ௥ଵห
ଶ

+ หݖ௥ଶห
ଶ

+  … +

หݖ௥௡ห
ଶ
ቁ
௠

௥|ଶ௠ݖ|  ≤ 1 

Thus  

ቱܯ௠൮
ଵ݂

ଶ݂
⋮

݂݀௠

൲ቱ ≤ ∑ ቀ∑ ∫ | ௞݂(ݖ௥)|ଶ஻೙
ௗ௠(௥ݖ)∝ݒ݀

௞ୀଵ ቁ௡
௥ୀଵ

భ
మ 

=‖( ଵ݂, ଶ݂, … ,݂݀௠)‖ 
If ࣭ is a bounded linear operator on ܣ ∝ଶ(९௡), the operator  
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ଶ∝ ܣ:࣭ (९௡) × ଶ∝ ܣ (९௡) × … × ଶ∝ ܣ (९௡)
→ ଶ∝ ܣ (९௡) × ଶ∝ ܣ (९௡) × … ×  ଶ(९௡)∝ ܣ

defined by  

࣭௠൮
ଵ݂

ଶ݂
⋮

݂݀௠

൲ =

⎝

⎜
⎛
൮ ܵ

ܵ ଵ݂

ଶ݂
⋮

݂ܵ݀௠

൲

⎠

⎟
⎞

 

is bounded, in fact, 
‖࣭௠‖ ≤ ‖࣭‖ 

It is easily seen that the ad joint of ܯ௠ is the column block 
operator  

௠ܯ
∗ ݃ = ቎

ܶటഥభ݃
⋮

ܶటഥ೏೘௚݃
቏ 

for ܣ ∝ଶ (९௡) we have 

௠ܯ௠࣭௠ܯ
∗ ݃ = ௠࣭௠ܯ ቎

ܶటഥభ݃
⋮

ܶటഥ೏೘݃
቏ = ௠ܯ

⎣
⎢
⎢
⎡
࣭ܶటഥభ݃
࣭ܶటഥమ݃

⋮
࣭ܶటഥ೏೘݃⎦

⎥
⎥
⎤
 

 = ∑ టܶೖ(࣭ܶటഥೖ݃)ௗ௠
௄ୀଵ = ൫∑ టܶೖ࣭ܶటഥೖ

ௗ௠
௄ୀଵ ൯݃ 

So  
௠ܯ௠࣭௠ܯ 

∗ = ∑ టܶೖ࣭ܶటഥೖ
ௗ௠
௄ୀଵ  

That is  
 ∑ ∑ ௠!

ఊ! ௭ܶೝఊ ࣭ ௭̅ܶೝఊ|ఊ|ୀ௠
௡
௥ୀଵ = ௠ܯ௠࣭௠ܯ

∗ . 

It follows that  
 ∑ ቛ∑ ௠!

ఊ! ௭ܶೝఊ ࣭ ௭̅ܶೝ௬|ఊ|ୀ௠ ቛ௡
௥ୀଵ = ௠ܯ௠࣭௠ܯ‖ 

∗ ‖ ≤ ‖࣭௠‖ ≤ ‖࣭‖ 

As was to be shown. 
We will use the Berezin transform to derive an operator 

identity suitable for our purpose. It follows form (9) that  
∑ ९∝[࣭]௡
௥ୀଵ (߱௥) = ∑ (1 − |߱௥|ଶ)௡

௥ୀଵ
௡ା∝ାଵ ఠೝܭ࣭〉

ఠೝܭ,(∝)
(∝)〉∝, 

for ߱௥  ∈ ९௡. It is easily seen that 
∑ ௚ܶത
௡
௥ୀଵ ఠೝܭ

(∝) = ∑ ݃(߱௥)തതതതതതതത௡
௥ୀଵ ఠೝܭ

(∝). Thus  

 ∑ 〈 ௙ܶ ௚ܶതܭఠೝ
ఠೝܭ,(∝)

(∝)〉∝௡
௥ୀଵ = ∑ 〈 ௚ܶതܭఠೝ

(∝),ܶ௙̅ܭఠೝ
(∝)〉௡

௥ୀଵ ∝
 

= ∑ 〈݃(߱௥)തതതതതതതതܭఠೝ
(∝),݂(߱௥)തതതതതതതതܭఠೝ

(∝)〉௡
௥ୀଵ ∝

= ∑ ௙(ఠೝ)௚(ఠೝ)തതതതതതതതത

(ଵି|ఠೝ|మ)೙శ∝శభ
௡
௥ୀଵ , 
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and we see that 
∑ ௡∝ܤ
௥ୀଵ ൣ ௙ܶ ௚ܶത൧(߱௥) = ∑ ݂(߱௥௡

௥ୀଵ )݃(߱௥)തതതതതതതത  
we also have  
∑ ௡∝ܤ
௥ୀଵ [݂⨂݃](߱௥)(1|߱௥|ଶ)௡ା∝ାଵ ఠೝܭ(݃⨂݂)〉

ఠೝܭ,(∝)
(∝)〉∝  

= ∑ (1|߱௥|ଶ)௡ା∝ାଵ௡
௥ୀଵ ఠೝܭ〉〉

(∝),݃〉 ఠೝܭ,݂
(∝)〉

∝
  

= ∑ (1 − |߱௥|ଶ)௡ା∝ାଵ௡
௥ୀଵ ఠೝܭ〉

(∝),݃〉 ఠೝܭ,݂〉
(∝)〉∝  

= ∑ (1 − |߱௥|ଶ)௡ା∝ାଵ௡
௥ୀଵ ݂(߱௥)݃(߱௥)തതതതതതതത  

We need the following lemma, which was proved in [11]. 
Lemma 3: If 0 < ߚ < 1 and ݇ is a positive integer, then 
(1 − ௞ିఉ(ݐ =

∑ (−1)௝ ୻(௞ାଵିఉ)
୻(௞ାଵିఉି௝)௝!

௞ିଵ
௝ୀ଴

௧ೕ

௝!
+ (−1)௞ ୻(௞ାଵିఉ)

୻(ఉ)୻(ଵିఉ)೙సబ
∑ ୻(௡ାఉ)

୻(௡ା௞)!
௡ା௞ஶݐ

௡ୀ଴   

for all −1 < ݐ < 1. 
Assuming ∝ to be a non-integer, we apply the above lemma 

with ݇ = [∝] + ݊ + 2 and ߚ = 1 − [∝], where [∝] =∝ −[∝], using 
that Γ([∝])Γ([1−∝]) = గ

ୱ୧୬(గ[∝]) , we get 

(1 − ∝௡ାଵା(ݐ = ∑ (−1)௝ ୻(௡ାଶି∝)
௝!୻(௡ାଶା∝ି௝)

௡ାଵା[∝]
௝ୀ଴   ௝ݐ

+(−1)௡ା[∝] ୻(௡ାଶା∝)ୱ୧୬(గ[∝])
గ

∑ ୻(௝ାଵି{∝})
(௡ାଶା[∝]ା௝)!

ஶ
௡ୀ଴   ௡ାଶା[∝]ା௝ݐ

Note that the above formula is also valid in case ∝ is an 
integer. Applying identity to ݐ = |߱௥|ଶ = ߱ଵ ഥ߱ଵ, … ,߱௡ ഥ߱௡, 

Making use of the multinomial formula see for example in 
[13]. 

We have  

௡ାଶା[∝]ା௝ݐ = ∑ ∑ ௧೙శమశ[∝]శೕ

ఊ!|ఊ|ୀ௡ାଶା[∝]ା௝
௡
௥ୀଵ ߱௥

ఊ ഥ߱௥
ఊ  

and we obtain  
∑ (1 − |߱௥|ଶ)௡
௥ୀଵ

௡ାଵା∝ =
∑ ∑ (−1)௝ ∑ ୻(௡ାଶାఈ)

ఊ!୻(௡ାଶାఈି௝)|ఊ|ୀ௝ ߱௥
ఊ ഥ߱௥

ఊ௡ାଵା[∝]
௝ୀ଴

௡
௥ୀଵ   

+(−1)௡ା[∝] (௡ାଶା∝)ୱ୧୬(గ[∝])
గ

×∑ ∑ ୻(௡ାଵିఈ)
ఊ!|ఊ|ୀ௧೙శమశ[∝]శೕ ߱௥

ఊ ഥ߱௥
ఊஶ

௡ୀ଴   

Combining the above formula with  
∑ ௡∝ܤ
௥ୀଵ [݂⨂݃](߱௥) = ∑ (1 − |߱௥|ଶ)௡

௥ୀଵ
௡ା∝ାଵ ݂(߱௥)݃(߱௥)തതതതതതതത  



Series M. Mathematical Sciences 

 (75)  

෍ܤ∝[݂⨂݃]
௡

௥ୀଵ

(߱௥)

= ෍ ෍ (−1)௝ ෍
Γ(݊ + 2+∝)

!ߛ Γ(݊ + 2+∝ −݆)
|௒|ୀ௝

߱ఊ݂(߱௥)݃(߱௥)തതതതതതതത ഥ߱ఊ
௡ାଵା[∝]

௝ୀ଴

௡

௥ୀଵ

 

+ (−1)୬ା[∝] Γ(n + 2+∝) sin(π[∝])
π

  

× ∑ ∑ ୻(୨ାଵି[∝])
ஓ!|ଢ଼|ୀ୲౤శమశ[∝]శౠ ߱ఊf(߱௥)g(߱௥)തതതതതതതത ഥ߱ఊ  ஶ

୬ୀ଴  (17) 
Thus the above identity and uniqueness of the Berezin 

transform imply the following operator identity: 
݂⨂݃ = ∑ ∑ (−1)௝ ∑ ୻(௝ାଵିఈ)

ఊ!୻(௡ାଶାఈି௝)|ఊ|ୀ௝ ܶ௭ೝം ௙ܶ ௚ܶതܶ௭̅ೝം
௡ାଵା[∝]
௝ୀ଴

௡
௥ୀଵ   

+(−1)௡ା[∝] ୻(௡ାଶା∝)ୱ୧୬(గ[∝])
గ

  

×  ∑ ∑ ୻(௝ାଵି[∝])
ఊ!|ఊ|ୀ௡ାଶା[∝]ା௝ ܶ௭ೝം ௙ܶ ௚ܶതܶ௭ೝ̅ം

ஶ
௝ୀ଴   (18) 

Remark 4: That the operator on the right-hand side of (18) 
defines a bounded operator follows from lemma 3 which 
implies  
∑ ∑ ቛ∑|ஓ|ୀ୬ାଶା[஑]ା୨

(୨ାଵି[∝])
ஓ!

T௭ೝംT୤T୥തT௭̅ೝംቛ
ஶ
୬ୀ଴

୬
୰ୀଵ ≤

∑ ୻(୨ାଵି[∝])
(୬ାଶା[∝]ା୨)!

ฮT୤T୥തฮஶ
୨ୀ଴    
Stirling’s formula shows that the series 

∑ (௰(௝ାଵି[∝]))
((௡ାଶା[∝]ା௝)!)

ஶ
௝ୀ଴   
Converges. Thus 

∑ ∑ ∑ ୻(௝ାଵି[∝])
ఊ!

ܶ௭ೝം ௙ܶ ௚ܶതܶ௭̅ೝം|௒|ୀ௡ାଶା[∝]ା௝
ஶ
௝ୀ଴

௡
௥ୀଵ   
Is a bounded operator, which has Berezin transform equal to  

∑ ∑ ∑ ୻(௝ାଵି[∝])
ఊ!

∝ܤ ቂܶ௭ೝം ௙ܶ ௚ܶതܶ௭̅ೝംቃ|ఊ|ୀ௡ାଶା[∝]ା௝
ஶ
௝ୀ଴

௡
௥ୀଵ   
Thus the operator on the right-hand (18) has Berezin 

transform equal to the right-hand side of (17). By uniqueness of 
the Berezin transform the two operators must be equal, 
establishing operator identity (18). 

We are now ready to prove the necessary condition of 
theorem1  

Proof of theorem 1: Suppose ݂ and ݃ are analytic on ܣ∝ଶ (९௡) 
such that the densely defined Toeplitz product ௙ܶ ௚ܶത  is bounded 
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on ܣ∝ଶ (९௡). Using identity (18) and the estimate in the above 
remark, we see that there exists a finite constant ̅ܥ∝ such that  
‖݂⨂݃‖ ≤ ฮ∝ܥ̅ ௙ܶ ௚ܶതฮ (19) 

Thus  
‖݂‖ଶ‖݃‖ଶ ≤ ฮ̅∝ܥ ௙ܶ ௚ܶതฮ  

It follows from (16), applied to ݂ and ݃̅ , that 
 ∑ ௙ܶ௢ఝഘೝ

௡
௥ୀଵ ௚ܶത௢ఝഘೝ

= ∑ ( ௙ܶ௢ఝഘೝ
௡
௥ୀଵ ܷఠೝ

∗(∝))ܷఠೝ
∗(∝)( ௚ܶത௢ఝഘೝ

ܷఠೝ
∗(∝))ܷఠೝ

∗(∝) 

= ∑ ቀܷఠೝ
∗(∝)

௙ܶቁ௡
௥ୀଵ ܷఠೝ

∗(∝) ቀܷఠೝ
∗(∝)

௚ܶതቁܷఠೝ
∗(∝) = ∑ ܷఠೝ

∗(∝)௡
௥ୀଵ ൫ ௙ܶ ௚ܶത൯ܷఠೝ

∗(∝)  

for all ߱௥ ∈ ଶ∝ܣ (९௡). In equality (19) applied to ݂ ∘ ߮ఠೝ  and 
݃ ∘ ߮ఠೝ gives  

 ∑ ฮ݂ ∘ ߮ఠೝฮ
௡
௥ୀଵ ฮ݃ ∘ ߮ఠೝฮଶ ≤ ∑∝ܥ̅ ቛ ௙ܶ∘ఝഘೝ ௚ܶ ഥ ∘ఝഘೝ

ቛ௡
௥ୀଵ =

ฮ∝ܥ̅ ௙ܶ ௚ܶതฮ 
hence  
∑ ௡∝ܤ
௥ୀଵ [|݂|ଶ](߱௥)ܤ∝[|݃|ଶ](߱௥) ≤ ଶฮ̅∝ܥ ௙ܶ ௚ܶതฮ  

for all ߱௥ ∈ ଶ∝ܣ (९௡). So, for,݃ ∈ ଶ∝ܣ (९௡), a necessary condition 
for the Toeplitz product ௙ܶ ௚ܶത  to be bounded on ܣ∝ଶ (९௡) is 
∑ ఠೝ ∈ ९೙݌ݑݏ
௡
௥ୀଵ (௥߱)[ଶ|݃|]∝ܤ(௥߱)[ଶ|݂|]∝ܤ < ∞  (20) 
This completes the proof of theorem 1. 

3.Sufficient condition  
In this section we will prove a condition slightly stronger than 

(20) in the following theorem. 
Theorem. 5: Let −1 <∝< ∞, and let ݂ and ݃ be in ܣ∝ଶ (९௡). If 

for ߝ > 0. 
∑ ఠೝ ∈ ९೙݌ݑݏ
௡
௥ୀଵ (௥߱)[ଶାఌ|݃|]∝ܤ(௥߱)[ଶାఌ|݂|]∝ܤ < ∞, (21) 
Then the operator ௙ܶ ௚ܶത  is bounded on ܣ∝ଶ (९௡). 
By Ḧ݋lder’s in equality,  

ቀ∫ |݂|ଶ९೙
ቁ∝ݒ݀

భ
మ ≤ ቀ∫ |݂|ଶାఌ९೙

ቁ∝ݒ݀
భ

(మశഄ)  

Applying this to the function ݂ ∘ ߮ఠೝ, making use of (11), it 
follows that  

∑ ௡[ଶ|݂|]∝ܤ
௥ୀଵ (߱௥)

భ
మ ≤ ∑ ௡[ଶାఌ|݂|]∝ܤ

௥ୀଵ (߱௥)
భ

(మశഄ)  
and thus  

((௥߱)[ଶ|݃|]∝ܤ(௥߱)[ଶ|݂|]∝ܤ)
భ
మ ≤ ((௥߱)[ଶାఌ|݃|]∝ܤ(௥߱)[ଶାఌ|݂|]∝ܤ)

భ
(మశഄ) 

 (22) 
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for all ߱௥ ∈  ९௡, So condition (22) implies necessary condition 
(20). 

In the proof that ௙ܶ ௚ܶത  is bounded on ܣ∝ଶ (९௡) if condition (22) 
holds, we need estimates on ܶ௙̅ℎ௥ and its derivatives, as 
alternative way to write the inner product formula in ܣ∝ଶ (९௡).  

3.1.Two estimates. 
We will need the two estimates conditioned in the following 

lemmas. 
Lemma 6: Let −1 <∝< ∞. For ݂ ∈ ,ଶ(९௡ܮ and ℎ௥ (∝ݒ ∈  ஶ(९௡)ܪ

we have 

∑ ห൫ܶ௙̅ℎ௥൯(߱௥)ห௡
௥ୀଵ ≤ ∑ ஻∝ൣ|௙|మ൧(ఠೝ)

భ
మ

(ଵି|ఠೝ|మ)೙శ∝శభ మൗ
௡
௥ୀଵ ‖ℎ௥‖∝  

for all ߱௥  ∈  ९௡. 
Proof: By Cauchy-Schwarz’s inequality, 

∑ ห൫ܶ௙̅ℎ௥൯(߱௥)หଶ௡
௥ୀଵ ≤ ∑ ቆ∫

|௙(௭ೝ)||௛ೝ(௭ೝ)|

หଵି〈ఝഘೝ௭ೝ,ఠೝ〉ห
೙శ∝శభ९೙

ቇ௡
௥ୀଵ

ଶ

  

≤ ∫ ∑ |௙(௭ೝ)|మ

หଵି〈ఝഘೝ௭ೝ,ఠೝ〉ห
೙శ∝శభ

௡
௥ୀଵ९೙

∝ݒ݀ ∫ ∑ |ℎ௥(ݖ௥)|ଶ௡
௥ୀଵ९೙

  ∝ݒ݀

= ∑ ஻∝ൣ|௙|మ൧(ఠೝ)
(ଵି|ఠೝ|మ)೙శ∝శభ

௡
௥ୀଵ ‖ℎ௥‖∝ଶ   

and the stated inequality follows. 
Lemma 7: Let −1 <∝< ∞ and ߝ > 0. For ݂ ∈ ,ଶ(९௡ܮ  ,(∝ݒ

ℎ௥ ∈ =|ߛ| with ߛ ஶ(९௡), and multi-indexܪ ݉ ≥ (௡ା∝ାଵ)
ଶ

 we have 

∑ ห൫ܦఊܶ௙̅ℎ௥൯(߱௥)ห௡
௥ୀଵ ≤

ܥ̅ ∑ ஻∝ൣ|௙|మశഄ൧(ఠೝ)
భ

(మశഄ)

(ଵି|ఠೝ|మ)೘
௡
௥ୀଵ  ቀ∫

|௙(௭ೝ)|ഃ

|ଵି〈ఠೝ,௭ೝ〉|೙శ∝శభ
९೙(௥ݖ)∝ݒ݀

ቁ
భ
ഃ
  

for all ߱௥  ∈  ९௡, where ߜ = (ଶାఌ)
(ଵାఌ)

. 

Proof : Let ߝ > 0. For ݂ ∈ ,ଶ(९௡ܮ and ℎ௥ (∝ݒ ∈  ஶ(९௡) we haveܪ
∑ ൫ܶ௙̅ℎ௥൯௡
௥ୀଵ (߱௥) = ∑ 〈ܶ௙̅ℎ௥,ܭఠೝ

(∝)〉௡
௥ୀଵ ∝

=

∫ ∑ ௙(௭ೝ)തതതതതതതത௛ೝ(௭ೝ)
(ଵି〈௭ೝ,ఠೝ〉)೙శ∝శభ

௡
௥ୀଵ ९೙(௥ݖ)∝ݒ݀

, ߱௥  ∈  ९௡ 

Thus  

 ∑ ൫ܦఊܶ௙̅ℎ௥൯௡
௥ୀଵ (߱௥) = ୻(௡ା∝ା௠ାଵ)

୻(௡ା∝ାଵ)
 ∫ ∑ ௭ೝ

ം௙(௭ೝ)തതതതതതതതതതത௛ೝ(௭ೝ)
(ଵି〈ఠೝ,௭ೝ〉)೙శ∝శ೘శభ

௡
௥ୀଵ ஻೙(௥ݖ)∝ݒ݀

 
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for every multi-index γ with |γ | = ݉.Applying Ḧ݋lder’s 
inequality, we get  

∑ ห൫ܦఊܶ௙̅ℎ௥൯(߱௥)ห௡
௥ୀଵ ≤ ܥ ቀ∫ ∑ |௙(௭ೝ)|మశഄ

|ଵି〈ఠೝ,௭ೝ〉|మ೙శమ∝శమ
௡
௥ୀଵ९೙

ቁ
భ

మశഄ
 

= ෍ܥ̅
(௥߱)[ଶାఌ|݂|]∝ܤ

ଵ
(ଶାఌ)

(1 − |߱௥|ଶ)
௡ା∝ାଵ
ଵାఌ

௡

௥ୀଵ

  

× ቆ∫
|௛ೝ(௭ೝ)|ഃ

|ଵି〈ఠೝ,௭ೝ〉|
(మ೘శ(೙శ∝శ೘శభ)ഄ

భశഄ
९೙(௥ݖ)∝ݒ݀

ቇ

భ
ഃ

 

Since 2݉ ≥ ݊+∝ +1, we have 

∑ |1 − 〈߱௥, ௥〉|௡ݖ
௥ୀଵ

(మ೘శ(೙శ∝శ೘శభ)ഄ
భశഄ  

≥ ∑ (1 − |߱௥|)௡
௥ୀଵ

(ଶ௠ି௡ି∝ିଵା௠ఌ) |1 − 〈߱௥,  ௥〉|௡ା∝ାଵݖ

∑ 2

ିఉ
(ଵାఌ)൘

௡
௥ୀଵ (1 − |߱௥|)

ఉ
(ଵାఌ)൘

|1 − 〈߱௥ ,   ௥〉|௡ା∝ାଵݖ
Where ߚ = 2݉− ݊−∝ −1 +  and thus ,ߝ݉

ቆ∫ ∑ |௛ೝ(௭ೝ)|ഃ

|ଵି〈ఠೝ,௭ೝ〉|
(మ೘శ(೙శ∝శ೘శభ)ഄ

భశഄ

௡
௥ୀଵ ९೙(௥ݖ)∝ݒ݀

ቇ

భ
ഃ

 

≤ ∑ ଶ
ഁ

(మశഄ)൘

(ଵି|ఠೝ|మ)
ഁ
మశഄൗ

௡
௥ୀଵ  ቆ∫

|௛ೝ(௭ೝ)|
భ
ഃ

|ଵି〈ఠೝ,௭ೝ〉|೙శ∝శభ
९೙(ݖ)∝ݒ݀

ቇ

భ
ഃ

 

Hence 
 
∑ ห൫ܦఊܶ௙̅ℎ௥൯(߱௥)ห௡
௥ୀଵ ≤

ܥ̅ ∑ ஻∝ൣ|௙|మశഄ൧(ఠೝ)
భ

(మశഄ)

(ଵି|ఠೝ|మ)
(೙శ∝శభ)
భశഄ

௡
௥ୀଵ

ଶ
ഁ

(మశഄ)൘

(ଵି|ఠೝ|మ)
ഁ
మశഄൗ

ቀ∫
|௙(௭)|ഃ

|ଵି〈ఠ,௭ೝ〉|೙శ∝శభ९೙
ቁ
భ
ഃ

 

≤ ܥ̅ ∑ ஻∝ൣ|௙|మశഄ൧(ఠೝ)
భ

(మశഄ)

(ଵି|ఠೝ|మ)೘
௡
௥ୀଵ  ቀ∫

|௛ೝ(௭ೝ)|ഃ

|ଵି〈ఠೝ,௭ೝ〉|೙శ∝శభ
९೙(ݖ)∝ݒ݀

ቁ
భ
ഃ

 
This proves the stated inequality. 

3.2.Inner product formula in ࡭∝૛(९࢔). 
In this subsection we will establish a formula for the inner 

product in ܣ∝ଶ (९௡) needed to prove our sufficiency condition for 
boundedness of Toeplitz products. 

Let ܨ and ܩ be in ܣ∝ଶ (९௡). Then 
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∑ ௥തതതതതത൧௡ݖ)ܩ(௥ݖ)ܨൣ∆
௥ୀଵ = 4∑ ∑ തതതതതതതതതത௡(௥ݖ)ܩఫܦ(௥ݖ)ܨ௝ܦ

௝ୀଵ
௡
௥ୀଵ , 

and, by induction, 
∑ ∆௠ൣܨ(ݖ௥)ܩ(ݖ௥)തതതതതതത൧௡
௥ୀଵ = 4௠∑ ∑ തതതതതതതതതതത௡(௥ݖ)ܩఊܦ(௥ݖ)ܨఊܦ

|ఊ|ୀ௠
௡
௥ୀଵ   (23) 

Where the sum is over all multi-indices ߛ with |ߛ| = ݉. 
We have 
∑ ∆ൣ(1 − ௥|ଶ)ఉ൧௡ݖ|
௥ୀଵ =  

ߚ)ߚ4 − 1)∑ (1 − ௥|ଶ)ఉ௡ݖ|
௥ୀଵ − ߚ)ߚ4 + ݊ − 1)(1 − ௥|ଶ)ఉିଵ ݖ| (24) 

for all ߚ ≥ 2. To obtain an inner product formula suitable for 
the estimates we have established in the previous section, we 
will need the following lemma. 

Lemma8: Let −1 <∝< ∞ and let ݉ be a positive integer. 
There exist constants ܽଵ,ܽଶ, … , ܽଶ௠ିଵ and ଵܾ, ܾଶ, … , ܾ௠(depending 
on ,݊ ܽ݊݀ ∝ ) such that 

 ∑ ∆௠௡
௥ୀଵ ൣ(1 − ௥|ଶ)∝ାଶ௠ݖ| −∑ ௝ܽ(1 − ௥|ଶ)∝ାଶ௠ା௝ଶ௠ିଵݖ|

௝ୀଵ ൧ 
= ∑ ቀ4୫ ୻(∝ା୫ାଵ)

୻(∝ାଵ)
(1 − ∝(௥|ଶݖ| −∑ b୩(1 − ௥|ଶ)∝ାଶ୫ା୩ିଵଶ୫ିଵݖ|

୩ୀଵ ቁ୬
୰ୀଵ

 (25) 
Proof: Using (24) and induction it is easy to show that for 

every−1 <∝< ∞ and positive integer ݉, there exist scalars 
,∝ߣ ,݋ … ,   ௠ (depending on ݉ and ݊) such that,∝ߣ
∑ ∆௠[(1 − ௥|ଶ)∝ାଶ௠]௡ݖ|
௥ୀଵ = ∑ ∑ ௞(1,∝ߣ − ௥|ଶ)∝ା௞௠ݖ|

௞ୀ௢
௡
௥ୀଵ   (26) 

Where ߣ∝,଴ = 4௠ ୻(∝ା௠ାଵ)
୻(∝ାଵ)

. Fix a positive integer ݉, 

for convenience of notation, define ߣ∝,௠ = ݆ ݂݅ ݋ > ݉ ܽ݊݀ ∝ is 
arbitrary. 

From (26) we subtract ∑ ∑ ∆௠ൣ ௝ܽ(1 − ௥|ଶ)∝ାଶ௠ା௝൧ଶ௠ିଵݖ|
௝ୀଵ

௡
௥ୀଵ  for 

Scalars ܽଵ, … ,ܽଶ௠ିଵ That will be chosen such that all terms 
involving powers 

 (1 − ௥|ଶ)∝ା௞, with 1ݖ| ≤ ݇ ≤ 2݉− 1, drop out. To show that 
this can be done, we use (23) to note that  
 
∑ ∑ ∆௠ൣ ௝ܽ(1 − ௥|ଶ)∝ାଶ௠ା௝൧ଶ௠ିଵݖ|

௝ୀଵ
௡
௥ୀଵ =

∑ ∑ ∑ ௝ܽߣ∝,௝ , ݇(1 − ௥|ଶ)∝ା௞ା௝௠ݖ|
௞ୀ଴

ଶ௠ିଵ
௝ୀଵ

௡
௥ୀଵ   

= ∑ ∑ ∑ ௝ܽߣ∝ା௝ , ݁ − ݆(1 − ௥|ଶ)∝ା௟௝ା௠ݖ|
௘ୀ௝

ଶ௠ିଵ
௝ୀଵ

௡
௥ୀଵ   

= ∑ ∑ ∑ ௝ܽߣ∝ା௝,݁ − ݆(1 − ௥|ଶ)∝ା௟ଷ௠ିଵݖ|
௘ୀ௝

ଶ௠ିଵ
௝ୀଵ

௡
௥ୀଵ   

Using that ߣ∝ା௝ , ݁ − ݆ = 0 ݂݅ ݁ > ݆ + ݉. Interchanging the order 
of summation, we have 
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∑ ∑ ∆୫ൣa୨(1 − ௥|ଶ)∝ାଶ୫ା୨൧ଶ୫ିଵݖ|
୨ୀଵ

୬
୰ୀଵ =

∑ ∑ ∑ a୨λ∝ା୨, k − j(1 − ௥|ଶ)∝ା୩ଷ୫ିଵݖ|
୩ୀ୨

ଶ୫ିଵ
୨ୀଵ

୬
୰ୀଵ   

= ∑ ∑ ∑ a୨λ஑ା୨,୩ି୨, (1 − ௥|ଶ)∝ା୩୩ݖ|
୨ୀଵ

ଶ୫ିଵ
୩ୀଵ

୬
୰ୀଵ   

+∑ ∑ ∑ a୨λ஑ା୨,୩ି୨, (1 − ௥|ଶ)∝ା୩ଶ୫ିଵݖ|
୨ୀଵ

ଷ୫ିଵ
୩ୀଶ୫

୬
୰ୀଵ   

Hence 
∑ ∆୫୬
୰ୀଵ ൣa୨(1 − ௥|ଶ)∝ାଶ୫൧ݖ| − ∑ ∑ a୨(1− ௥|ଶ)∝ାଶ୫ା୨ଶ୫ିଵݖ|

୨ୀଵ
୬
୰ୀଵ   

=
∑ λ∝,଴
୬
୰ୀଵ (1 − ∝(௥|ଶݖ| + ∑ ∑ (λ∝,୩ − ∑ ∑ a୨λ∝ା୨,୩ି୨୩

୨ୀଵ
୬
୰ୀଵ (1 −ଶ୫ିଵ

୩ୀଵ
୬
୰ୀଵ

  ௥|ଶ)∝ା୩ݖ|
 +∑ ∑ ∑ a୨λ஑ା୨,୩ି୨, (1 − ௥|ଶ)∝ା୩ଶ୫ିଵݖ|

୨ୀଵ
ଷ୫ିଵ
୩ୀଶ୫

୬
୰ୀଵ  

Choose ܽଵ, … ,ܽଶ௠ିଵ such that  
 λ∝,୩ = ∑ a୨λ∝ା୨,୩ି୨୩

୨ୀଵ  

for ݇ = 1, … , 2݉− 1. This can be done since ൫ߣ∝ା௝,௜ିଵ൯௜,௝ୀଵ
ଶ௠ିଵ

 is a 

lower diagonal matrix with non-zero entries on its diagonal-
putting 

  ܾ௞ = −∑ ௝ܽߣ∝ା௝,ଶ௠ା௞ିଵି௝
ଶ௠ିଵ
௝ୀଵ  

for ݇ = 1, … , 2݉, Eq (23) follows. 
Let −1 <∝< ∞ and assume that ܩ,ܨ ∈ ଶ∝ܣ (९௡) are analytic on 

an open neighborhood of the closed unit ball ९ഥ௡. Now, it is 
easily seen that 
∆௞ ∑ ൣ(1 − ௥|ଶ)ଶఉ൧௡ݖ|

௥ୀଵ = ∆௞ ∑ ቂ ఋ
ఋ௡

(1 − ௥|ଶ)ଶఉቃ௡ݖ|
௥ୀଵ = 0  

On ࣭, for ݇ <  where ߚ
ఋ
ఋ௡

 denote the normal derivative. 
Repeatedly applying Green’s formula and using lemma 6, 

we get  

∫ ∑ ∆୫୬
୰ୀଵ [FGഥ](ݖ௥)ൣ(1 − ௥|ଶ)ଶ୫ݖ| −९౤

∑ a୨(1 − ௥|ଶ)ଶ୫ା୨ଶ୫ିଵݖ|
୨ୀଵ ൧dݒ∝(ݖ௥) 

=
∫ ∑ ∆୫୬

୰ୀଵ [FGഥ](ݖ௥)ൣ(1 − |z|ଶ)∝ାଶ୫ −९౤
∑ a୨(1 − ௥|ଶ)∝ାଶ୫ା୨ଶ୫ିଵݖ|
୨ୀଵ ൧dݒ∝(ݖ௥) 

 = ∫ ∑ F(ݖ௥୬
୰ୀଵ )G(ݖ௥)തതതതതതത∆୫ൣ(1 − ௥|ଶ)∝ାଶ୫ݖ| −∑ a୨(1 −ଶ୫ିଵ

୨ୀଵ९౤
  (௥ݖ)∝௥|ଶ)∝ାଶ୫ା୨൧dvݖ|

= ∫ ∑ F(ݖ௥୬
୰ୀଵ )G(ݖ௥)തതതതതതത

९౤
  



Series M. Mathematical Sciences 

 (81)  

×
ቂ4୫ ୻(∝ାଶ୫ାଵ)

୻(∝ାଵ)
(1 − ∝(௥|ଶݖ| −∑ b୨(1 − ௥|ଶ)∝ାଶ୫ା୨ିଵ୫ݖ|

୨ୀଵ ቃdݒ∝(ݖ௥)  

 = 4୫ ୻(∝ାଶ୫ାଵ)
୻(∝ାଵ)

〈F, G〉∝ −∑ b୨ ∫ ∑ F୬
୰ୀଵ തതതതതതത(1(௥ݖ)G(௥ݖ) −९౤

୫
୨ୀଵ

 (௥ݖ)∝ݒ௥|ଶ)ଶ୫ା୨ିଵdݖ|
It follows that 

 〈F, G〉∝ = 4୫ ୻(∝ାଵ)
୻(∝ା୫ାଵ)∫ ∑ ∆୫୬

୰ୀଵ [FGഥ](ݖ௥)ൣ(1 − ௥|ଶ)ଶ୫ݖ| −९౤
∑ a୨(1 − ௥|ଶ)ଶ୫ା୨ଶ୫ିଵݖ|
୨ୀଵ ൧dݒ∝(ݖ௥) 

 +∑ ∑ b୨ ∫ F(ݖ௥)G(ݖ௥)തതതതതതത(1 − ९౤(௥ݖ)∝ݒ௥|ଶ)ଶ୫ା୨ିଵdݖ|
୫
୨ୀଵ

୬
୰ୀଵ  

Combining the above formula with (23), we obtain the 
following formula for the inner product in ܣ∝ଶ (९௡) : 

 〈F, G〉∝ = ୻(∝ାଵ)
୻(∝ା୫ାଵ)

 

 ∑ ∫ ∑ DஓF୬
୰ୀଵ തതതതതതതതതതത(1(௥ݖ)DஓG(௥ݖ) − ९౤|ஓ|ୀ୫(௥ݖ)∝ݒ௥|ଶ)ଶ୫dݖ|  

 +∑ a୨
∖∑ ∫ ∑ DஓF(ݖ௥୬

୰ୀଵ )DஓG(ݖ௥)തതതതതതതതതതത(1 − ९౤|ஓ|ୀ୫(௥ݖ)∝ݒ௥|ଶ)ଶ୫dݖ|
ଶ୫ିଵ
୨ୀଵ  

+∑ b୨
∖ ∫ ∑ F(ݖ௥୬

୰ୀଵ )G(ݖ௥)തതതതതതത(1 − ९౤(௥ݖ)∝ݒ௥|ଶ)ଶ୫ା୨ିଵdݖ|
୫
୨ୀଵ   (27) 

for any ݉ ∈ ℕഥ. Given ܩ,ܨ ∈ ଶ∝ܣ (९௡), apply the above 
argument to the dilates ܨ௥ and ܩ௥ defined by ܨ௥(ݖ௥) =
.ݎ)ܨ ௥ܩ ௥) andݖ = .ݎ)ܩ |௥ݖ| ௥), forݖ < ௥ܻ, using that ܨ௥ →
ଶ∝ܣ ݊݅ ܨ (९௡) and ܦ௒ܨ௥ → ଶ∝ܣ ݊݅ ܨ௒ܦ (९௡), for every multi-index ܻ 
with |ܻ| = ݉, Eq (24) for general ܩ,ܨ ∈ ଶ∝ܣ (९௡) is the limit of (27) 
for the dilates ܨ௥బ  and ܩ௥బ as ݎ → 1ି in [13]. 

3.3.Sufficient condition for boundedness 
The terms occurring in the inner product formula are all in 

 .(∝ܯ݀,९௡)ଶܮ
We are now in a position to prove our sufficiency condition 

for boundedness of Toeplitz products. 
Proof of theorem 5: Assume that for ߝ >  is a positive ܯ,ܱ

constant such that 
B∝[|f|ଶାக](߱௥)B∝[|g|ଶାக](߱௥) ≤ Mଶାக  
for all ߱௥ ∈ ९୬. By (26) we also have 
B∝[|f|ଶ](ω୰)B∝[|g|ଶ](ω୰) ≤ Mଶ  
for all ω୰ ∈ ९୬. Let h and k be bounded analytic functions on 

९௡. It follows from lemma 5 that  
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∑ ห൫ܶ௙̅ h୰൯(߱௥)൫ ௚ܶത k୰൯(߱௥)ห௡
௥ୀଵ ≤ ∑ ெ

(ଵି|௭ೝ|మ)೙శ∝శభ
௡
௥ୀଵ ‖h୰‖∝‖݇௥‖∝, 

Thus  

∫ ∑ ห൫ܶ௙̅ h୰൯(߱௥)൫ ௚ܶത  k୰൯(߱௥)ห௡
௥ୀଵ (1 − (௥ݖ)∝ݒ௥|ଶ)௤݀ݖ| ≤९೙

  ∝‖h୰‖∝‖݇௥‖ܯ
for all ݍ ≥ ݊+∝ +1. So if we choose ܽ large ݉, such that 

2݉ ≥ ݊+∝ +1, then each of the terms 

∫ ∑ ห൫ܶ௙̅ h୰൯(߱௥)൫ ௚ܶത  k୰൯(߱௥)ห௡
௥ୀଵ (1 − ९೙(௥ݖ)∝ݒ௥|ଶ)ଶ௠ା௝ିଵ݀ݖ|

  
is bounded by ∑ ഥ‖h୰‖∝௡ܯ

௥ୀଵ ‖݇௥‖∝, for j=1, …, m.  
Let ܳ∝ be the integral operator on ܮଶ(९௡   defined by .(∝ݒ,

∑ݑ∝ܳ (߱௥)௡
௥ୀଵ = ∫ ∑ ௨(௭ೝ)

(ଵି|௭ೝ|మ)೙శ∝షభ
௡
௥ୀଵ ९೙(௥ݖ)∝ݒ݀

, ߱௥ ∈ ९௡ 

Using lemma 6 for a multi-index ߛ with |ߛ| = ݉ ≥ (௡ା∝ାଵ)
ଶ

  
We have 

ቚ൫ܦఊ
௚ܶതℎ൯(߱௥)൫ܦఊܶ௙̅ℎ௥൯(߱௥)തതതതതതതതതതതതതതതതതതതቚ ≤

ଶܥ̅ ெ
(ଵି|ఠೝ|మ)మ೘  ൫ܳ∝|ℎ௥|ఋ(߱௥)൯

భ
ഃ൫ܳ∝|݇|ఋ(߱௥)൯

భ
ഃ

 

for all ߱௥ ∈ ९௡ where ߜ = (ଶାఌ)
(ଵାఌ)

. Since ݌ = ଶ
ఋ

> 1 and ܳ∝ is ܮ௣- 

bounded [13] there exists a constant തܰതത > 0,  
such that 

 ∫ ∑ ቀܳ∝|ℎ௥|ఋ(߱௥)ቁ௡
௥ୀଵ

మ
ഃ ९೙(௥߱)∝ݒ݀

  

≤ ഥܰ ∫ ∑ ൫|ℎ௥|ఋ(߱௥)൯
మ
ഃ௡

௥ୀଵ ९೙(௥߱)∝ݒ݀
= ܰതതതതത ∑ ‖ℎ௥‖ఈଶ௡

௥ୀଵ   

and, likewise,∫ ∑ ൫ܳ∝|݇௥|ఋ(߱௥)൯௡
௥ୀଵ

మ
ഃ ९೙(௥߱)∝ݒ݀

≤ ഥܰ‖݇௥‖∝ଶ  

By the Cauchy-Schwarz inequality,  

 ∫ ∑ ൫ܳ∝|ℎ௥|ఋ(߱௥)൯௡
௥ୀଵ

మ
ഃ ൫ܳ∝|݇௥|ఋ(߱௥)൯

భ
ഃ݀ݒ∝(߱௥)९೙

≤ ഥܰ‖ℎ௥‖∝ଶ‖݇௥‖∝ଶ  

We conclude that  

 ቚ∫ ∑ ఊܦ ௚ܶത
௡
௥ୀଵ ݇௥(ݖ௥)ܦఊܶ௙̅ℎ(ݖ௥)തതതതതതതതതതതതതത(1 − ९೙(௥ݖ)∝ݒ௥|ଶ)ଶ௠ା௝݀ݖ|

ቚ ≤
ܯ ഥܰ̅ܥଶ‖ℎ‖∝‖݇௥‖∝ 

for ݆ = 0, 1, … , 2݉ − 1. Using inner product formula (25) with 
ܨ = ௚ܶത݇௥ and ܩ = ܶ௙̅ℎ we conclude that there is a finite constant 
 such that ܮ
∑ ห〈 ௙ܶ ௚ܶത݇௥,ℎ௥〉∝ห௡
௥ୀଵ ≤ ∑ ௡ܮ

௥ୀଵ ‖ℎ௥‖∝‖݇௥‖∝  
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for all bounded analytic functions ℎ and ݇ on ९௡. Hence the 
operator ௙ܶ ௚ܶത is bounded on ܣ∝ଶ (९௡). 

This completes the proof of Lemma 8 

3.4.Compact Toeplitz products 
The following theorem states that the Toeplitz product ௙ܶ ௚ܶത  is 

only compact in the trivial case that it is the zero operator. 
Theorem 9: Let −1 <∝< ∞, and ݂ and ݃ be in ܣ∝ଶ (९௡).  
Then T୤T୥ത  is compact if and only if f ≡ 0 or g ≡ 0. 
Proof: If T୤T୥ത  is compact on A∝

ଶ (९୬), then its Berezin transform 
Vanishes near the unit sphere ∑ B∝

୬
୰ୀଵ ൣT୤T୥ത൧(߱௥) → 0  

as |߱௥| → 1ି. We have seen that ∑ B∝୬
୰ୀଵ ൣT୤T୥ത൧(߱௥) =

∑ f(߱௥)୬ 
୰ୀଵ g(߱௥)തതതതതതതത,  
∑ |f(߱௥) g(߱௥)|୬
୰ୀଵ = ∑ หB∝ൣT୤T୥ത൧(߱௥)ห୬

୰ୀଵ → 0  
as |߱௥| → 1ି, and it follows from the Maximum Modulus 

Principle that fg ≡ 0.  
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