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A generalization of Bounded
Toeplitz products on Bergman
spaces of the unit balls

Shawgy Hussein® and Eltigani Ismail Hassan®

Abstract:

In this study we consider the product T¢T; on the weighted
Bergman spaces of the unit balls where f and g are square
integrable analytic functions. Other results have been shown on
unit disc and polydisc.

Introduction:

The study of this problem was initiated by Sarason [7] in the
context of the Hardy space H? of the unit circle, often he had
obtained of functions f and g in H?such that the product TfTy is
bounded on H?, while neither Ty nor T, is bounded[5,6]. In the
context of the Hardy space, the Poisson Kernel plays the role of
the Berezin transform-Treil showed that a condition analogous
to (6) is necessary [7], while the second auther proved that a
condition analogous to (7) is sufficient [8].

The above results are analogous to [10], and generalize the
results in

[9, 11]. However, the proofs require new tools to establish the
necessary condition, as well as consideration of higher
derivatives, and an inner product formula involving higher
derivatives. Recently Park [3] has proved a necessary and
close-to-sufficient condition for Toeplitz product on the
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Bergman space of the ball. In addition to consideration of
higher-order derivatives, this required him to find a new way to
rewrite an inner product formula. Park’s method to obtain an
inner product suitable to prove sufficiency does not work for
weighted Bergman spaces on the ball in this paper we will use a
novel approach to obtain a suitable inner product formula. In
extending the necessity result to the weight setting on the ball,
we make use of an identity that played a key role in the
argument for weighted Bergman spaces on the disk [11] as well
as an estimate inspired by recent result of Arazy and Englis [1,
2].

1- Preliminaries:

Throughout let n be a fixed integer n > 2. Denote the unit ball
in C" by B,,, and let v be Lebesque volume normalized so that
v(B,,) = 1.

for w, € By, let ¢, be the automorphisms of B, such that
¢(0) = w, and <p;: = ¢,,. The mappings ¢, are described in
[4].

for —1 <«< oo. We denote by v, the measure on B,, defined
by

Tre1 dve(z,) = B1ay(L — 12,1%)" dy (2,).

The weighted Bergman space A 2(BB,,) is the space of analytic
functions h, on B,, which are square-integrable with respect to
measure v, on B,,. The reproducing Kernel in A 2(B,,) is given
by
SR K 2r) = B e @)

for z, w, € B,,. If {.,. )« denote the inner product in L2(B,,, dv),
then Z?zl(hr,kﬁf?)an= yn_, h(w,), for every h, € A%2(B,) and
w, € B,. In this paper we use ||.||lx to denote the norm in
L*(B,,,dv,). The orthogonal projection P, of L*(B,,dv,) onto
AZ(B,) is given by

0 (Peg(z) (@) = 30y (9, k)

— n r
- fIBn Zrzl g(zr) (1—(Z,wr))n+°c+1 dVoc(Zr) (2)

for g € L?(B,,dvy) and o, € B,. Given felL*(B,), The
Toeplitz operator T; is defined on
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A%(By,) by Xio; Tehy = X0 pe(fhy), we have
DT (@r) = f Ty On e dve(z,) @3)
n (1—(erwr))

for h, € A2(B,) and w, € B,, note that the above formula
makes sense, and defines a function analytic on B, also if
f € L*(B,, dvy). So, if g € A %(B,) we define Tj as the formula

Peal(Tghe ) (@) = Do fy, 02 e dv2) 4

for h, € AZ(B,) and w, € B,,. Ifso f € A%(B,) then T;T;h, is
the analytic function fT;h, € H”(B,) and w, € B,, will give a
necessary condition for boundedness of the Toeplitz product
T¢ Ty (in section 3) and then show that this condition is very close
to being sufficient (in section 4) our conditions are formulated in
terms of the (weighted) Berezin transform. For a functionu €
L'(B,, dvy), the Berezin transform B[u] is the function on B,
defined by

?:1 By [u] (wy) i
= Y u(z) (lerl®) dve(z,),w, € B (5)
B, r=1 r |1 (2,0, )| 2 +2+2 X\“r/r2r n

We prove that a necessary condition for boundedness of the
Toeplitz product TsT; on A 2(B,,) is that

?zlsuperIBBn IBoc[lflz]((")r) Bm[lglzl((‘)r) < (6)
We also prove that a slightly stronger condition is sufficient if
forevery £ >0

Fe15uPy e B, Bollf 172 1(w,)Bo[lg1* ] (w,) < oo, (7
then the operator T;Ty is bounded on A 2(B,).

Using the reproducmg property of ¥7_; K((z:)), We have
H T (K2 K)o

(o<) 1
-1Ko (wr) Xr=1 oy (8)
Thus the normalized reproducing Kernel is given by
n+o«+1
K (1-lo?) /2
n (Zr) N ?:1 (1= (zp @y )) Tttt (9)

for Z, w, € By.For w, € B, the function ¢, has real Jacobian

equal to
n (1—|(Dr |2)TL+1
r=1 |1—(Zr,(1)r >|n+2

1 |00, (2| = (10)
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Thus we have the change-of-variable formula
o St b, @) [k (20| dvatz)

= [, Iro1h () dve(z,) (11)
For every h, € L'(B,,dvy). It follows form (11) that the

mapping Y, Uz)(r“)hr = ?zl(hrocpwr)l{(ff:) is an isometry on
Ai(Bn)
n PRI
r JUn | = gy Sl b @u, @D K@ dvez)
= an Zrzllhr(u)l dve(z,) = XroqllhlIE (12)
for all h, € A%(B,,). Using the identity
— 1- |wr|
<(pwr(zr) wr) r 14_ (Zr,@y) (13)
We have
(<) (1 |2)(n+°c+1)/2
n o« n i
K ((pwr (Zr)) r=1 (1_((pwr(zr)vwr))n+oc+1
Cwn (1_(zr'wr>)n+tx+1 _ 1
= D=1 (1_|wr|2)(n+oc+1)/2 K((Uocr)(zr) (14)

Since ¢, 0@, = id, we see that

;‘1(U*(°‘)( Uih,)) @) = Sea (Vi) (910, (200 K 2)

n_ih, (zr)K(“)«pwr(zr)K(“)(zr) =¥, he () (15)
forall 2, € By and h € AZ(By). Thus (U, ) = U, and
Troge, Ui = UiiOT; (16)

Holds for f € L°°
Proof forh, € H°°B ,and g € AZ2(B,) we have

(UL U = 2 (Tihy, 0, = Zor (M, 0
= fBHZ?zlf(u)hr(u)g(u) AVec(z,)
= Jp 2011 (00,(2) he(@0, ()80, Z)) [KE2 (2)

Cdve@)

J. 201 (00, (2)) (@0, ZKE (2:)9(@0s, (2K (2) AV (@)
1<fU*(0<)h U*(OC)g>o<: 1<Tf0(p *(0<)h U*(OC)g>a
Establishing (16).
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2-necessary condition for boundedness

In this section we prove the following necessary condition for
boundedness of the Toeplitz product T;T; with fand g in A Z(B,,).

Theorem 1: Let —1 <x< o0, and f and gin AZ(B,). If T¢Tg is
bounded on A %2(B,,) then
2?:1 Supwre Bn Boc[lflzl(wr)Boc[lglzl(wr) <™

Suppose f and g in AZ(B,).

Consider the operator

f®g on A%(B,,) defined by

f®gh«f,

ForA 2(B,).. It is easily proved that f®g is bounded
on A 2(B,,). With norm equal to

If®gll = llf lcllgllec

We will obtain an expression for the operator fQg,
Where f and g in A 2(B,,), in terms of Toeplitz product T¢ Ty,
which we will be able to use to bound the norm of f®g by a
constant multiple of the norm of T;T;, To obtain a suitable
operator identity, we will use the Berezin transform :

Writing K(ff:) for the normalized reproducing Kernal, we

define the Berezin transform of a bonded linear operator § on
A Z(B,). To be the function B, [S] defined on B,,.

By Bu[S1(w,) = (SKS. KSO)«

For w, € B,, the boundedness of § implies that the function
B.[S] is bounded on B,,.The Berzin transform is injective, for
By [S](w,) =0 for all w, € B,, implies that § =0, the Zero
operator on A 2(B,) see [8] for a proof.

We will also make use of the following continuity condition of
the Berezin transform: if § ; — § in operator norm, then

By [S1(wr) = liMy_o0 B[Sy] (wr),

for each w, € B,. The above statement is an immediate
consequence of the following inequality:

|B[S1(w;) = B[Sy 1(w)| < IS — Syl

To prove a suitable operator identity, we need the following
lemma, which is inspired by [1, 2].

Lemma 2: Let -1 <x< oo. If § is a bounded linear operator
on 4 %2(B,,). then
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|

|Ziim 5 Ty § Tor | < s,

for every positive integer m.

Proof: Given a positive integer m, let d,, denote the number
of elements of the set {y: |y| = m}.

Then {y:ly| =m} ={y1,v2, ... vd,,}- observe that each y,is a
multi-index, thatis, yx = (¥Yx.1,Yk2: - Ykn) € N* with

Yk =Yk1t V2t o Vin =M.

foreach k in{1,2,...,d,,} consider the monomials.

n —wvn fm! _ m! Vk1 sz Vk,n
r=1l/J(Zr)—Zr=1 ﬁzry = yk‘ 7'1 , 7'n )

Define the row block operator
My, = [T¢1’T¢z"' T am ] A% (B,) x AZ(B,) x ... x AZ(B,)

- AZ(B,)

by
My, Zkafk_P lekfk

fd k=1

then
fl dm 2
M, fz < Z Vi fr
fdm -

= an Zgzllzzlnl l/)k (Zr) fk (Zr)lz dvoc (Zr)
< [ I (TRl E1?) (Tl (fizn)I?) dvec(z,)

Using the multinomial formula,

0 i (VN e L b R (P R EA R
|Z7'n|2) |z |°™ <1
Thus
fi .
M| T2 || < 0y (28 1, izl dvadz,))’
fem
=11(fy. for o )

If S is a bounded linear operator on 4 %(B,,), the operator
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S:AL(By) x AL(B,) % ... x A%(B,)
> AL(B,) X AL(By) % ... X AZ(By)

fi ( Sfi \
sl ) =[5
fd., \ Sfd,, /

ISmll < ISl
It is easily seen that the ad joint of M,, is the column block
operator

defined by

is bounded, in fact,

Tp,9
Mng=|
T@dmgg
for A 2(B,,) we have
T STJ,lg
¥:9 STy.g
MypSMimg = MypSp | 8 | = My | = ¥
Ty, g :
Vam lSTJ)dng
= 21(?21 Ty, (STJ)kg) = (21(?21 T’l)kSTJ}k)g
So
My S Moy = Y87 Ty, STip,
That is
! .
2?:1 2|y|=m%Tzry S Tz'ry = MmSmMm-
It follows that
! *
s St Ty S Tory|| = IMmSmMinll < 11S,ell < 11S]

As was to be shown.
We will use the Berezin transform to derive an operator
identity suitable for our purpose. It follows form (9) that

1
?:1 IBO([S] ((l)r) - Z?:l(l - |0‘)T|2)n+o<+ <SK(E)0:~)!K(E)O<)>0(1

for w, €B,. It is easily seen that
r=1Tg K(f)o:) =2r=19(wy) K(E)o:)- Thus
T (T TRy K ) = Eiea (T TiK )

g wr ' wr

= S @@ F@IKY), = T g

T=1 1| oo, [2) T oHT"
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and we see that

gleoc [Tng]((‘)r) = ?:1 f((‘)r)g((‘)r)
we also have

" Bo [f®g1(wr) Llw D™ (F @)K, KED).

— n 2\ n+x+1
= Yr=11]w,]%) ((Kéf:),g)f,l{(o()

wr 1
= 37 (@ — Lo ) (KE) gy (F K)o
=271 = lw, 2" f(wr) g (wr)
We need the following lemma, which was proved in [11].
Lemma3: If 0 < 8 < 1and k is a positive integer, then
1-0)k k=
k—1 i T(k+1-B) tJ I'(k+1-p) o T(n+p)
i i O t@ra e o0t
forall -1<t<1.
Assuming « to be a non-integer, we apply the above lemma
with k =[] +n+2 and B =1 — [x], where [«x] =« —[«x], using
that I'([«<])T([1—«]) = ———— , we get

sin(r[«]) ’
_ p)ntldo — n+l+[od,  1yj r'(n+2-«) j
-0 2:j=0 (=1) j!r(n+z+o<—j)t
_yn+l«] r(n+2+0)sin(n[«]) w«eo T(+1-{x}) n+2+[«]+j
+(-1) T Z"=0(n+z+[o<]+j)!t
Note that the above formula is also valid in case « is an
integer. Applying identity to t = |w,|? = w, @4, ..., W@y,
Making use of the multinomial formula see for example in

[13].
We have
) [oc]+j
n+2+[o]+j — v ezt Y=Y
t r=1 ZIyl=n+2+[<><]+j o Prdr
and we obtain

+1+
P = e )T =
n+1+[«] i r(n+2+a) y—y
?:1 Zj:o (=1)/ Zh’l:j yII(n+2+a—j) Wy Wy
+(_1)n+[o<] (n+2+) sin(m[o])
s
Combining the above formula with

Y7 B [f®gl(wr) = Ty (L — lw /)™ f(w,)g(w,)

rn+1-a) _
—a)ya)y

[00]
x ano 2|y|=tn+2+[°<]+j 7! r%Yr
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> Bl ®g] (@)
r=1

n n+1+[«]

; ['(n + 2+x) B
- Z Z v |;.V! I(n + 2+« —j) w f(wr)g(wr)a”
=J

I'(n + 2+) sin(m[«])

r=1 j=0

+ (_1)n+[o<]

TT
. rG+1-[«]) —
x ano Z|Y|=tn+2+[oc]+j ]y—|°< (‘)yf((‘)r)g ((‘)r)(‘)y (17)

Thus the above idéntity and uniqueness of the Berezin
transform imply the following operator identity:

_ n+1+[«] i rG+i-a)
f®g =Xr=1 2]-:0 (-1)/ ZlylzjmTlengTz_l
+(_1)n+[o<] r'(n+2+«) sin(rr[«])

A
0 r(j+1-[«

X 2j=o2|y|=n+z+[o<]+j(]T[DTZZTngTz-Z (18)

Remark 4: That the operator on the right-hand side of (18)
defines a bounded operator follows from lemma 3 which
implies
2?=12?10=0||2|y|=n+2+[0c]+j m-ly—!B)(])Tz}’TngTz‘;’

o T(+1=[x])
Zj:om I T|

Stirling’s formula shows that the series
g0 _((G+1-[=D)

J=0 ((n+2+[«]+))!)

Converges. Thus

Yr=1 Z}zo Z|Y|=n+2+[o<]+jF(]+![o<])TzZTfT§Tz‘Z
Is a bounded operator, which has Berezin transform equal to
0 — X
Z¢=1 ijo 2|y|=n+2+[o<]+jr(]+![])Bo< [TzZTfTQTZ}’]

Thus the operator on the right-hand (18) has Berezin
transform equal to the right-hand side of (17). By uniqueness of
the Berezin transform the two operators must be equal,
establishing operator identity (18).

We are now ready to prove the necessary condition of
theorem1

Proof of theorem 1: Suppose f and g are analytic on A%2(B,,)

such that the densely defined Toeplitz product T;T; is bounded

<
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on A%(B,). Using identity (18) and the estimate in the above
remark, we see that there exists a finite constant C, such that

If®gll < EmlleTgll (19)
Thus
Ifll2llgllz < Co|| T T
It follows from (16), applied to f and g , that
?:1 TfO(Pw TQO(Pw = n 1(Tf0(Pw *(“))U*(“)( go‘Pw *(“))U*(“)
for aII wy € Aé(IBn). In equallty (19) applied to f°§0a)r and
g° ¢,, gives
gz]-llf ° (pwr” ”g ° (pwrllz < C_“x 22:1 ||Tf°§0erg°§0wr

7=1Bu [IfP1(wr) B[l 91?1 (w;) < C‘ZIITfT [
for all w, € AZ(B,,). So, for,g € A2(B,,), a necessary condition
for the Toeplitz product T, T; to be bounded on A% (B,,) is
r—15upa)rEIB§nB [lle]((‘)r)B [lgl l(w,) < (20)
This completes the proof of theorem 1.

3.Sufficient condition

In this section we will prove a condition slightly stronger than
(20) in the following theorem.

Theorem. 5: Let —1 <x< o, and let f and g be in 4A2(B,,). If
fore > 0.
Yro15UDy, e B, Bullf17*1(w;) Bo[1g1**¥]1(wr) < oo, (21)

Then the operator T;T; is bounded on A% (B,,).

By Holder’s |n equallty

1

(anIfIZdvcx) (Ji 1F12% v )2
Applying this to the function f o ¢, , making use of (11), it
follows that

n_ BlIF 2] (@) < Sy Bullf 1271 (0,) @D

and thus

(Bullf P1(@,)BullgP1(@,))2 < (Bullf1*41(wr)Bul g|2+e](wr())<z)+a
22
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for all w, € B, So condition (22) implies necessary condition
(20).

In the proof that T;T; is bounded on A%(B,,) if condition (22)
holds, we need estimates on Tzh, and its derivatives, as
alternative way to write the inner product formula in A%(B,,).

3.1.Two estimates.

We will need the two estimates conditioned in the following
lemmas.

Lemma 6: Let —1 <x< . For f € L?(B,,, vy) and h, € H*(B,,)
we have

1
Bu[lf1?](w,)2
| Tk ) @) < o e i

for all w, € B,.
Proof: By Cauchy-Schwarz’s inequality,

2
¢=1|(Tfhr)(wr)|2 s2¢=1<fB 'f(zr)”’”(z,z)lxﬂ)

|1 (‘Pwrzrvwr)l
|f(zr)|
< B, |1 Pz >|n+oc+1 dvocf 2 1|hr(Zr)|2dvo<
By |If] r
=37 1(“¢nh 12

1— |, |2) et

and the stated inequality follows.
Lemma 7: Let —1<x<o and &>0. For f € L*(B,,vy),

h, € H*(B,,), and multi-index y with |y|=m > ————= ("+°< 1)

r=1|(Dnyhr)((‘)r)| =
1
AN Boc[|f|2+£](wr)(2+£) |f(zr)|6
C 2= iy (fs, 1= (wp.zp) |+ T dve(z))
for all w, € B, where § = g“?
Proof Let e > 0. For f € L?>(B,,, v«x) and h, € H*(B,,) we have

"y (Trhy) () = T3y (Trhe KGO =
f(zr)hy(zr)
f Zr 1W dvg(z,), w, € B,
Thus

I'(n+o<c+m+1 ThT r
n_ (DYT#h,) (@) = Mf Zr - 2V f(zp)hy(2r) dve(2,)

I'(n+o0c+1) (W zp )M+

we have

S
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for every multi-index y with [y]|=m.Applying Holder’s
inequality, we get

1

1|(DVTfh Ywy)| < C( |f (zr)[2*E )2+_£

T 1|1 (W2, )| 2120+ 2

n 1
Z Bl 124,

n+«
= lop[?) 13e

|hr(zr)|6 E
x <f[33n (m+(nt+x+m+1)e dv0< (ZT)
[1—(wyzy) 1+e

Since 2m > n+« +1, we have
2m+(n+x+m+1)e
n m+ntx+m+i)e
r=1|1 - (a)ra Zr)l 1+e

> 71— o )ETTETIMD 1w, z,) |

Plase Plave

r=12 (1 - o) 11— (w,, z,) |+
Where f = 2m — n—x —1 + me, and thus

1

|h,(z)1° d
<f[33n 2?:1 (TZm:-(n+oc+m+1)£ dv0< (Zr)>

[1—{wyzy)| 1+e

| =

B 1 8

2 /(2+e) |hr(2)18

< yn T dv,(z
Zr_l (1—|wr|2)ﬁ/2+£ <an|1—(wr,Zr)|n+°c+1 «(2)
Hence

Pl (DY TRy ) (wp)] <
—1 1
Cyn Bl 2 faro ( F@)1° )g
r=

oyl (1-lwpl2) fase N Bn (@)
—1@r

1
_ Bu[If12*€](0,) @+ h(2)]°
<CXra A o) (fma Iy ()] dvoc(z))

(1-]wy )™ n [1—(wy zp)|PHx+1
This proves the stated inequality.

3.2.Inner product formula in A4(B,,).

In this subsection we will establish a formula for the inner
product in A2(B,,) needed to prove our sufficiency condition for
boundedness of Toeplitz products.

Let F and G be in A2(B,,). Then

SR
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¢=1A[F(Zr)G(Zr] =437 27=1DjF(Zr)D]G(Zr)1
and, by induction,
o1 AT [F(2,)G(2,)] = 4™ X1 X )=m DYF(2,)DYG(z,)  (23)

Where the sum is over all multi-indices y with |y| =

We have

Yro Al =1z 1)F] =
4B(B — 1) X7o1(L = |z *)P = 4B (B +n — 1)(1 = |z [)F~* (24)

for all g = 2. To obtain an inner product formula suitable for
the estimates we have established in the previous section, we

will need the following lemma.

Lemmas8: Let —1 <x< o and let m be a positive integer.
There exist constants a,,a,, ..., @y;m—q @and by, by, ..., by, (depending
on,n and « ) such that _

2¢=1Am [(1 |Zr|2)o<+2m sz 1a] (1 _ |Zr|2)0<+2m+]]

mT -
= T, (4m S (1 — 2, 7)% - BRI by (L — |z, 2t )

T(oc+1)
(25)
Proof: Using (24) and induction it is easy to show that for
every—1 <«< oo and positive integer m, there exist scalars
/1«, 0,..,Axm (depending on m and n) such that

S A = |2 [P)* 2] = YRl B Aok (1 — |2 [2)HF (26)
Where Ao = 4771% Fix a posmve integer m,

for convenience of notation, define Ay, = 0 if j > mand «is
arbitrary.

From (26) we subtract ¥/, %27 A™[a;(1 — |z,|?)***™+]] for
Scalars ay,...,a,;,—1 That will be chosen such that all terms
involving powers

(1 — |z.|?)***, withl <k <2m -1, drop out. To show that
this can be done, we use (23) to note that

12§m 1Am[a (1 _ |Z |2)0<+2m+j] —
1ZZm 1 7l;n 04 cx],k(]_ |Zr|2)°<+k+j
LD WD VAT IR (R PR D Lag
2 12§m ! egzzlj_lajflowjae —j(d = |z |?)>**!
Using that A, ;,e — j = 0 if e > j + m. Interchanging the order
of summation, we have
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ny TP AT [y (1 — |z, 2y ] =
12]2m 1 ir_nl—la])\o(ﬂ_, —j(l _ |Z |2)oc+k
2 =1 12{m ) 1a)\oc+]k—]’(1 |Zr|2)o<+k
+Xr=1 karrllzjzrri 1a)\a+],k—]a(1 |Zr|2)o<+k
Hence
P A™ [ay(L — Iz, |22 = S T a1 - |z, )
k
Zr 1 0<0 (1 - |Zr|2)o< + 2 =1 12<m1 1()\oc,k - 2?:1 2j=1 aj)\oc+j,k—j (1 -

|Z |2)oc+k
+2r=1 karr11 e 1a] a+jk— ],(1 ||

Choose ay, .. aZm_l such that
_ vk
Aok = Dj=1jAoctjk-j

2)oc+k

2m—1 .

for k =1,..,2m — 1. This can be done since (A« j;— 1) _, isa

lower diagonal matrix with non-zero entries on its dlagonal-
putting

bk__zzm 1 /10<+]2m+k 1-j

fork =1,..,2m, Eq (23) follows.

Let —1 <x< o and assume that F,G € AZ(B,,) are analytic on
an open neighborhood of the closed unit ball B,. Now, it is
easily seen that

5
(@ = 1z 22] = Ak 3, |- - 12, 02)%] = 0
On §, for k< p where % denote the normal derivative.

Repeatedly applying Green’s formula and using lemma 6,
we get

[y, Zier AT [FG1(z)[(2 — |2, [2)?™ —
sz 1a](1 _ |Zr|2)2m+]]dvo<(Zr)

f XRo1 A™ [FG)(z,)[(1 — [z]?)*+?m —

22“1 Tai(1 — |z, 12)* 2™ | dv (2,)

= [p, Zi=1F(z,)6(z)A™ (1 — |z, |?)*+*™ — B~ ay(1 -
|z, [2)**+2mH ] dv, (2,

= Jp Xr=1F(z,)6(z,)
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2m+1 -
[4m (?foﬂ CESIMED) (1 _ |, [2)% = S0, by (L — |2 2)<2m 1| dve(z,)

r 2 1 [
= 4" (;z-oc:-l)- : (F,G)o — Z]rr=11 bj fIBn Yr=1F (z:)G(z,)(1 —

|z, 12)2™ Y1 d v, (2,)
It follows that
I(<c+1)

(F G)oc = mF(0<+m+1)f Z? 1Am [FG](ZT”)[(]‘ |Zr|2)2m -
sz 1a](1 - |Zr|2)2m+]]dvo<(zr)

+ T T by FIGE (A — 1212 v (7,)
Combining the above formula with (23), we obtain the
following formula for the inner product in A2(B,,) :

(F,G)o( — I'(x+1)

I'(c+m+1)
Z|y| mf 2 1DyF(Zr)DyG(Zr)(1 |Zr|2)2mdvo<(zr)
Z-Zm 1a-\2|y| m 5, Zh=1 DYF(2,)DY6(2,) (L — |2,|2)*™dve(2,)

mb) fp, 2R PGS~ ™ ) (@D)
for any m eN. Given F,G € A%(B,), apply the above
argument to the dilates F. and G, defined by FE.(z.) =
F(r.z,)and G,=G(r.z,), for |z|<Y,, wusing that F -
F in A2(B,,) and DYE. - DYF in A2(B,,), for every multi-index Y
with |Y| = m, Eq (24) for general F,G € AZ(BB,,) is the limit of (27)
for the dilates F,, and G, asr — 17 in [13].

3.3. Sufficient condition for boundedness

The terms occurring in the inner product formula are all in
L*(B,,,dM,,).

We are now in a position to prove our sufficiency condition
for boundedness of Toeplitz products.

Proof of theorem 5: Assume that for e > 0,M is a positive
constant such that

Bo<[|f|2+S](a)r)Bo<[|g|2+S]((‘)r) < M2+e

for all w, € B,,. By (26) we also have

B [If21(w,)B[lg]?] (@) < M?

for all w, € B,,. Let h and k be bounded analytic functions on
B, . It follows from lemma 5 that
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7t (T7 o) (@) (Tg ke )@ < Shes -y e llellir

Thus
¢=1|(Tf hr)((‘)r)(Tg kr)((‘)r)l a- |Zr|2)qdvo<(zr) <
M ||y [[ecl ey [l oc

for all ¢ > n+x +1. So if we choose a large m, such that
2m = n+x +1, then each of the terms

Z?zll(Tf hr)((‘)r)(Tg kr)((‘)r)l a- |Zr|2)2m+j_1dvo<(zr)
is bounded by ¥"_; M||h,|l« |k, ]I« for j=1, ..., m
Let Q. be the integral operator on L?(B,,, v). defined by

— u(zy)
Q0<u Zr 1((‘)7‘) f Zr 1(1 |Z |2)n+oc 1 dvoc(Zr)1 Wy € Bn
(n+oc+1)

Using lemma 6 for a multi-index y with |y| =m >
We have

|(DVTgh)(a)r)(DVTfhr)(a)r) <

1 1
— M — —
CZW (Q«lh, |6(wr))5(Qo<|k|6(wr))5
(2+e)
(1+
bounded [13] there exists a constant N > 0,
such that

Jy. iy (Qulhy (@) )’ dvec (o)
<N [, 301 19(p))? dve(or) =N Ziqllh

2 _
and, Iikewisef 2” 1(Qulkr1?(w)))? dvo(w,) < NIk, 12
By the Cauchy- Schwarz inequality,

" (Qulhs, I‘S(wr)) (Qulk, |5(wr))6dvm(wr)<1v||h 12 Ilke, 112
We conclude that
|, s DY Ty by 2DV T ARG = 12120 ™ v (2,)| <

MNC?||Rllellerllo

for j =0,1,..,2m — 1. Using inner product formula (25) with
F = Tgk, and G = Trh we conclude that there is a finite constant
L such that

n (T Ty b o] < 2Py LRl lloc

for all w, € B,, where § = . Since p =< > 1 and Q is LP-
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Series M. Mathematical Sciences

for all bounded analytic functions h and k on B,,. Hence the
operator T;T; is bounded on Az (B,,).
This completes the proof of Lemma 8

3.4.Compact Toeplitz products

The following theorem states that the Toeplitz product T;Tj is
only compact in the trivial case that it is the zero operator.

Theorem 9: Let —1 <«< oo, and f and g be in A2(B,,).

Then T¢T; is compact ifand only iff=0org = 0.

Proof: If T¢T; is compact on A% (B,), then its Berezin transform
Vanishes near the unit sphere Y, By [T¢Ts](w,) - 0

as |wl—>1".We have seen that X&L,B.[T¢Tz](w,) =

Ir1=1 f((‘)r) g((‘)r)a
alf(w,) 9(w,)] = Zho Bo[TTs](w,)| = 0
as|w,.| > 17, and it follows from the Maximum Modulus
Principle that fg = 0.
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