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Verification of Dimension Free
Concentration Interms of Series
of Transportation Inequalities

Shawgy Hussein® and Mohammed Ali®

Abstract:

We show a generalization of a probability measure on R®
concentrates independently of the dimension like a Gaussian

measure if and only if it verifies Talagrand's T series of

transportation-cost inequality. We give a verification of the
proof of Otto and Villani result. The equivalent of Poincare'
inequality and certain form of dimension free exponential
concentration is shown.

Keywords: concentration-cost, logarithmic-Sobolev
inequality, Gaussian measure, Poincare inequality, relative
entropy, large deviation, empirical measure, Wasserstein
metrics.

1.Introduction
In this paper we follow the theory and notation that appear in

the work of Nathael Gozlan [39].A probability measure # on R’
has the Gaussian dimension free concentration property if there

are three non-negative constants a, b and ' such that for every

integer n, the product measure “ verifies the following
inequality:
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1" (A+(e+1,)B,)>1-be™ Ve>0 "

=

(RY) i * )72
for a measurable subset A of with 2 denoting

d n
by B, the Euclidean unit ball of(R ) JIf P <[L2] the probability

k k - p k
dyp[ijjz[Zij e d[ij
measure = =

j=1
2
of concentration inequalities similar to (1) with (e+1) replaced

H 2
bymln((8+r°)p’(8+r°) ) The logarithmic-Sobolev inequality is
well known to imply (1); this is renowned Herbst argument (see
Ledoux [25]). Among functional inequalities vyielding
concentration estimates let us mention: Poincare’ inequalities
[21,6], Logarithmic-Sobolev inequalities [6, 10, 18, 9].
Transportation-cost inequalities [30, 35, 4, 33, 7, 32, 5, 22], inf-
convolution inequalities [31, 28], Latala-Oleskiewicz
inequalities [3, 26, 8, 2] see[39] (see for instance [24], [1], or
[36, 37]). This large variety of tools and points of view raise the
following natural question: is one of these functional inequalities
equivalent to say (1)?

Nathael Gozlan [39] show with a certain generality that
Talagrand’s transportation-cost inequalities are equivalent to
dimension of free concentration of measure. He also show a new
proof of a result of Otto and Villani, generalizations of other
types of series of concentrations Poincare' inequality with
exponential using deviations techniques methods. We present
and state with a bit change on [39] series of transportation —cost
inequalities first define the series of the optimal quadratic

j=1

jverifies a series

. P (R .
transportatlon -cost on ( ) , we define

ZT . mij‘x yj‘zdn(xj,yj)
)
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k
P [Zvj ,yj .
where 7describes the set 1= of probability
k
V.

d d . i .
measures on R"xR" having % and Hfor marginal

distributions. We say that# verifies the inequality T2 (6) if

k k k
2TV ) <X H (v, |u), 2v;eP(RY)
i1 = for every i 3)

k

Zk:H(VJV‘)’ 2V

where i is the relative entropy of i< with

respect to # defined by
k
e
v, |y J'Iog [Zvj j

k
V.
if ,Z,; J is absolutely continuous with respect to # and +»®
otherwise. The idea of controlling an optimal series of
transportation-cost inequalities by the relative entropy to obtain
concentration first appeared in Marton’s works [29, 30]. The

inequality T, was then introduced by Talagrand in [35], where it
was proved to be fulfilled by Gaussian probability measures in
particular, if # =7 is the standard Gaussian measure on R, then
the inequality (3) holds true with the sharp constantC =2
(see[39)) .

Theorem1l: Let # be a probability measure on R* anda>0:
the following propositions are equivalent:

(1) There are ry, b = 0 such that for all n the probability w
verifies (1).

(i)  The probability measure “ verifies T2 (1/a)
We think that this new result confirms the relevance of the
large deviations point of view for functional inequalities
initiated by Leonard and the author in [19] and pursued in [20]

(33)
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by Guillin, Leonard. Wu and Yiao. Moreover Theorem 1: turns
out to be a quite powerful tool. For example, the famous result
by Otto and Vilani stating that the logarithmic Sobolev

inequality (LSI) implies T,

consequence of Theorem 1
2. Preliminaries

inequality (see [33]) is direct

Let (2:P) be a Polish space and the set of probability
measures onZ is denoted byP (lk). Let be a probability

X)) .. .
measure on 4 and ( ')' an i.i.d sequence of random variables

with law# defined on some probability space(Q’P). The

empirical measure L, is defined for all integer n by
1 k n
L, ZHZZ(5Xi ),-
j=li=1

where o , Stands for the Dirac mass at pointsxj .

According to Varadarajan's Theorem [16], with probability 1

the sequence (L), has a weak converges topology to # in
P (x) this means that there is a measurable subset N of Qwith
P(N)=0g\ch that for all@ 2 N ,

Uf dL, (o) - [f dy‘<g torall n <N

Continuous function f on 4k

Here, we consider the Wasserstein metrics. LetIOZl and
define

tno-{ gt (8 8 ) f ol ()

k
ij € X«
for some \'7 o )

(34)
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) (30 om0

For all probability measures(jl i=1

ST, ((v,.)1,(vj)2)=igfjp[ng,iyjjpdn(xj,yj)

, define

Zk:\NP((Vi )y("i)){iﬂ (((vj ), (v, )Z))j’l)

i=1 j=1
k
e
1 N7 /2 )of couplings

o [[
where 7 describes the set =

of (’Zk‘iv j l and (’ivj l .

Accordingto e.g [37], W is a metric on Py (1) and for every

sequence * in Po () W (o) >0 it ang only if #n
converges to#, for the weak topology and

R 0 .
S

j=1

and any( .
From these considerations, one can conclude that [39]if

wePy () then W, (Lyou) >0 with probability one, and in
>
particular, P(WP(L”’H)_t)_)O whennN—+% for allt>0, More-

over, supposing that neP, (1) with p>1, it is easy to check

W (Lo.a) L, (Q.P)

that the sequence is bounded in , thus it is

uniformly integrable and consequently E[W” (L”’u)} _>0. This is
summarized in the following proposition [39]:

(35)
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Proposition  2: 14 <P (1) then the sequence

W (Lo #) >0 aimost surely (and thus -in probability) and if

p>1, then the convergence isin L E[W” (L“’u)} _>O.
On the other hand, Sanov's Theorem (see [17]) says that for

A, P(Ln € A), behaves like ean(N”) when n is large,

all good sets
where H (A|u)stands for the infimum of H (|u) on A. So, when A

0 . -
does not contain” ( |u)> and this probability tends to O
exponentially fast. With this in mind, one can expect that

P(W”(L“’”)>t) behaves

o t)=inf{ZH(vj|y):ZVjeZ\Np(vj,y)>t}
likee "where i< = A :
The following result validates partially this heuristic,
stating that PW, (Los) >t)tends to 0 not faster than

e—nH(t)

Theorem 3: If #<P: (%) then for all t > 0,
Iimiﬂf%logP( o (Lyp)>t) 2 - {iH( ilu): Zv eP,(z)st. ZW (v, ,u)>t}

Proof: Let t>0and define
k k n
Az{ZVjePp(;(k)s.t.ZWp(vj,y)>t} ZvjeA
j=1 = . Take 1% such that
Kk
DH (v ) <+ "), Zv
i=1 f i isan 11d sequence of law % , and
szJ 1 k n n
L, =n ZZH(@I ) Y Zvj

, then Imconverges to i almost surely

for the W distance and so

(36)
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[zvj L, €A) P(WP(LYH,y)>t)—>P[ng(vj,y)>tJ=1

when N—— 40,
k Vj
Applying [39] to A and i+ and taking the limit when
n—>+oo,gives
Ilnrrligf%IogP( o (L) >t)= JZK;H(VJ.W)

k
v,
Optimizing over i J gives the result.
For the sake of completeness, (see[39] and [19]).

3.The Gaussian Case

The product space X will be equipped with the following
metric:

(here '

forall 111y,
In the general case, one says that a probability measure  on

(Z:P)verifies the dimension of the series of free Gaussian

r,a,b>0

concentration property, if there are such that for all n

the probability ' verifies

" (A(HVO))Zl_be‘asz, Ve>0 (4)

(&+19)

l\.)ll—‘

Zn /ln(A)Z

« such that . where A

A c
for all measurable

denotes the (“ro)-enlargement of A defined by

(37)
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k k k k
A ) :{ij € 7. suchthat thereis "X, € Awith p} [ij ,ZX_J.JS (g+r0)}
= = = =

_ pd
When % =R'jg equipped with its Euclidean metric one has

(e+r0) _
AT =A+(+15)B; and one recovers the inequality (1).

The proof of the following well known result makes use of the
so called Marton's argument.

Proposition 4 if # verifies Ti(®), then for a measurable

u(A)zt
subset A of 4k, such that 2,
2

u(ACW)21-be T ve20
where fo = V6Iog(2).

Proof: Consider a subset Aof4k, and define

k
=10 3, o) »
i let B=2 1V A""and define He

accordingly. Since the distance between two points of A and B
is always more than “ ") one has Wo(tattg)2(E+0) g

triangle inequality and the transportation-cost inequality T.(¢)
yield
(€ +1,) <W, (/JA 1 Hp )SWI(uA ’/l)"'Wl(/lB ’/l)

< \CH (110 |12) +\JEH (115 1)

=\/6Iog(1/u(A)) +\/C~|09(1/ﬂ(B )

Rearranging terms gives the result.

Theorem 5: Let “<P:(%)and a > 0 the following
Propositions are equivalent:

(1) There are ro’bzosuch that for all n the probability“n
verifies (4),

(i) The probability “ verifies 2(1/2),

(38)
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Let us recall the definition of the series of the T
transportation-cost inequality. We say that a probability

1/a) if
k

Kk k
Zwl(vi’”)s 6ZH(V1|”)' DVieP(x)
= 1= for every i
Proof: Let us show that (ii) implies (i). The main point is that

T,(1/a)

e T
measure # on %« verifies 2

T then M’

on the space%kn equipped with P (see[19)])
W/2<T

2 tensorizes ; this means that if “ verifies
verifies T.(/a)
Jensen's inequality implies that 2 and consequently u
verifies qu‘Ua)(on}d‘ equipped Withpzn) for all n. Applying

Proposition 4 to “ngives (1) with \=ylog(2)/a, b=1 and a.
Let us show that (i) implies (ii). For every integer n, and

S,
e Fldr

i ,  define [JZJ . The map
_—
X W | LV
JZ:; I a2 a _ % Lipschitz
is VN
Indeed, if

i [(z iy

are inZk' then thanks to the triangle inequality,
) ) ) 5]
Lo o [ -W LT sw, | Lyt L

2 n

SV
=
5
/‘:ﬁ\
M-
=
~—
Ne—

(39)
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According to the convexity property of () (see [37]), we
have

JuN

which proves the claim.

k
Now, let \\M™ i /ibe an i.i.d sequence of law # and let L,

be its empirical measure. Let M be the median ofW2 (L, ’“)and

i=1 n
define . Then * (A)lezand it is
k Zk:XJJ (e+71,)
A =33 x W L[n“ o <m =2
2 W o

easy to show that

Applying (4) to A gives
P(Wz(Ln,y)> m, +(g+ro)\/ﬁ)sb exp(-asg?), ve=0

k

ﬁ[Zuj—

m, j >,
Equivalently, as soon as = , we have

j-1

P[Wz(Ln,u)>Zk:ujij eXp[a[\/ﬁ[,Zk;u" m"jroﬂ

Now, since WZ(L”’”)converges to 0 in probability (see

Proposition 2), the sequence m, =0 when = +0,
Consequently,

(40)
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k k 2 k
IimsupilogP[Wz(Ln,u)>Zujjs-a[ZujJ , VYu; >0
i i1 i1

nos+o N =

The final step is given by Large deviations. According to
Theorem 4,

] ]

L l k . k k k k
IlnnllgfnIogP[Wz(Ln,y)>Zusz—mf{ZH (v lu): Xy, ePz(;(k)s.t.Z\Nz(vj,y)>Zuj}
i1 = = = i1

This together with the preceding inequality yields

inf{gH (v, |“):,i‘vj GPZ(Zk)SI.JZk;\NZ(Vj ,u)>iuj}za[iujjz

j=1 j=1
or in other words,
k k
adW, (v, u) <DH (v, |u)
j=1 j=1
and this achieves the proof.

According to Jensen's inequality, the inequality T.(€) is

weaker than T2 (C); it was completely characterized in terms of
square exponential integrability in [14].

Let us recall that a probability measure # on %k verifies the

LSI(¢)

Logarithmic-Sobolev inequality with constant € >0 ( for

short) if

H (u‘f Z)S(f“Vf |2d/1
for all locally Lipschitz f
defined by

, Where the entropy functional is

H (uf ?)=[f logf d - [f dulog(jf dy), f>0
and the length of the gradient is defined by ’

(41)
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|Vf|[ixl‘}="msup [Zj f[gy’j‘

e o k
= ’ Pl xJ,‘ Y
1:1 J: (5)

i x| o

(when Xi are isolated points, we put

In[32], Otto and Villani proved that if a probablllty measure
Hon a Riemannian manifold M , satisfies the mequalltyLSI( )
then it also satisfies the inequalityT2 (C) Their proof was rather
involved and uses partial differential equations, optimal
transportation results, and fine observations relating relative
entropy and Fisher information[5]. It makes use of the dual
formulation of transportation-cost inequalities [4], [5] relies on
hypercontractivity = properties of the Hamilton-Jacobi
semigroup. Otto and Villani's result was successfully
generalized by Wang on paths spaces in [38]. Lott and Villani

showed that implication LSI=T, remains true on a length space

provided the measure #, satisfies a doubling condition and a
local Poincare inequality (see [27]). (For the converse see [32]).
In [13], Cattiaux and Guillin give an example of a probability

measure verifying T2 and not LSI .
With Theorem 4 in hand, one Could think that the implication

LSI=T, is now completely straightforward. Namely, it is well
known that the Logarithmic-Sobolcv inequality implies
dimension free Gaussian concentration; since this latter is

equivalent to Talagrand's T inequality it should be clear that

T

the Logarithmic-Sobolev inequality implies "2. If# | verifies the

LS(¢) inequality, then according to the additive property of the
Logarithmic-Sobolcv inequality, one can conclude that the

n
product measure # verifies

(42)
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H (u”

n k k
REISII T
| 1 (6)
where the length of the 'partial derivative' |Vif| is defined
n k
Spwrf(3x |
according to (5). The problem is that, ' 1= and
k
iy n
- (computed with respect to”2) may be different.

The tensorized Logarithmic-Sobolev inequality will yield a
series of concentration inequalities for functions such that

3w (3 Jo k-
j=1 /l

functions may not contain I-Lipschitz functions for the P2 metric.
This difficulty can be shown in the following theorems[39].

Theorem 6: Let#, be a probability measure on 4<and

almost everywhere and this class of

suppose that for all integer n the function I:ndefined on X by

‘ >, i
= i " fork

verifies 7 =

k
DX €
almost every i= (7)

Lsi(¢)

If#, verifies the inequality then#, verifies the

< _ pd
inequalityT2 (C) Suppose that 4« = R or a Riemannian manifold
M, then according to Rademacher's Theorem, R, is almost

d n
everywhere differentiable on (R ) (resp.M") with respect to
the Lebesgue measure. It is thus easy to show that condition (7)
is fulfilled when* | is absolutely continuous with respect to
Lebesgue measure. This permits us to recover Otto and Villani's
result as stated in [32].

(43)
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Proof: As we said above the product measure u verifies the

S

7Fn
inequality (6). Apply this inequality to f =€ | with S€R"_ It is

S S
VieEF = EEEFn

ViI:n|
, thus, using condition (7),

Gijeandun
4n )

easy to show that

we see that the right hand side of (6) is less than
_ sk, n
Lettingz(s) _I H , we get the differential inequality:
Z'(s) logz(s) ¢
— <~

SZ(s) s? 4n
Integrating this yields:

2(6)-fear e veer
This implies that
P(W2 (Ln ,,U)Zt + E|:WZ(|_n ”u):|)ge—nt2/6

According to Proposition 2 E[WZ(L”’u)]_)O. Arguing
exactly as in proof of Theorem 4, one concludes that the
inequality T2 (C)holds.

We show (see [39,11]) in the following Theorem that the

LSI=T,

implication is true with a relaxed constant:

Theorem 7: Let# be a probability measure on 4k such that

k k k k k
#{ij € X 1P2[ZX,-,Zujj—Pz[prZvj}Q}O,
j=t j=1 j=1 j=1 =1

vQ eR,Vin izklvj € X\
)

If # verifies the inequality then “ satisfiesT(Zc).

For # onR’, the condition (8) amounts to say that # does not
charge hyperplanes. We think that working better it would be

possible to obtain the right constant € instead of €,

LSI(€)

(44)
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Proof: we will use a sort of symmetrization argument. First

observe that the probability measure KXW verifies  the
following Logarithmic-Sobolcv inequality:

oo 1)z St 6, S, |
3 o e

i j=1 j=1

y
=1
k k k k
fiylxx —>R: [ZXJ,ZyJJHf [ij, yjj
=1

=t =1 =1 j

for all , where

‘V”f‘(resp. ‘V”f ‘) denotes the length of the gradient with
K 1

respect to the \i* -coordinate (resp. the \i<

coordinate).

Define for all

=4 . We want to apply the tensorized Logarithmic--

Sobolev inequality to the function G”. To do so we need to
compute the length of its partial derivatives. Let us explain how

23]

11
to compute

]

for instance. For every

; obviously,

(45)
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' n n ' n

L[ZJ L[Z] w, L[z} LEZJ

2

L = limsup

S ENTES

= limsup

a L[ZJ L[zb] o p[[izij’[iajn

n ' n

According to the condition (8), the probability measure #is
k

PRIEFH

]

diffuse; so the probability of pointsi- having distinct
coordinates is one. So, one can suppose without restriction that

Kk 3

. pIES 2b; . DII
the coordinates of ' (resp. '* ) are all different. If = s

k k
2.3 D78

1
sufficiently close to [il j , the coordinates of i< arc all

iy

distinct too. According to [36], the optimal transport of on

)
L™ s given by a permutation, this means that there is at least

one permutation a of{l"“’ n} such that

L lisn ] (50

n
i=1

(46)
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Let us denote by S the set of series of these permutations and
S

5
define accordingly the set [H
izjaj

of permutations realizing the optimal transport of on

1

Without loss of generality, one can suppose that S is a
singleton. Indeed, let @ and ¢ be two distinct permutations and
consider

i) e ) [l )

Applying Fubini's Theorem together with the condition (8),
one gets easily that * (HU'&):O. This readily proves the claim.
In the sequel we will setS - {G }

k Kk !

Now we claim that if\i= is sufficiently close to ‘1% ,

S,. ={0'*}
&)

then . Indeed, let

1
)
then there is a neighborhood V of ‘i such that for all

5.

j eV
= , we have

(47)
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&L BB

n

and for all permutation @ ,

e (3] op{e) ()]

) i a(i))? ) i a(i))?
nlzp[[iaj] ,[ibj] J Snlzp[[izjaj] ,[ibj] J +e,/3
i-1 =i = i-1 = =i
iZJai Zk:bj Zk:aj Zk:bj
{[ e J}gom{&u LB, s

By the definition of the number 0, one concludes thato =0,
k
sz eV
which proves the claim. Now, if i , then

(] () [ )

n n




Series M. Mathematical Sciences

Kk k !
sz —>[Zaj j
So letting '# 1= yields
Doing the same for the other partial derivatives yields:

i,1~n i,2

k k 2
-
(&g )3
k
[za zbjexmk
for 4" XK almost every \Ji%t i
Now reasoning as in the proof of Theorem 7, one concludes

that

XX 2 X0 2 2z
PIW, L7 LT [>t+EW,| LT LT || |<e™

n n

On the other hand, an easy adaptation of Proposition 2 yields

"n”liﬂfi'OQP[Wz[LE‘ilXiJ,LEEYiJ} St+E WZ[L[ZX]L{ZY]J”

oSt S} (8| (8] e rs b))

]

From this follows as before that

(49)



Sudan Journal of Basic Sciences

(YA ZG[gH (), l)+ 1 LV‘)}
) (3

holds for all probability measures (“ =
Kk
[ZVjJ =H .
to P, (2 ) Taking \* /2 givesthe inequalityTZ(ZC).
(See [39]) to recover and extend a result of Lott and Villani
using Hamilton-Jacobi. Following [27], one says that a
LSI"(€) i

l belonging

probability measure # on 4k verifies the inequality
H(u|f2)<e[|[v ] du
holds true for all locally Lipschitz f, where the subgradient

norm ‘V_ f ‘ is defined by

=

‘V‘f‘[ijjzlimsup -
[ y—x
2

K

J

k
= max a o _
with [; j j v f‘£|Vf|’

LSI* (¢)

Since the inequality

is stronger than LSI ; more precisely, LSI"(¢)= LS| (C)

Theorem 8: If # verifies the inequalityLSP(c), then #
verifiesT2 (6)

Proof: The inequality LSI"tensorizes, so “nverifies[39]

H (u" fz)sqznl\v;ffdu”

(50)
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E e (50w |

Fa + j=1
Take =6 SeRith . Once
Ve =%e5F" ViF,|
again, it is easy to check that (note that the
L
dx; e
function 1= is non decreasing). Reasoning as in the

proof of Theorem 7 it is enough to show that

k
Zi‘VFFnZ[Z;X,-jﬂ/n i Zk:xj .
=

for # almost all i- . Let us show
k k
‘V-‘F sz € ZX i
how to compute! ' . Leti= i
k k ! K n
ZaJ = [Zaj} ,...,[Zaj] ez
j=1 j=1 j=1
and set

k
‘V;Fn [Zajjz - limsup - +
=1 z-at k k
ZFH[[ZaJD p{Zaj,[Zajj}
=t j=1 j=1
5
reP | L) u
Let be an optimal coupling; it is not difficult

to see that we can write

(51)
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el ol ol ) ol )

k k
n‘l((Zvjj +...+[Zvjj }zy
i) iy
k
2 e )
Let P be defined as P with \ 1= in place of ; then

7= ﬁ[;xj d [;yi D [ZJ [d [;Zkl‘y’ D belongs to

el ol ) Bl g )

)
il o o{S ) (38080 o of0) ()

y
Spfgnn (g £ o3[
y

\
)
<iolfon (B oo o ol £ 50 8

)

k k
ZXJ—I—> Z;Xi

Since the function ' L l is non decreasing, we have

(52)
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p[izj'[iaj
k k !
52, (3
Letting 1= 1= yields
K ! Kk 2 Kk k
(e ) S o5 ] (2]
‘V.‘F [Za.j < - - z A
Pl (]
n“T,|L)" u
. Doing the

same computations for the other derivatives (with the same
optimal coupling 7), we get

(g e[
e e ) N

.V.‘F2 ka. <1/n
i 1°n _ll
J:

Summing these inequalities gives
Kk

DA € X
all i , which achieves the proof.
4. Non Gaussian Concentration

The following theorem can be established with exactly the
same proof as Theorem 1( see [39]).

for

(53)
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P>2 and

Theorem 9: Let # be a probability measure on 4,
a>0_ The following propositions are equivalent:

r,b>0

()There are such that for every n the probability

n 1
measure # verifies for A subset of £k with 2,

W (AC)21-be ™, W20 ©)

(s+10)
where the enlargement A is performed with respect to the

metric Po on X defined by
Up

ol [ )] s

i=t i i=1

(ii)The probability measure # verifies the following series of
transportation cost inequality:

Sr)2( 38| Srb) v e i)

To find the series of the transportation-cost inequality
equivalent to Talagrand's two level concentration inequalities as
an example which are well adapted to concentration rates
between exponential and Gaussian.

Let us say that a probability measure # onR" satisfies a two

level dimension free concentration inequality of order pefL2]
if there are two non-negative constants a and b such that for
every n the inequality

u" (A +(e+71,)B, +8(e+1,)B, ) >1-be ¢ Ve > (10)

; 1
(Rd )” U (A)Z—
holds for all measurable subsetA of such that n

d n
, Where B, and Bpare the standard unit balls of (R ) .
Inequalities of this form appear in [35], where it is proved that

(54)
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j=1

sle
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the measure verifies such a

-1
k k -
du, [ZX,- J:[szj €
j=1 j=1 o
bound.

The series of transportation-cost adapted to this kind of
concentration is defined for all probability measures

(3] e

j=t ﬂeP[[kZVJJ ,[kZVJ]J i=lj=l

K K 2k P

o[ S | -minl S S
where 7 = = (here
k k ! k n ‘ i
LX) = ij o] 20X >x; | eR
j=1 i=1 j=1 - J .
with\ 1 for all!).

The following lemma collects different facts that are needed
in the proof see[22,34].

Lemma 10: For all

k k k k k k
DXV ZQ%[ZXJ‘ +Zyjj§20‘p [ZXJ”%[ZYJ
j=1 j=1 j=1 j=1 j=1 j=1 .

For all integer n>1 and all probability measures

=1
=1

i=t i=t

T (60)600,) 2285 ()0, 2 0], 0,

. > — .
For all integern>1 and all &= rO, define
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>

i=1

(6+1,) {Zx e(R*):

Then forall P € [1’2],
%(\/(Hro)sﬁy(g”o)sp)c (e+1)B, (e +1,)c (e +1,)B, +8f(z +1,)B,

Theorem 11: Let # be a probability measure on R? and

peft.2] . The following propositions are equivalent:
()The two level concentration (10) holds for some non-
Kk k
2,32,
negative i<t i<t independent ofn
(ii))The probability measure # verifies the series of
transportation-cost inequality

k

_Zk:szp (vj,u)sc*zH (v |n). vjzn;vj eP(R%)

j=1 j=1
for some constant € .
k k
o 2.2:2.b;
More precisely, if (10) holds for some constants i<t it |
then the series of the series of the transportation-cost inequality
¢
K
- 28 j=1,¢=288
holds with the constant i< (forJ=4C= see[39]).
Conversely, if the transportation -cost inequality holds for some

S, =2
constant €, then (10) is true for i-. and

¢ =

(56)
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Y, -1/(2¢)
Proof: Let us recall the proof of (ii) implies (i).
According to the tensorization property, for all n and
all probability measure v on(R") |
T, [ivj,u”jSCH [anvj ynj

d\" n .
holds. Take A and B in (R ) and define dup=1,dulpu"(A)
dug =1gdu/ u"(B)

and . According to point (ii) of Lemmal0 and

the transportation-cost inequality satisfied by # , one has
T, (it ) < 2T, (1 )42, (1)

< 2¢H (/12 u”)+2§H (/lg /ln)
=-2Clog(u" (A)u" (B))

Define

QﬁUMB)=meg+Q)ZOsL(A+Bmdg+g)wa¢¢}
Top (,u/rluu; ) ZC~z,p (A’ B )and so
" (A)un (B ) S(_:‘—CE‘p(AvB)/ZC~ .

then

u(A)2 B=(R") \(A+B
2 and ( ) ( + Z-P(8+r0))

i (A+B,, (£+1,)) 21-2¢"

Now, if
szp(A,B)=(8+I’O)

, one has
8+r0)/26

and so . Using
point (iii) of Lemma 10 gives

(e, B, 12

Now let us prove the converse. Let (%), be an i.i.d sequence

of law # and let I‘nbe its empirical measure. Consider
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n ZXJJ
A= ixj e(RY) st.T,, L[“ u<m,
j,

n

where ™ denotes the

median of . According to point (iii) of Lemmal0

A+(e+1,)B, +{(e+1,)B, cA+12B, (¢+1,) Let

k k
ij €A +12B,, (e+1,) ZX_J. €A +12B,, (e+1,)
i= : there is some i<

k

> x

S
]
there is some i such that

C. , we get

(for j=1'63:144(3ee [39]). According to point (ii) of

LemmalO
T L{;XJ M |<2T,, L[;X’},LE;XJJ +2T,, |£Z ],u <2m, +

C(e+1,)
2,p n —

Consequently, the following holds for all N :

k iaja+r0
P(T,,(Lou)z2m +c(e+1,)/n)<>be ™ | Vexz-r,

J
j=1

(58)



Series M. Mathematical Sciences

Reasoning as in the proof of Theorem 1one concludes that

ZTZ,p (VJ"/l)S kC ZH(VJ'W)’
j=1 Zaj j=1

= for every
jivjeID(Rd)
j=1
1
p(A)==
Remark 12: (i) If (&) 2 we have
¢, (AB)/2¢
L0 (By<e S2elAP)
2 ,approximately, we have for
(i)  We can deduce that
¢, (AB)/2¢ <
2 20(AB) >1 and Cu (A.B)<2log2 Hence
s (e +715)
2log 2

5. Poincare' inequality and series of the exponential
concentration

We consider more carefully the case P =1 of the preceding
one. Let us recall that a probability measure “ on R satisfies
the Poincare inequality with constant ¢ >0 if

2
Var (f )<c||Vf|d
() <fivran an

for all smooth | .

The following theorem (see [39]) proves the equivalence
between Poincare inequality, dimension of the series of free
exponential concentration and the corresponding series of
transportation-cost inequality.

Theorem 13: Let “be a probability measure onR’. The
following propositions are equivalent:

(i) The probability measure# verifies Poincare inequality

with a constant€ .
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(i) The probability measure # verifies for some constants

Za Zb>0
j=1

g ]m—ro
u (A+D21(5+r0 )>1 Z:be[Jl , Vezx-r,
(R*) u"(A)=1/2
for a subset A of such that , wWhere the set
D.(¢+1) is defined by

g+r {ZX e(Rd) Z [

5| )= ] >}

(iii) The probability measure # verifies the following series of
c,>0

transportation-cost inequality for some constant

Tse[jzn;Vj’ﬂj:i”fI"‘l[ } n[zk:xj,zk:yjjsczH [jzn;v,-luj,

j=1 j=1
for every

k

S -3y,

v, eP(R?)
j=1
More precisely:

n

Zaj =K max(cl\/a)_l K

(1) implies (ii) with i< being a universal
constant.
- 2
¢, =—
2.8
(i) implies (iii) with =

~ =_2

(iii) implies (i) with b2

The equivalence between (i) and (iii) was first obtained by
Bobkov, Gentil and Ledoux in [5] with the Hamilton-Jacobi
approach.
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Proof: According to [6] and[39],(i) implies (ii) with

n
> oa. =1

1 =1 and a depending only oncl; one can take
T a =K max(cl\/a)_l,K

. J

i=1 , Where K is a universal constant.

According to (a slightly different version of) Theorem 13 with
¢, =21 a

p:l, (i) implies (iii) (with i<t ). It remains to prove that

(i) implies (i). This last point is classical; let us simply sketch

the proof. The series of transportation-cost inequalities are

equivalent to the following property([4],[19]) for all bounded f

onR?,
jleduﬁeIfd”
Qf (ijj: inf {f {Zyjj+c~z‘lal[2xj -y, J}
= yeR [ = i1,
where . Let

I be a smooth function and apply the preceding inequality to
tf When t—0, it can be shown that

Q(tf )[,Zn;x"j_tf [jzn;xjjz—cizm |§[Jzn;xjj+o(t2)

C,t?
4

2
(€2 d =111 dy+%ff d <2 [V [d u+0(t?)

o] . On the

other hand,
t? 2
e‘jf du=1+tjf du+?f(f d )
We conclude, that

Var (f ) <=2 [|Vf ['d u

l\)lv\)l

which achieves the proof.
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The series of the transportation-cost inequalities are closely

related to the so called (7) property introduced by Maurey in
[31,39,23,13].

Other sufficient conditions were obtained by Bobkov and
Ledoux in [7] with an approach based on the Prekopa-Lcindler
inequality, or in [12] by Cordero-Erausquin, Gangbo and
Houdre with an optimal transportation method .

n

log 1" (L, €A)> Iog[ZVj j (B)_IB ogh{x)d [JZ;VJJ

j=1

[jnlij”(B) [jnlvjjn(B) (13)

But for all X> 0, xlogxz—lle,S

(0]
fsc"’g“@j]“@“]d“"> G I
gvjn(B) _e@v"n(B)_e@vjn(B) (14)

Putting (14) into (13) and using

jzk;H (v ) |u) = nH [jzn;ijJand Zijn(B)z ZVJ—JH(L” €A)

gives the desired inequality.
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