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Yang-Mills Equations
Formulation of Euler —Lagrange
equations.
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INTRODUCTION:

Yang-Mills theory is a generalization of Maxwell's theory of
electromagnetism, in which the basic dynamical variable is a
connection on a G-bundle over 4-dimensional space-time. We
discuss fibre bundle and G- bundles in particular .This G-
bundle is the space on which our Yang-Mills theory will live, we
present the definitions of connections and curvature in this
setting, as well as the exterior covariant calculus .the
mathematical formalism is applied to the case of Yang-Mills
equation, in which is seen to reduce to Maxwell’s equations in
the case of an abelian gauge group.

1.1 The Euler-lagrange equations :-

Let G be a Lie group and P be a principal G-bundle over a d-
dimensional manifold M.Recall that a gauge field is a
connection on p .lt is given by a 1- form A on M with values is
the adjoint affine group Ad(P) c End (g).

Here affine means that the transition functions belong to the
affine group of the Lie algebra g of G, the transition function
given by
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A, =g Asgt+gldg
where 4, and A; are the g valued 1- form on
Mcorresponding to A Via two different trivialization of P
(gauges) .The curvature of a gauge field A is a section F, of the
vector bundle A% (ad(E)) =A% T*(M)®ad(E). It can be defined
by the formula

1
F, =dA +§[A,A]
If we fix a gauge, then F = F, is given by n x n matrix whose
entries Fl.] are smooth 2-form on U, then we can write

Fl = Zj et i () dxAdc”.
Equivalently we can write

F=(F,)1<pu,v<d,

Where F,, is the matrix with (ij)-entry equal to Fl.{uv(x) We
say that a gauge field A is a potential gauge field for Fif F = F,
For example, let us take G =U(1) and let P be trivial
principal bundle G — bundle. In this case ad(P) is the trivial
bundle M x R .So a gauge fieldisa 1- form

ZizoAﬂ dx* which can be identified with a vector function

A= (4-,A; A, As).
For any smooth function : M - U(1), the 1- form
A=A+dlog®

defines the same connection. Its curvature is a smooth

2 —form
F = Fy dxHAdx”.
0

N

Ay

We shall identify it with the skew symmetric matrix ( F,,)
whose entries are smooth functionsin (¢,x) :

0 -E E, —E,
_ El 0 H3 _HZ
F#v - E'2 H 3 O H]_ (1 1)
E, H, —H, 0

(24)
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This is called the electromagnetic tensor. Since [4,A] =0, we
have
Fy = 0,A, — 0,4, (1.2)
If we set
E =(E, ,E, E5),H = (H, ,H, H3)

Of course, equation(1.2) means that the differential form F,
satisfies
Fy = d(A- dx” + Ay dxt + Ay dx? + F; dx®)
Since R* is simply —connected, this occurs if and only if
dF = —E;dx’ Adx' — E, dx A dx? — E;dx A dx3 + Hy dx® A dx?

— H, dx*A dx® + H; dx?A dx3
= (—0,E, + 0,E, + 0-H3)dx A dx' A dx?
+ (—03E; + 0,E5 + 0-H,) dx A dx* A dx?
+ (—=03E, + 0,E5 + 0-H3)dx A dx? A dx?
+ div Hdx'A dx? A dx3 = 0.

This is equivalent to

0H
VXE+— =0
ot

VH=0
This is first pair of Maxwell's equations. The second pair will
follow from Euler-Lagrange equation for gauge fields.

2. The Yang-mills Lagrangian:

Is defined on the set of gauge fields. Its definition depends
on the choice of a pseudo-Riemannian metric g on M which is
locally given by

n
g= Z v AxVNdx#*

uwv=1
Its value at a point x € M is a non-degenerate quadratic
form on T(M), is given by the inverse matrix (g*(x)) .It
defines a symmetric tensor

__i . a®a
g = 9 axV ~ OxH

wv=1

(25)
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We can go to transform the g- valued 2- form F = ( F,,) to

the g- valued vector field
n

F = (F#U) = ( g#agUBFBa) = Z FHv
uw=1

Let g®g — R be the Killing form on g .Itis defined by

(A,B) = —Tr(ad(4)°ad(B))

Where ad: g —» End(g) is the ad-joint
representation, ad(4): X - [A,X] . This is a bilinear form which
is invariant with respect to the ad joint representation Ad: G —
GL(g) . In the case when G is simi-simple, the Killing form is
non-degenerate. Now we can form the scalar function

6®6
OxV ~ dxH

(F.F) =3} y=1 (Fw F* ) (1.3)

This expression does not depend on the choice of coordinate
functions. Now if we choose the volume form vol(g) on M
associated to the metric g, we can integrate to get a functional
on the set of gauge fields

Sym (A) = [, (F, F)vol(g). (1.4)

This is called the Yang-Mills action functional.

2.1. Lemma: Let g be ametric on V and u € A™ (V*) be volume
form associated to g,then there exists a unique linear
isomorphism

*: ARV*QW A"k V*®QW , such that, for all a,f€

Hom( A*V W),

anxf =g Na,plu (1.5)

Here g 1:V* xV* - R is the metric . Assume that we have a
coordinate system where g;; = 6 £ (a flat coordinate system).

Then

g = (dxuA.LAdxk, dxA.AdxIk) =gl gtRie,
This implies that
* (Fl-1 ..... . @ xHUA L Ad xik) =

ghin .. ghw By dx N AdxTnor (16)

Where dxiA.. Adx*kAdxIiA...A\dxIn-k=dx A.. N\dx"

(26)
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If g%/ = §;; then this formula can be written as

is the sign of the permutation (iy._,ix. ji...Jjnx)If G is

compact semi-simple group we may consider the unitary inner
product in the space A*(ad(P))(M)

(Fy, F)=[, FI\*F,. (1.7)

2.2. Lemma: Assume M is compact, or F,G vanish on boundary
of M.Let A be a connection on P .Then, for any F; €
A*(ad(P))(M) ,F, € A**1(ad(P))(M)

d4(Fy, F;) = (=1)**X(F, ,d* * F,).

3. The Euler-Lagrange equations for the Yang-Mills

action functional:

Where the norm is taken in the sense of (1.7) .We know that
the difference of two connections is a 1- form

Sym (4) = fM (FAaFA>V0|(9) = fM FEANxF, = ||FA||2,

Where the norm is taken in the sense of (1.7) .We know that
the difference of two connections is a 1- form with values in
ad(P)

,forany h € A'(ad(P)) and € T'(E),

1
Farn=d(A+h)+5[A+h A+ h] = Fy+dh+[Ah]+O(kl)

= F, + d4(h).

Now, ignoring terms of order 0(]|h||),we get

Sym (A + h)=Syp (A) = [[Faspll® = IEll® = | Fapn, — Fall* +
2(Fy \Fyop — Fy) = ZfM d4h A\ xF, = -2 fM h AdA( * Fy).

The last step, we used lemmaz2.This implies the equation for a
critical connection
d4(*Fy) =0 (1.8)

It is called the Yang-Mills equation, by Bianchi s identity,
we always have d4(xF,) =0

(27)
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3.1 Definition: A connection satisfying the Yang-Mills
equation (1.8) is called the Yang-Mills equation
connection.

3.2 Definition. An instanton is a principal SU(2) -bundle P over
a four dimensional Riemannian manifold with k(ad(P)) >0
together with an anti-self- dual connection. The number
k(ad(P)) is called the instanton number.

Note that . all complex vector G- bundles of the same rank
and the same Chern classes are isomorphic .So, Let us fix one
principal SU(2) -bundle P with given instanton number k and
consider the set of all anti-self —dual connections on it .The
group of gauge transformations acts naturally on this set, we
can consider the moduli space

tre (M) = {anti — self —dual connectionson P }/G .

, when M is a smooth structure on a nonsingular algebraic
surface, the moduli space of stable holomorphic rank 2 bundles
with first Chern class zero and second Chern class equal to k.

Letustake M = R*. Take the Lorentzian metric g on M. Let

F =dA=Y%(0,4, — 0,4,) dx*\ dx",

Then

* F = —F,sdx’ Adx' — Fyy dx?A dx® + F3, dx’ A dx?

— Fyp dx3® Adx + Fj, dx°A dx3 — Fjo3 dx'A dx? =
Hydx’ Adx'+ E; dx?Adx® + Hydx Adx? + E, dx® A dx?
+ Hy dx°A dx3 + E; dx'A dx?.
It corresponds to the matrix

0 —H, H, Hy
_ _Hl 0 E3 _EZ
_H3 EZ _El O

(H,iE). Equivalently, if we form the complex electromagnetic
tensor +iE, then x F corresponds to i(H +iE) .The Yang-Mills
equation

0=dA(*F)=d(+F)
Gives the second pair of Maxwell equations(in vacuum)

O
VxH—-——=0
at

V.E =0.
(28)
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3. 3 Remark: The two equation dF =0 and d(x F) =0 can be

stated as one equation (dd*+ d*d)F =0 .Where d* is
operator adjoint to the operator d with respect to the
unitary metric on the space of forms defined by (1.7) .
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