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invariant spaces 
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Abstract: 
 We show asymmetric multi-channel sampling on a series of a 

shift invariant spaces ∑ ௠ ((ௗݐ)߮) ܸ
ௗୀଵ with a series of Riesz 

generators ∑ ௠(ௗݐ)߮
ௗୀଵ  in ܮଶ(ℝ), where each channeled signal is 

assigned a uniform but distinct sampling rate. We use Fourier 
duality between ∑ ௠ ((ௗݐ)߮) ܸ

ௗୀଵ and ܮଶ[0,  to find conditions [ߨ2
under which there is a stable asymmetric multi-channel 
sampling formula on ∑ ௠ ((ௗݐ)߮) ܸ

ௗୀଵ . 
Keywords: Shift invariant space, Multi-channel sampling , 

Frame Riesz basis 

1. Introduction: 
The multi-channel sampling method goes back to the works 

of Shannon [18] and Fogel [7], where reconstruction of a band-
limited signal from samples of the signal and its derivatives was 
found. Generalized sampling expansion using arbitrary multi-
channel sampling on the Paley–Wiener space was introduced 
first by Papoulis [16]. Since Papoulis’ fundamental work, there 
have been many generalizations and applications of multi-
channel sampling. See [1,5,6,14,17,19]. 

Papoulis’ result has also been extended to a general shift 
invariant space by using the filter banks technique (see 
[4,19,20]). More recently Garcia and Pérez-Villalon [8] derived 
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stable generalized sampling in a shift invariant space. Most 
previous work related to multi-channel sampling has assumed 
that the sampling rates of all channels are the same. 

S. Kang, J.M. Kim, K.H. Kwon [22] considered asymmetric 
multi-channel sampling in a shift invariant space ܸ (߮)with a 
suitable Riesz generator ߮(ݐ ), where each channeled signal is 
sampled with a uniform but distinct rate.Using Fourier duality 
between ∑ ௠ ((ௗݐ)߮) ܸ

ௗୀଵ  and ܮଶ[0,  we derive ,[8,9,10,22] [ߨ2
under the same considerations a stable series of shifted 
asymmetric multi-channel sampling formula in ∑ ௠ ((ௗݐ)߮) ܸ

ௗୀଵ . 
The corresponding symmetric multi-channel sampling in 
∑ ௠ ((ௗݐ)߮) ܸ
ௗୀଵ  was handled in [9],[22], where ∑ ௠(ௗݐ)߮

ௗୀଵ  is a 
continuous series of Riesz generators satisfying 

supℝ ∑  ௡∈ℤ ∑ ௗݐ)߮|  − ݊)|ଶ௠
ௗୀଵ  <  ∞. In this case all signals in 

∑ ௠ ((ௗݐ)߮) ܸ
ௗୀଵ  are continuous on ℝ [21],[22]. We require only 

that the series of Riesz generators ∑ ௠(ௗݐ)߮
ௗୀଵ  are pointwise well  

defined everywhere on ℝ and ∑  ௡∈ℤ ∑ ௗݐ)߮|  − ݊)|ଶ௠
ௗୀଵ  <

 ∞,∑ ௗ௠ݐ
ௗୀଵ ∈ ℝ . Hence we essentially allow any series of Riesz 

generators in ܮଶ(ℝ). Hence [22] allow more general filters than 
the ones in [8] by asking only that the impulse responses of 
filters belong to ܮଶ(ℝ) (or the frequency responses of filters 
belong to 
∑ ஶ(ℝ)whenܮ ∪ଶ(ℝ)ܮ  ௡∈ℤ  | ො߮ + ߦ)  ,ଶ[0ܮ ∋ |(ߨ2݊  whereas ,([ߨ2

they belong to ܮଶ(ℝ)∩ ܮଵ(ℝ) in [9]. We give an illustrative 
example (see[22]). 

2. Preliminaries: 
We consider the notations and formulas in [22]. The 

normalized Fourier transform is 

ℱ[߮](ߦ  ) = ො߮(ߦ) = න ෍߮(ݐௗ)ෑ݁ି௜௧೏క
௠

ௗୀଵ

௠

ௗୀଵ

ௗݐ݀ 

ஶ

ିஶ

,෍߮(ݐௗ)
௠

ௗୀଵ
∈ ଶ(ℝ)ܮ  ∩  ଵ(ℝ)ܮ 

so that 
ଵ

√ଶగ
 ℱ [·] extends to a unitary operator from ܮଶ(ℝ)onto 

∑ ଶ(ℝ). For anyܮ ௠(ௗݐ)߮
ௗୀଵ ∈  ଶ(ℝ), letܮ



Series M. Mathematical Sciences 

 (143)  

෍ܥఝ(ݐௗ)
௠

ௗୀଵ

 =  ෍  
௡∈ℤ

෍ ௗݐ)߮|  + ݊)|ଶ
௠

ௗୀଵ

 and  ܩఝ(ߦ )  

=  ෍  
௡∈ℤ

| ො߮(ߦ +  .ଶ|(ߨ2݊

Then 

෍ܥఝ(ݐௗ)
௠

ௗୀଵ

= ෍ܥఝ(ݐௗ

௠

ௗୀଵ

+ 1) ∈ ,ଵ[0ܮ (ߦ)ఝܩ,[1 = ߦ)ఝܩ + (ߨ2

∈ ,ଶ[0ܮ     [ߨ2
and 

ะ෍߮(ݐௗ)
௠

ௗୀଵ

 

ะ
ଶ

௅మ(ℝ)

=  ะ෍ܥఝ(ݐௗ)
௠

ௗୀଵ

 

ะ
 

௅భ [଴,ଵ]

=
1

ߨ2  ฮܩఝ(ߦ) ฮ
 
௅భ [଴,ଶగ]. 

In particular, ∑ ௠(ௗݐ)ఝܥ
ௗୀଵ   < ∞ for a.e. ∑ ௗ௠ݐ

ௗୀଵ ∈ ℝ. We also 
let 

෍ܼఝ(ݐௗ , (ߦ
௠

ௗୀଵ

 = ෍  
௡∈ℤ

෍߮(ݐௗ  + ݊)݁ି௜௡క
௠

ௗୀଵ

 

be the Zak transform [12] of ∑ ௠(ௗݐ)߮
ௗୀଵ  in ܮଶ(ℝ)). Then 

∑ ܼఝ(ݐௗ , ௠(ߦ
ௗୀଵ  is well defined a.e. on ℝଶ and is quasi-periodic in 

the sense that 
∑ ܼఝ(ݐௗ + 1, ௠(ߦ
ௗୀଵ  =  ݁௜క∑ ܼఝ(ݐௗ , ௠(ߦ

ௗୀଵ and ∑ ܼఝ(ݐௗ ߦ,  +௠
ௗୀଵ

(ߨ2 =  ∑ ܼఝ(ݐௗ , ௠(ߦ
ௗୀଵ . 

A Hilbert space H consisting of complex valued functions on a 
set ܧ is called a reproducing kernel Hilbert space (RKHS in 
short) if there is a series of a functions ∑ ,ݏ)ݍ ௗ)௠ݐ

ௗୀଵ  on ܧ ×  ,ܧ 
called the reproducing kernel of ܪ, satisfying 

  (i) ∑ .)ݍ , ௗ)௠ݐ
ௗୀଵ  ∈ ∑ for each ܪ ௗ௠ݐ

ௗୀଵ ∈  ,ܧ
 (ii) 〈݂ (ݏ),∑ ,ݏ)ݍ ௗ)௠ݐ

ௗୀଵ 〉  =  ∑ ௠(ௗݐ)݂
ௗୀଵ , ݂ ∈  .ܪ

 In an RKHS ܪ, any norm converging sequence also 
converges uniformly on any subset of E, on which 
‖∑ .)ݍ , ௗ)௠ݐ

ௗୀଵ ‖ଶு= ∑ ௗݐ)ݍ , ௗ)௠ݐ
ௗୀଵ  is bounded.  

A sequence {߮௡: ݊ ∈  ℤ} of vectors in a separable Hilbert 
space ܪ is 

  (i) a Bessel sequence with a bound ܣ + ߳ ∶ ߳ >  0 if 

෍|〈߮,߮௡ 〉|ଶ
௡∈চ

 ≤ ܣ ) + ߳)‖߮‖ଶ,߮ ∈ ,ܪ  ߳ >  0, 
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 (ii) a frame of H with bounds ܣ + ߳ ≥ ܣ  ∶ ߳ >  0  if 

ଶ‖߮‖ܣ ≤෍|〈߮,߮௡ 〉|ଶ
௡∈চ

≤ ܣ) + ߳)‖߮‖ଶ,߮ ∈ ,ܪ  ߳ >  0, 

(iii) a Riesz basis of ܪ with bounds ܣ + ߳ ≥ ܣ  ∶ ߳ >  0 if it is 
complete in ܪ and   

૛‖ࢉ‖ܣ ≤ ะ෍ܿ(݊)߮௡
௡∈ℤ

ะ
ଶ

≤ ܣ) + ߳)‖ܿ‖ଶ, ܿ = {ܿ(݊)}௡∈ℤ ∈ ݈ଶ, ߳ >  0, 

where      ‖ࢉ‖૛  =  ෍|c(n)|ଶ
௡∈ℤ

    . 

  We let ∑ ௠ ((ௗݐ)߮) ܸ
ௗୀଵ  be the series of the shift invariant 

spaces, where ∑ ௠(ௗݐ)߮
ௗୀଵ  is a series of a Riesz generators, that 

is, {∑ ௗݐ)߮  − ݊)௠
ௗୀଵ : ݊ ∈  ℤ} is a series of a Riesz bases of 

∑ ௠ ((ௗݐ)߮) ܸ
ௗୀଵ . Then 

෍ܸ ൫߮(ݐௗ)൯
௠

ௗୀଵ

=  ൝෍(ࢉ ∗ (ௗݐ)(߮ 
௠

ௗୀଵ

= ෍෍ܿ(݊)߮(ݐௗ − ݊)
௠

ௗୀଵ௡∈ℤ

ܥ :

= {ܿ(݊)}௡∈ℤ ∈ ݈ଶൡ . 

 It is well known see [2] that ∑ ௠(ௗݐ)߮
ௗୀଵ  is a series of Riesz 

generators if and only if there is a constant ܣ such that ܣ ≤
(ߦ)ఝܩ ≤ ܣ + ߳  ܽ. ݁. ,0] ݊݋ ∑} ,In this case .[ߨ2 ௗݐ)߮  − ݊)௠

ௗୀଵ : ݊ ∈
 ℤ} is a series of a Riesz bases of ∑ ௠ ((ௗݐ)߮) ܸ

ௗୀଵ with bound ߳ > 0. 
We assume further that  

 (i) ∑ ௠(ௗݐ)߮
ௗୀଵ   is everywhere well defined on ℝ; 

 (ii) ∑ ௠(ௗݐ)ఝܥ
ௗୀଵ < ∞,∑ ௗ௠ݐ

ௗୀଵ  ∈ ℝ, ݅. ݁. , {∑ ௗݐ)߮  − ݊)௠
ௗୀଵ : ݊ ∈

ℤ} ∈ ݈ଶ for each ∑ ௗ௠ݐ
ௗୀଵ ∈ ℝ . 

   We then allow essentially all  series of  Riesz generators 
since for any ∑ ௠(ௗݐ)߮

ௗୀଵ  ∈ ∑,ଶ(ℝ)ܮ  ௠(ௗݐ)ఝܥ
ௗୀଵ  <  ∞ a.e. so that 

∑ ௠(ௗݐ)߮
ௗୀଵ  has an equivalent representative satisfying the above 

two conditions. Then for each  ࢉ ∈ ݈ଶ,∑ ∗ ࢉ) ௠(ௗݐ)(߮ 
ௗୀଵ  converges 

both in ܮଶ(ℝ)and absolutely for each ∑ ௗ௠ݐ
ௗୀଵ ∈ ℝ . Hence 

∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ  becomes an RKHS with the reproducing kernel 

(see [13])  
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෍ݏ)ݍ, (ௗݐ
௠

ௗୀଵ

= ෍෍ ෤߮(ݏ –݊)߮(ݐௗ  – ݊)തതതതതതതതതത
௠

ௗୀଵ௡∈ℤ

, where  ൝෍ ෤߮(ݐௗ −  ݊)
௠

ௗୀଵ

: ݊

∈ ℤൡ   

 is the series of the dual Riesz bases of {∑ ௗݐ)߮ − ݊)௠
ௗୀଵ : ݊ ∈ ℤ} 

with bounds for ߳ > 0. As in [9,10], we introduce an 
isomorphism ࣤ from ܮଶ[0, ∑ onto [ߨ2 ௠((ௗݐ)߮)ܸ

ௗୀଵ  defined as: 

           ෍(ࣤ ܨ )(ݐௗ)
௠

ௗୀଵ

  =   
1

ߨ2
෍෍〈( ߦ) ܨ, ݁ି௜௡క〉௅మ[଴,ଶగ] 

ௗݐ)߮  − ݊)
௠

ௗୀଵ௡∈ℤ

 

                    =  ෍〈( ߦ) ܨ,
1

ߨ2
ܼఝ(ݐௗ ௅మ[଴,ଶగ]〈(ߦ,

௠

ௗୀଵ

. 

We then have:   
 (i) (ࣤ ܨ෢ ( ߦ)(   =  (ߦ)ො߮ ( ߦ) ܨ 
 (ii) ࣤ (ߦ) ܨ  )݁ି௜௡క  )  =  ∑ ௗݐ)( ܨ ࣤ)  − ݊)௠

ௗୀଵ , ݊ ∈  ℤ. 

 3. Asymmetric multi-channel sampling 
  The aim of this paper is as follows (see [22]). Let {ܮ(ଵାఢభ) [·

]: ߳ଵ ≥ 0} be ܰ LTI (linear time-invariant) systems with impulse 
responses {∑ ௠(ௗݐ)(ଵାఢభ)ܮ

ௗୀଵ : ߳ଵ ≥ 0}. Develop a stable  series of 
shifted multi-channel sampling formula for any signal 
∑ ௠(ௗݐ)݂
ௗୀଵ  ∈  ∑ ௠ ((ௗݐ)߮) ܸ

ௗୀଵ  using discrete sample values from 
{∑ ௠(ௗݐ)(ଵାఢభ)ܮ

ௗୀଵ : ߳ଵ ≥ 0}, where each channeled signal  
∑ ௠(ௗݐ)[ ݂ ] (ଵାఢభ)ܮ
ௗୀଵ  for ߳ଵ ≥ 0 is assigned with a distinct 

sampling rate  
∑ ௠(ௗݐ)݂
ௗୀଵ =     ∑ ∑ ∑ (ଵାఢభ)ߪ൫[ ݂] (ଵାఢభ)ܮ  +௠

ௗୀଵ௡∈ℤ
ே
ఢభୀ଴

(1 + ߳ଶ)(ଵାఢభ)݊൯ݏ(ଵାఢభ),௡ (ݐௗ) ,  
 ∑ (ௗݐ)݂ ∈  ∑ ௠ ((ௗݐ)߮) ܸ

ௗୀଵ
௠
ௗୀଵ , (1) 
where ൛∑ ௠(ௗݐ)௡,(ଵାఢభ)ݏ

ௗୀଵ : ߳ଵ ≥ 0,݊ ∈  ℤൟ is a series of frames 
or a Riesz basis of ∑ ܸ ൫߮(ݐௗ)൯௠

ௗୀଵ ,  
{(1 + ߳ଶ)(ଵାఢభ) ∶  ߳ଵ ≥ 0} are positive integers, and 

ଵ߳ :(ଵାఢభ)ߪ} ≥ 0} are real constants. Note that the  series of 
shifting of sampling instants is unavoidable in some uniform 
sampling [12] and arises naturally when we allow rational 
sampling periods in (1). Here, we assume that each ܮ(ଵାఢభ)  [·] is 
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one of the following three types: the impulse response 
∑ ௠(ௗݐ)݈
ௗୀଵ  of an LTI system  is such that 
 (i) ∑ ௠(ௗݐ)݈

ௗୀଵ  =  ∑ ௗݐ)ߜ  + ܽ)௠
ௗୀଵ ,ܽ ∈  ℝ or 

 (ii) ∑ ௠(ௗݐ)݈
ௗୀଵ  ∈  ଶ(ℝ) orܮ 

 (iii) መ݈(ߦ ) ∈ ஶ(ℝ)ܮ  ∪  ଶ(ℝ) whenܮ 
∑=( ߦ)ఝܪ  |  ො߮(ߦ + ௡∈ℤ |(ߨ2݊ ∈ ,ଶ[0ܮ   ,For type (i) .[ߨ2
 ∑ ௠(ௗݐ)[ ݂ ]ܮ

ௗୀଵ  =  ∑ ௗݐ)݂  +  ܽ)௠
ௗୀଵ , ݂ ∈  ଶ(ℝ) so thatܮ 

:[·]ܮ ଶ(ℝ)ܮ  →  ଶ(ℝ) is an isomorphism. In particular, for anyܮ 
∑ ௠(ௗݐ)݂
ௗୀଵ = ∑ ∗ ࢉ) ௠(ௗݐ)(߮ 

ௗୀଵ ∈  ∑ ܸ ൫߮(ݐௗ)൯௠
ௗୀଵ , 

 ∑ ௠(ௗݐ)[ ݂ ]ܮ
ௗୀଵ =  ∑ ∗ ࢉ) ௠(ௗݐ)(߰ 

ௗୀଵ  converges  
absolutely on ℝ since 

෍ܥట(ݐௗ)
௠

ௗୀଵ

=  ෍෍|߰(ݐௗ  + ݊)|ଶ
௠

ௗୀଵ௡∈ℤ

 < ∞,෍ݐௗ

௠

ௗୀଵ

 ∈  ℝ, where 

 ∑ ௠(ௗݐ)߰
ௗୀଵ  = ∑ ௠(ௗݐ)[߮]ܮ

ௗ  =  ∑ ௗݐ)߮  + ܽ)௠
ௗୀଵ . For types (ii) 

and (iii), we have  the following  results (see [22]): 
Lemma ૜.૚. Let ܮ[·] be an LTI system with the impulse 

response  ∑ ௠(ௗݐ)݈
ௗୀଵ  of the type (ii) or (iii) as above and 

 ∑ ௠(ௗݐ)߰
ௗୀଵ  =  ∑ ௠(ௗݐ)[߮]ܮ

ௗୀଵ  =  ∑ (߮ ∗ ௗଵݐ)(݈ 
ௗୀଵ ). Then 

(a) ෍߰(ݐௗ)
௠

ௗୀଵ

 ∈ ஶ(ℝ)ܥ

=  ൝෍ (ௗݐ)ݑ
௠

ௗୀଵ

∈ lim :(ℝ)ܥ
∑ |௧೏|೘
೏సభ →ஶ

෍ݑ(ݐௗ)
௠

ௗୀଵ

 = 0ൡ, 

(b) ݌ݑݏℝ  ∑ ௠(ௗݐ)టܥ
ௗୀଵ  < ∞ ;  

(c) for any ∑ ௠(ௗݐ)݂
ௗୀଵ = ∑ ∗ ࢉ) ௠(ௗݐ)(߮ 

ௗୀଵ ∈  ∑ ܸ ൫߮(ݐௗ)൯௠
ௗୀଵ ,  

∑ ௠(ௗݐ)[ ݂ ]ܮ
ௗୀଵ  =  ∑ ∗ ࢉ) ௠(ௗݐ)(߰ 

ௗୀଵ  converges absolutely and 
uniformly on ℝ.  

Hence ∑ ௠(ௗݐ)[ ݂ ]ܮ
ௗୀଵ  ∈  .(ℝ)ܥ 

Proof: First assume ∑ ௠(ௗݐ)݈
ௗୀଵ  ∈ ∑ ଶ(ℝ). Thenܮ  ௠(ௗݐ)߰

ௗୀଵ  ∈
(ߦ)ஶ(ℝ) by the  Riemann–Lebesgue lemma since  ෠߰ܥ  =
  ො߮(ߦ) መ݈(ߦ )  ∈   ଵ(ℝ).  Sinceܮ 

෍ห ෠߰(ߦ + ห(ߨ2݊
௡∈ℤ

≤ ( ߦ)ఝܩ
ଵ
ଶܩ௟(ߦ  )

ଵ
ଶ     ,                                                               
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ะ෍ห ෠߰(ߦ  + ห(ߨ2݊
௡∈ℤ

ะ
ଶ

௅మ [బ,మഏ]

≤ න ߦ݀( ߦ)௟ܩ ( ߦ)ఝܩ  

ଶగ

଴

  

≤ ฮ( ߦ)ఝܩฮߨ2
௅ಮ(ℝ) 

‖݈‖ଶ௅మ(ℝ).  
Thus for any ∑ ௗ௠ݐ

ௗୀଵ  in ℝ, we have by the Poisson summation 
formula (se [13]) 

෍ ෠߰(ߦ + (ߨ2݊
௡∈ℤ

ෑ݁௜௧೏(కାଶ௡గ)
௠

ௗୀଵ

=  ෍෍߰(ݐௗ  + ݊)
௠

ௗୀଵ௡∈ℤ

݁ି௜௡క  in   ܮଶ  [0,2ߨ] 

Therefore for any ∑ ௗ௠ݐ
ௗୀଵ  in ℝ 

෍ܥట(ݐௗ)
௠

ௗୀଵ

 =  ෍෍|߰(ݐௗ + ݊)|ଶ
௠

ௗୀଵ௡∈ℤ

=
1

ߨ2
ะ෍෍߰(ݐௗ  + ݊)

௠

ௗୀଵ௡∈ℤ

݁ି௜௡కะ
ଶ

௅మ  [଴,ଶగ] 

 

 =  
1

ߨ2
ะ෍ ෠߰(ߦ + (ߨ2݊
௡∈ℤ

ෑ݁௜௧೏(కାଶ௡గ)
௠

ௗୀଵ

ะ
ଶ

௅మ  [଴,ଶగ]

            

                         
                   ≤  ฮܩఝ(ߦ )ฮ

௅ಮ(ℝ) 
‖݈‖ଶ௅మ(ℝ).                                          

By Young’s inequality on the convolution product, 
௅ಮ(ℝ)‖[ ݂ ]ܮ‖  ≤ ‖݂ ‖௅మ(ℝ)‖݈‖ 

௅మ(ℝ) so that ܮ[·] ∶ ଶ(ℝ)ܮ  →  ஶ(ℝ) is aܮ
bounded linear operator. Hence for any  

෍݂(ݐௗ)
௠

ௗୀଵ

 =  ෍(ܿ ∗ (ௗݐ)(߮ 
௠

ௗୀଵ

 

=  ෍෍ܿ(݊)߮(ݐௗ  − ݊)
௠

ௗୀଵ

 ∈  ෍ܸ (߮(ݐௗ))
௠

ௗୀଵ௡∈ℤ

, 

෍ܮ[ ݂ ](ݐௗ)
௠

ௗୀଵ

 = ෍෍ܿ(݊)ݐ)߮]ܮௗ  − ݊)]
௠

ௗୀଵ௡∈ℤ

 =  ෍෍ܿ(݊)߰(ݐௗ  − ݊)
௠

ௗୀଵ௡∈ℤ

, 

which converges absolutely and uniformly on R by (b). Now 
assume that ܪఝ(ߦ )  ∈ ( ߦ)The case መ݈ .[ߨ0,2]  ଶܮ   ∈  ଶ(ℝ) isܮ 
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reduced to type (ii). So let መ݈(ߦ )  ∈ (ߦ)ஶ(ℝ). Then ො߮ܮ   ∈ ଶ(ℝ)ܮ   ∩
(ߦ)ଵ(ℝ) so that ෠߰ܮ   =   ො߮(ߦ) መ݈(ߦ )  ∈ ଶ(ℝ)ܮ  ∩  ଵ(ℝ) and soܮ 
(ߦ)߰  ∈   ଶ(ℝ)). Sinceܮ∩ (ܴ)ஶܥ 

෍ห ෠߰(ߦ + ห(ߨ2݊
௡∈ℤ
≤ ‖݈‖ ௅ಮ(ℝ)ܪఝ(ߦ ), we have again by the Poisson summation formula 

෍ܥట(ݐௗ)
௠

ௗୀଵ

 =  
1

ߨ2
ะ෍ ෠߰(ߦ + (ߨ2݊
௡∈ℤ

ෑ݁ ௜௧೏(కାଶ௡గ)
௠

ௗୀଵ

ะ
ଶ

௅మ  [଴,ଶగ]

           

       ≤ ‖݈‖ଶ ௅ಮ(ℝ)ฮܪఝ(ߦ )ฮ
ଶ
௅మ  [଴,ଶగ]                          

so that  supℝ ∑ ௠(ௗݐ)టܥ
ௗୀଵ  < ∞. For any  ݂ ∈  ,ଶ(ℝ)ܮ 

෍‖ܮ[ ݂ ](ݐௗ)‖௅మ(ℝ)

௠

ௗୀଵ

=  ‖݂ ∗ ݈‖௅మ(ℝ)  =  
1

ߨ2√
 ฮ መ݂(ߦ ) መ݈(ߦ )ฮ

௅మ(ℝ)
 

                              
                                             ≤ ฮ݈ ෡ฮ

௅ಮ(ℝ)
‖݂ ‖௅మ(ℝ).                

Hence ܮ[·] ∶ ଶ(ℝ)ܮ  →  ଶ(ℝ) is a bounded linear operator soܮ 
that for any 

 
∑ ௠(ௗݐ)݂
ௗୀଵ = ∑ ࢉ) ∗ ௠(ௗݐ)(߮

ௗୀଵ ∈  ∑ ௠ ((ௗݐ)߮) ܸ
ௗୀଵ ,∑ ௠(ௗݐ)[ ݂ ]ܮ

ௗୀଵ =
 ∑ ࢉ) ∗ ௠(ௗݐ)(߰

ௗୀଵ  converges in ܮଶ(ℝ). By (b), ∑ ࢉ) ∗ ௠(ௗݐ)(߰
ௗୀଵ  also 

converges absolutely and uniformly on ℝ. 
 By  Lemma 3.1(b),∑ ௠(ௗݐ)߰

ௗୀଵ  ∈ ∑ ,ଶ(ℝ). Howeverܮ  ࢉ) ∗௠
ௗୀଵ

∑} ଶ(ℝ)  unlessܮ may not converge in (ௗݐ)(߰  ௗݐ)߰  −  ݊)௠
ௗୀଵ : ݊ ∈

 ℤ} is a Bessel sequence. 
 Lemma 3.1(b) improves Lemma 1 in [9], in which the proof 

uses ∑ ௠(ௗݐ)݈
ௗୀଵ  ∈ ଶ(ℝ)ܮ  ∩   ,ଵ(ℝ)ܮ 

ℝ݌ݑݏ ∑ ௠(ௗݐ)ఝܥ
ௗୀଵ <  ∞, and the integral version of  Minkowski  

inequality. Note that the condition ܪఝ(ߦ )  ∈ ,ଶ[0ܮ   implies [ߨ2
∑ ௠(ௗݐ)߮
ௗୀଵ  ∈ ଶ(ℝ)ܮ   ∩ ℝ݌ݑݏ ஶ((ℝ) andܥ  ∑ ఝܥ  

௠(ௗݐ)
ௗୀଵ  < ∞. (see 

[13]). Note also that ܪఝ(ߦ )  ∈ ,ଶ[0ܮ  (ߦ)if ො߮ [ߨ2 =  ܱ൫(1 +
,൯  (ଵାఢమ)ି(| ߦ|  (1 + ߳ଶ)(ଵାఢభ)  >  1, ߳ଵ ≥ 0, which holds e.g. for  
∑ ߮௡(ݐௗ)௠
ௗୀଵ  =  ∑ (߮଴ ∗  ߮௡ିଵ)(ݐௗ)௠

ௗୀଵ  the cardinal B-spline of 
degree ݊ (≥ 1), where 

 ߮଴ =  ∑ ߯[଴,ଵ)(ݐௗ)௠
ௗୀଵ . We have as a consequence of Lemma 

3.1: Let ܮ[·] be an LTI system with impulse response ∑ ௠(ௗݐ)݈
ௗୀଵ  of 
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type (i) or (ii) or (iii) as above and  ∑ ௠(ௗݐ)߰
ௗୀଵ  =  ∑ ௠(ௗݐ)[߮]ܮ

ௗୀଵ . 
Then for any 
∑ ௠(ௗݐ)݂
ௗୀଵ  =  ∑ ௠(ௗݐ)( ܨࣤ)

ௗୀଵ  ∈  ∑ ܸ ൫߮(ݐௗ)൯௠
ௗୀଵ ߦ) ܨ,  )  ∈ ,ଶ[0ܮ  [ߨ2

∑ ௠(ௗݐ)[ ݂ ]ܮ
ௗୀଵ    =  ∑ ,( ߦ)〉 ଵ

ଶగ
ܼట(ݐௗ , തതതതതതതതതതതത〉௅మ[଴,ଶగ](ߦ

௠
ௗୀଵ  (2) 

since ܮ[·] is a bounded linear operator from ܮଶ(ℝ)  into 
∑} ஶ(ℝ) andܮ ଶ(ℝ) orܮ ௗݐ)߰  − ݊): ௠

ௗୀଵ ݊ ∈  ℤ} ∈  ݈ଶ, ∑ ௗ௠ݐ
ௗୀଵ  ∈  ℝ. 

Let ∑ ߰(ଵାఢభ)(ݐௗ)௠
ௗୀଵ  =  ∑ ௗ௠ݐ)[߮](ଵାఢభ)ܮ

ௗୀଵ )  and 

 ݃(ଵାఢభ)(ߦ ) = 
ଵ
ଶగ
ܼట(భశചభ) ,(ଵାఢభ)ߪ)  ଵ߳ ,(ߦ ≥ 0. Then we have by (2) 

(ଵାఢభ)ߪ൫[ ݂] (ଵାఢభ)ܮ  + (1 + ߳ଶ)(ଵାఢభ)݊൯

= ,( ߦ) ܨ〉
1

ߨ2
ܼట(భశചభ)  ൫ߪ(ଵାఢభ)  

+ (1 + ߳ଶ)(ଵାఢభ)݊,    ൯〉௅మ  [଴,ଶగ]ߦ
 

= ,( ߦ) ܨ〉 ݃(ଵାఢభ) (ߦ )തതതതതതതതതതതതതത݁ି௜(ଵାఢమ)(భశചభ) ௡ క〉௅మ  [଴,ଶగ] (3) 
for any ∑ ௠(ௗݐ)݂

ௗୀଵ  =  ∑ ௠(ௗݐ)( ܨ ࣤ)
ௗୀଵ  ∈  ∑ ௠((ௗݐ)߮) ܸ

ௗୀଵ  and 
߳ଵ ≥ 0. Then by (3) and the isomorphism ࣤ from ܮଶ  [0,2ߨ] onto 
∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ , the sampling expansion (1) is equivalent to 
( ߦ) ܨ  

=  ෍ ෍〈( ߦ) ܨ, ݃(ଵାఢభ) (ߦ )തതതതതതതതതതതതതത݁ି௜(ଵାఢమ)(భశചభ) ௡ క〉௅మ  [଴,ଶగ]
௡∈ℤ

ே

ఢభୀ଴

ܵ(ଵାఢభ),௡(ߦ  ),  

( ߦ) ܨ ∈ ଵ߳ :(ߦ)where {ܵ(ଵାఢభ),௡ ,[ߨ0,2]  ଶܮ  ≥ 0, ݊ ∈ ℤ} is a series 
of frames or a Riesz basis of ܮଶ  [0,2ߨ]. This observation leads us 
to consider the problem when is 
{݃(ଵାఢభ) (ߦ )തതതതതതതതതതതതതത݁ି௜(ଵାఢమ)(భశചభ) ௡ క : ߳ଵ ≥ 0,݊ ∈ ℤ } a series of frames or a 
Riesz basis of ܮଶ  [0,2ߨ]. Note that 

 
൛  ݃(ଵାఢభ) (ߦ )തതതതതതതതതതതതതത݁ି௜(ଵାఢమ)(భశചభ)  ௡ క : ߳ଵ ≥ 0,݊ ∈ ℤ ൟ   =                                    

ቊ݃(ଵାఢభ),௠(భశചభ) തതതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ)௡క: ߳ଵ( ߦ)  ≥ 0, 1 ≤ ݉(ଵାఢభ)  

≤
(1 + ߳ଶ)

(1 + ߳ଶ)(ଵାఢభ)
,݊ ∈  ℤቋ 

where (1 + ߳ଶ) =  ݈ܿ݉{(1 + ߳ଶ)(ଵାఢభ) ∶  ߳ଵ ≥ 0} and 
݃(ଵାఢభ),௠(భశചభ)(ߦ ) =  ݃(ଵାఢభ)(ߦ )݁௜(ଵାఢమ)(భశചభ) (௠(భశചభ)  ି  ଵ)క for ߳ଵ ≥ 0. 
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Let ܦ be the unitary operator from ܮଶ  [0,2ߨ]onto ܮଶ(ܫ)(ଵାఢమ), 
where  ܫ =  [0, ଶగ

(ଵାఢమ)], defined by  

= ܨܦ ቂܨ ቀߦ +  (݇ −  1) ଶగ
(ଵାఢమ)ቁቃ௞ୀଵ

(ଵାఢమ)
, ( ߦ) ܨ ∈  We .[ߨ0,2]  ଶܮ 

also let 
ߦ)ܩ  ) =

ቈ݃ܦଵ,ଵ(ߦ ), . . . ,ଵ݃ܦ, (భశചమ)
(భశചమ)భ

,( ߦ) . . . ߦ)ே,ଵ݃ܦ,  ), . . . ,ே݃ܦ, (భశചమ)
(భశചమ)ಿ

ߦ)  )቉
்

 (4) 

be a ቌ෍
(1 + ߳ଶ)

(1 + ߳ଶ)(ଵାఢభ)

ே

ఢభୀ଴

ቍ   

× (1
+ ߳ଶ) matrix on ܫ and ߣ௠(ߦ ),    be the smallest and the largest( ߦ)ெߣ

eigenvalues of the positive semi-definite (1 + ߳ଶ)  × (1 +
߳ଶ)   matrix   ( ߦ)ܩ ∗  .respectively ,( ߦ)ܩ

Lemma ૜.૛. Let ீߙ  = ீߚ  ଴ and‖( ߦ)௠ߣ‖   =  ஶ  be the‖( ߦ)ெߣ‖ 
essential infimum of ߣ௠(ߦ ) and the essential supremum of ߣெ(ߦ ) 
respectively. Then ൛݃(ଵାఢభ) (ߦ )തതതതതതതതതതതതതത݁ି௜(ଵାఢమ)(భశചభ) ௡ క: ߳ଵ ≥ 0 ,݊ ∈ ℤ ൟ is 

(a) a Bessel sequence in ܮଶ  [0,2ߨ] if and only if ீߚ  < ∞ or 
equivalently 

 {ܼట(భశചభ) :(ߦ,(ଵାఢభ)ߪ)  ߳ଵ ≥ 0}  ∈  ,[ߨ0,2]  ஶܮ
(b) a frame of ܮଶ  [0,2ߨ]if and only if  0 < ீߙ   ≤ ீߚ  < ∞, 
(c) a Riesz basis of ܮଶ  [0,2ߨ]if and only if  0 < ீߙ   ≤ ீߚ  < ∞ 

and 

෍
(1 + ߳ଶ) 

(1 + ߳ଶ)(ଵାఢభ)

ே

ఢభୀ଴

= 1. 

Proof .Since ൛݃(ଵାఢభ) (ߦ )തതതതതതതതതതതതതത݁ି௜(ଵାఢమ)(భశചభ) ௡ క: ߳ଵ ≥ 0 ,݊ ∈ ℤ ൟ is a 
Bessel sequence or a series of frames or a Riesz basis of 
 if and only if [ߨ0,2]  ଶܮ

ቊ݃(ଵାఢభ),௠(భశചభ) തതതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ) ௡క: ߳ଵ( ߦ)  ≥ 0, 1 ≤ ݉(ଵାఢభ)

≤
(1 + ߳ଶ) 

(1 + ߳ଶ)(ଵାఢభ)
 ,݊ ∈  ℤቋ 
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is a Bessel sequence or a series of frames or a Riesz basis of 
 respectively, all of the conclusions follow from Lemma[ߨ0,2]  ଶܮ
3 in [9]. 

   Note that in [9], the authors use the Fourier transform 
መ݂ (ߦ ) = ∫ ∑ ∏(ௗݐ)݂ ݁ିଶగ௜௧೏క ௠

ௗୀଵ
௠
ௗୀଵ ௗݐ݀

ஶ
ିஶ  so that they use ܮଶ  [0,2ߨ] 

instead of ܮଶ  [0,2ߨ].  
   Assume that 0 < ீߙ   ≤ ீߚ  < ∞  so that 
  ൛݃(ଵାఢభ) (ߦ )തതതതതതതതതതതതതത݁ି୧(ଵାఢమ)(భశചభ) ௡ క: ߳ଵ ≥ 0,݊ ∈ ℤ ൟ or equivalently 

ቊ݃(ଵାఢభ),௠(భశചభ) തതതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ) ௡క: ߳ଵ( ߦ)  ≥ 0, 1 ≤ ݉(ଵାఢభ)

≤
(1 + ߳ଶ) 

(1 + ߳ଶ)(ଵାఢభ)
 ,݊ ∈  ℤቋ 

is a series of frames of ܮଶ  [0,2ߨ]. Then we can show easily 
(see in [9]) that  

ቊ݃(ଵାఢభ),௠(భశചభ) തതതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ) ௡క: ߳ଵ( ߦ)  ≥ 0, 1 ≤ ݉(ଵାఢభ)

≤
(1 + ߳ଶ) 

(1 + ߳ଶ)(ଵାఢభ)
 ,݊ ∈  ℤቋ 

 has a series of dual frames of the form  

൜ܵ(ଵାఢభ),௠(భశചభ) ௜(ଵାఢమ) ௡కି݁( ߦ)  : ߳ଵ ≥ 0 , 1 ≤ ݉(ଵାఢభ)  ≤
(ଵାఢమ) 

(ଵାఢమ)(భశചభ)
 ,݊ ∈  ℤൠ  with 

 ܵ(ଵାఢభ),௠(భశചభ) ( ߦ)  ∈ for ߳ଵ [ߨ0,2]  ஶܮ  ≥ 0 and 1 ≤ ݉(ଵାఢభ)  ≤
(ଵାఢమ) 

(ଵାఢమ)(భశചభ)
 satisfying 

ቈܵܦଵ,ଵ(ߦ ), . . . ܵܦ,
ଵ, (ଵାఢమ) 

(ଵାఢమ)భ
,( ߦ) . . . ,( ߦ)ே,ଵܵܦ, . . . ܵܦ,

ே, (ଵାఢమ) 
(ଵାఢమ)ಿ

                                ቉( ߦ)

=  (ଵାఢమ) 
ଶగ

ற( ߦ)ܩൣ  + − ܫ൫( ߦ)ܤ   ற൯൧ ,  (5)( ߦ)ܩ( ߦ)ܩ 
where ( ߦ)ܩற  =   is the pseudo-inverse of ∗( ߦ)ܩଵି[( ߦ)ܩ∗( ߦ)ܩ] 

ߦ)ܩ  is  any ( ߦ)ܤ,( 
(1 + ߳ଶ)  

× ෍
(1 + ߳ଶ) 

(1 + ߳ଶ)(ଵାఢభ)

ே

ఢభୀ଴

  matrix with entries in ܮஶ(ܫ), and ܫ is the   
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  ൬∑ (ଵାఢమ) 
(ଵାఢమ)(భశചభ)

ே
ఢభୀ଴ ൰ × ൬∑ (ଵାఢమ) 

(ଵାఢమ)(భశചభ)

ே
ఢభୀ଴ ൰   identity matrix . 

  In particular, when  we choose ( ߦ)ܤ  =  0 in (5), we have the 
canonical a series of dual frames of the frames 

ቊ݃(ଵାఢభ),௠(భశചభ) :തതതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ)௡క( ߦ)  ߳ଵ ≥ 0, 1 ≤ ݉(ଵାఢభ)  

≤
(1 + ߳ଶ) 

(1 + ߳ଶ)(ଵାఢభ)
,݊ ∈  ℤ  ቋ. 

We are now ready to give the foolowing results (see [22]). 
We first discuss the sampling expansion (1), which is a series of 
frames expansion in ∑ ௠((ௗݐ)߮)ܸ

ௗୀଵ . 
Theorem ૜. ૜: Let ீߙ  and ீߚ  be the same as in Lemma 3.2. 

Assume ீߚ  < ∞. Then the following are all equivalent. 
(a) There is a series of frames 

൝෍ ܵ (ଵାఢభ),௠(భశചభ) ௗݐ)  − (1 + ߳ଶ)݊ )
௠

ௗୀଵ

 

: ߳ଵ ≥ 0  , 1 ≤ ݉(ଵାఢభ)

≤
(1 + ߳ଶ) 

(1 + ߳ଶ)(ଵାఢభ)
 ,݊ ∈  ℤ  ൡ 

of ∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ  for which 

෍݂(ݐௗ)
௠

ௗୀଵ

=                                                      

෍  
ே

ఢభୀ଴

෍ ෍ ෍ܮ(ଵାఢభ) [݂]൫ߪ(ଵାఢభ)

௠

ௗୀଵ௡ ∈ ℤ

(ଵାఢమ) 
(ଵାఢమ)(భశചభ)

௠(భశചభ)ୀଵ

+ (1 + ߳ଶ)(ଵାఢభ)൫݉(ଵାఢభ) − 1൯
+ (1 + ߳ଶ)݊ ൯ݏ(ଵାఢభ),௠(భశചభ) (ݐௗ – (1 + ߳ଶ)݊)  

,∑ ௠(ௗݐ)݂
ௗୀଵ  ∈  ∑ ௠((ௗݐ)߮)ܸ

ௗୀଵ .  (6) 
(b) There is a series of frames ∑ ௠(ௗݐ) ௡,(ଵାఢభ)ݏ

ௗୀଵ : ߳ଵ ≥ 0  ,݊ ∈
 ℤ } of  ∑ ௠((ௗݐ)߮)ܸ

ௗୀଵ  for which 

෍݂(ݐௗ)
௠

ௗୀଵ

= ෍ ෍ ෍ܮ(ଵାఢభ) [݂]൫ߪ(ଵାఢభ)

௠

ௗୀଵ௡ ∈ ℤ

ே

ఢభୀ଴
+ (1 + ߳ଶ)(ଵାఢభ)݊൯ݏ(ଵାఢభ),௡(ݐௗ),  

∑ ௠(ௗݐ)݂
ௗୀଵ ∈ ∑ ௠((ௗݐ)߮)ܸ

ௗୀଵ .  (7) 
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 (c) 0 < ீߙ   . 
Proof: Assume ீߚ  < ∞. Then by Lemma 3.2 
൛݃(ଵାఢభ) (ߦ )തതതതതതതതതതതതതത݁ି௜(ଵାఢమ)(భశചభ)௡ క: ߳ଵ ≥ 0 ,݊ ∈ ℤൟ is a Bessel 

sequence in ܮଶ  [0,2ߨ]. First (a) implies (b) trivially. Assume (b). 
Applying the isomorphism ࣤ ିଵ to (7) gives by (3)  
( ߦ) ܨ

=  ෍ ෍〈( ߦ) ܨ, ݃ఫ (ߦ )തതതതതതതത݁ି௜(ଵାఢమ)(భశചభ)௡క〉௅మ  [଴,ଶగ]
௡ ∈ ℤ

ܵ(ଵାఢభ),௡ (ߦ )

(ଵାఢమ)
(ଵାఢమ)(భశചభ)

௠(భశചభ)ୀଵ

,  

( ߦ) ܨ  ∈  ,[ߨ0,2]  ଶܮ 
where {∑ ௠(ௗݐ) ௡,(ଵାఢభ)ݏ

ௗୀଵ : 0 ≤ ߳ଵ ≤  ܰ, ݊ ∈  ℤ} is a series of 
frames of ܮଶ  [0,2ߨ]. Then the Bessel sequence 
൛݃(ଵାఢభ) (ߦ )തതതതതതതതതതതതതത݁ି௜(ଵାఢమ)(భశചభ)௡ క: 0 ≤ ߳ଵ ≤  ܰ ,݊ ∈ ℤ ൟ is in fact a series 
of dual frames of {∑ ௠(ௗݐ) ௡,(ଵାఢభ)ݏ

ௗୀଵ : 0 ≤ ߳ଵ ≤  ܰ,݊ ∈  ℤ} (see 
[2]). Hence (c) must hold by Lemma 3.2. Finally assume (c). 
Then  0 < ீߙ   ≤ ீߚ  < ∞ that 

 ൜݃ (ଵାఢభ),௠(భశചభ) തതതതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ)௡క: ߳ଵ( ߦ)  ≥ 0, 1 ≤ ݉(ଵାఢభ)  ≤
(ଵାఢమ)

(ଵାఢమ)(భశചభ)
 ,݊ ∈  ℤൠ is a series of frames of ܮଶ  [0,2ߨ]. Then we 

have a frame expansion on ܮଶ  [0,2ߨ] 
( ߦ) ܨ

= ෍  
ே

ఢభୀ଴

෍ ෍ ௠(భశചభ),(ଵାఢభ)݃,( ߦ) ܨ〉) തതതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ)௡క〉 ௅మ  [଴,ଶగ]ܵ(ଵାఢభ),௠(భశചభ)( ߦ)    
௡ ∈ ℤ

(ଵାఢమ)
(ଵାఢమ)(భశചభ)

௠(భశചభ)ୀଵ

 

ߦ)  )݁ି௜(ଵାఢమ)௡క)  ,( ߦ) ܨ  ∈  (8) ,[ߨ0,2]  ଶܮ
where ܵ(ଵାఢభ),௠(భశചభ)(ߦ )’ݏ are given by (5). Then the sampling 

expansion (6) comes from (8) by applying the isomorphism ࣤ 
since 
௠(భశചభ),(ଵାఢభ)݃,( ߦ) ܨ〉 ௜(ଵାఢమ)௡కି݁( ߦ)    〉௅మ  [଴,ଶగ]   

= ,( ߦ) ܨ〉
1

ߨ2
ܼటണ (ଵାఢభ)ߪൣ   + (1 + ߳ଶ)(ଵାఢభ) ൫݉(ଵାఢభ)  − 1൯+ (1 + ߳ଶ)݊,  ൧തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത〉௅మ  [଴,ଶగ]ߦ

= (ଵାఢభ)ߪ൫[ ݂ ]  (ଵାఢభ)ܮ   + (1 + ߳ଶ)(ଵାఢభ)൫݉(ଵାఢభ)  − 1൯+ (1 + ߳ଶ)݊ ൯ 
 for ∑ ௠(ௗݐ)( ܨ ࣤ)

ௗୀଵ  =  ∑ ௗ௠ݐ)݂
ௗୀଵ ).  

  Note that when 0 < ீߙ   ≤ ீߚ  < ∞, the sampling series (6) 
converges not only in ܮଶ(ℝ) but also uniformly on any subset 



Sudan Journal of Basic Sciences 

 (154)  

of ℝ, on which ∑ ௠(ௗݐ)ఝܥ
ௗୀଵ  is bounded. Moreover since ீߙ >  0, 

the rank of  
ߦ)ܩ  ) is  (1 + ߳ଶ) a. e. so that 1 

≤ ෍
1

(1 + ߳ଶ)(ଵାఢభ)

ே

ఢభୀ଴

  , which means that the total sampling  rate  

∑ ଵ
(ଵାఢమ)(భశചభ)

ே
ఢభୀ଴    of   the    sampling expansion  (6)must be at  

least 1,the Nyquist sampling rate for signals in  ∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ . In 

the extreme case we have: 
Theorem ૜. ૝: Let ீߙ   and  ீߚ  be the same as in  Lemma 3.2. 

Then there is a series of Riesz bases 
 

൜ ∑ ܵ(ଵାఢభ),௠(భశചభ),௡ (ݐௗ )௠
ௗୀଵ

 : ߳ଵ ≥ 0, 1 ≤ ݉(ଵାఢభ) ≤
(ଵାఢమ)

(ଵାఢమ)(భశചభ)
 ,݊ ∈

ℤ ൠ of  ∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ  for which 

∑ ௠(ௗݐ)݂
ௗୀଵ =  

∑  ே
ఢభୀ଴ ∑ ∑  ௡ ∈ ℤ

(భశചమ)
(భశചమ)(భశചభ)
௠(భశചభ)ୀଵ

∑ (ଵାఢభ)ߪ൫[ ݂ ]  (ଵାఢభ)ܮ)   + (1 +௠
ௗୀଵ

߳ଶ)(ଵାఢభ)൫݉(ଵାఢభ)  − 1൯ + (1 + ߳ଶ)݊൯ (ܵଵାఢభ),௠(భశചభ),௡(ݐௗ ) )  
,∑ ௠(ௗݐ) ݂

ௗୀଵ ∈  ∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ  (9) 

if   and only if 0 < ீߙ  ≤ ீߚ < ∞  ܽ݊݀  ∑ (ଵାఢమ)
(ଵାఢమ)(భశചభ)

ே
ఢభୀ଴ =

1  . In this case, we also have 
(i)  ∑ ܵ(ଵାఢభ),௠(భశചభ) ௗݐ)  − (1 + ߳ଶ)݊ )௠

ௗୀଵ
 : ߳ଵ ≥ 0, 1 ≤ ݉(ଵାఢభ)  ≤

(ଵାఢమ)
(ଵାఢమ)(భశചభ)

 , and ݊ ∈  ℤ 

(ii) ܮ(ଵାఢభ)ൣݏ௞,௠ೖ൧൫ߪ(ଵାఢభ)  + (1 + ߳ଶ)(ଵାఢభ)൫݉(ଵାఢభ)  − 1൯ +
(1 + ߳ଶ)݊൯ = ௞,(ଵାఢభ)ߜ   ௡,଴ߜ 

 for 0 ≤  ߳ଵ,݇ ≤  ܰ and ݊ ∈  ℤ. 

Proof: Assume 0 < ீߙ   ≤ ீߚ  < ∞  and  ∑ (ଵାఢమ)
(ଵାఢమ)(భశചభ)

ே
ఢభୀ଴ = 1. 

Then by Lemma 3.2, 
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 ൜݃(ଵାఢభ),௠(భశചభ) തതതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ)௡క: ߳ଵ( ߦ)  ≥ 0, 1 ≤ ݉(ଵାఢభ)  ≤
(ଵାఢమ)

(ଵାఢమ)(భశചభ)
 ,݊ ∈  ℤൠ is a series of Riesz bases of ܮଶ  [0,2ߨ]. Then we 

have  
( ߦ) ܨ

= ෍  
ே

ఢభୀ଴

෍ ෍ ௠(భశചభ),(ଵାఢభ)݃,(ߦ) ܨ〉 തതതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ)௡క〉 ௅మ  [଴,ଶగ]ܵ(ଵାఢభ),௠(భశചభ)( ߦ) 
௜(ଵାఢమ)௡కି݁( ߦ)   

௡ ∈ ℤ

(ଵାఢమ)
(ଵାఢమ)(భశചభ)

௠(భశചభ)ୀଵ

 

( ߦ) ܨ,  ∈  (10) ,[ߨ0,2]  ଶܮ
where  ൜ ܵ(ଵାఢభ),௠(భశചభ) ௜(ଵାఢమ)௡కି݁( ߦ)   

: ߳ଵ ≥ 0  , 1 ≤ ݉(ଵାఢభ) ≤
(ଵାఢమ)

(ଵାఢమ)(భశചభ)
 ,݊ ∈  ℤൠ is the dual of  

൜݃(ଵାఢభ),௠(భశചభ) തതതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ)௡క: ߳ଵ( ߦ)  ≥ 0  , 1 ≤ ݉(ଵାఢభ)  ≤
(ଵାఢమ)

(ଵାఢమ)(భశചభ)
 ,݊ ∈  ℤൠ. Applying  the isomorphism ࣤ to (10) gives 

(9), where  

෍ܵ(ଵାఢభ),௠(భశചభ),೙
(ௗݐ)

௠

ௗୀଵ

=  ࣤ ቀ(ߦ )݁ି௜(ଵାఢమ)௡క ቁ

=  ෍ܵ(ଵାఢభ),௠(భశചభ)
ௗݐ)  – (1 + ߳ଶ)݊)

௠

ௗୀଵ

       

and ࣤ (ܵ(ଵାఢభ),௠(భశചభ)(ߦ  ))  =  ∑ ܵ(ଵାఢభ),௠(భశചభ)(ݐௗ)௠
ௗୀଵ . Conversely 

assume that the series of Riesz bases expansions (9) holds on 
∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ . Applying the isomorphism ࣤିଵ  to (9) gives 

( ߦ)ܨ = ෍  
ே

ఢభୀ଴

෍ ෍ ,( ߦ) ܨ〉) ݃(ଵାఢభ),௠(భశചభ)  തതതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ)௡క〉 ௅మ  [଴,ଶగ]ࣤିଵ( ߦ) 
௡ ∈ ℤ

(ଵାఢమ)
(ଵାఢమ)(భశചభ)

௠(భశചభ)ୀଵ

 

ቀ ܵ(ଵାఢభ),௠(భశചభ),௡ቁ ߦ)  )), ( ߦ) ܨ  ∈  [ߨ0,2]  ଶܮ
which is a series of Riesz bases expansions on ܮଶ  [0,2ߨ]. Then  

൜݃(ଵାఢభ),௠(భశചభ)(ߦ )തതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ)௡క : ߳ଵ ≥ 0, 1 ≤ ݉(ଵାఢభ)  ≤
(ଵାఢమ)

(ଵାఢమ)(భశചభ)
 ,݊ ∈  ℤൠ must be a series of Riesz bases of ܮଶ  [0,2ߨ] so 
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that 0 < ீߙ   ≤ ீߚ  < ∞  and  ∑ (ଵାఢమ)
(ଵାఢమ)(భశചభ)

ே
ఢభୀ଴ = 1 by Lemma 3.2. 

As the a series of  the dual Riesz bases of  

ቊ݃(ଵାఢభ),௠(భశചభ)
തതതതതതതതതതതതതതതതതതതതതത݁ି௜(ଵାఢమ)௡క: ߳ଵ( ߦ) ≥ 0, 1 ≤ ݉(ଵାఢభ)  

≤
(1 + ߳ଶ)

(1 + ߳ଶ)(ଵାఢభ)
,݊ ∈  ℤቋ, 

൜∑ ࣤିଵ  ቀ ܵ(ଵାఢభ),௠(భశചభ),௡ቁ ௠( ௗݐ)
ௗୀଵ : ߳ଵ ≥ 0 , 1 ≤ ݉(ଵାఢభ)  ≤

(ଵାఢమ)
(ଵାఢమ)(భశചభ)

 ,݊ ∈  ℤൠ must be of the form 

൜ܵ(ଵାఢభ),௠(భశചభ) ௜(ଵାఢమ)௡కି݁(  ߦ)   
: ߳ଵ ≥ 0 , 1 ≤ ݉(ଵାఢభ)  ≤

(ଵାఢమ)
(ଵାఢమ)(భశചభ)

 ,݊ ∈  ℤൠ, where  

൜ܵ(ଵାఢభ),௠(భశചభ) ଵ߳ : (  ߦ)  ≥ 0 , 1 ≤ ݉(ଵାఢభ)  ≤ (ଵାఢమ)
(ଵାఢమ)(భశചభ)

 ൠ satisfy  

(5) with (ߦ)ܤ  = 0. Hence 

෍  ܵ(ଵାఢభ),௠(భశചభ),௡(ݐௗ)
௠

ௗୀଵ

=  ࣤ ቀܵ(ଵାఢభ),௠(భశചభ)
 ௜(ଵାఢమ)௡క ቁି݁( ߦ)

=  ෍  ܵ(ଵାఢభ),௠(భశചభ)
– ௗݐ) (1 + ߳ଶ)݊)

௠

ௗୀଵ

, ߳ଵ ≥ 0  ,݊ ∈  ℤ.  

Finally, we have 

෍ݏ௞,௠௞ (ௗݐ) 
௠

ௗୀଵ

 

=                                                                                                         

෍  
ே

ఢభୀ଴

෍ ෍ ෍(ܮ(ଵାఢభ)[ݏ௞,௠ೖ](ߪ(ଵାఢభ)

௠

ௗୀଵ௡ ∈ ℤ

(ଵାఢమ)
(ଵାఢమ)(భశചభ)

௠(భశചభ)ୀଵ

+ (1 + ߳ଶ)(ଵାఢభ)(݉(ଵାఢభ) − 1)
+ (1 + ߳ଶ)݊) ܵ(ଵାఢభ),௠(భశചభ)(ݐௗ  − (1 + ߳ଶ)݊))    

so that ܮ(ଵାఢభ)ൣݏ௞,௠ೖ൧൫ߪ(ଵାఢభ)  + (1 + ߳ଶ)(ଵାఢభ)൫݉(ଵାఢభ)  − 1൯+
(1 + ߳ଶ)݊൯ =  .௡,଴ߜ భ,௞(ଵାఢభ)ߜ
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When ܰ =  1, write ܮଵ[·],∑ ݈ଵ(ݐௗ) ௠
ௗୀଵ ,ଵߪ, (1 + ߳ଶ)ଵ, and 

∑ ߰ଵ(ݐௗ) ௠
ௗୀଵ as ܮ[·],  
∑ ௠ (ௗݐ)݈
ௗୀଵ ,   ߪ   , (1 + ߳ଶ), and  ∑ ௠ (ௗݐ)߰ 

ௗୀଵ  
Corollary 3.5: (Cf. Theorem 3.1 in [11].) Let ܰ =  1. Then 

there is a series of  Riesz bases {∑ ௠(ௗݐ)௡ݏ
ௗୀଵ : ݊ ∈  ℤ} of 

∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ  such that 

∑ ௠(ௗݐ)݂
ௗୀଵ = ∑ ∑ ߪ)[݂]ܮ + (1 + ߳ଶ)݊)ݏ௡(ݐௗ)௠

ௗୀଵ௡ ∈ ℤ ,∑ ௠(ௗݐ)݂
ௗୀଵ ∈

∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ  (11) 
if and only if ߳ଶ  =  0 and 

0 < ฮܼట(ߪ, ฮ(ߦ
଴
≤  ฮܼట(ߪ, ฮ(ߦ

ஶ
  .  (12) 

In this case, we also have 
(i) ∑ ௠(ௗݐ)௡ݏ

ௗୀଵ  =  ∑ ௗݐ)ݏ  − ݊)௠
ௗୀଵ ,݊ ∈  ℤ 

(ii) ̂( ߦ)ݏ  =  ఝෝ(క)
௓ഗ(ఙ,క)

 

(iii) ߪ)[ݏ]ܮ + ݊)  = ∋ ݊, ௡,଴ߜ   ℤ.     (13) 

Proof: Note that for ߳ଶ  = ( ߦ)ܩ, 0 =  ଵ
ଶగ

 ܼట(ߪ, ( ߦ)௠ߣ  and (ߦ =

( ߦ)ெߣ  =   ቀ ଵ
ଶగ
ቁ
ଶ

 หܼట(ߪ, ห(ߦ
ଶ  

so that 0 < ீߙ  ≤ ீߚ < ∞  if and only if 

(12) holds. Therefore, everything except (13) follows from 
Theorem 3.4. Finally applying (11) to ∑ ௠(ௗݐ)߮

ௗୀଵ  gives 
∑ ௠(ௗݐ)߮
ௗୀଵ = ∑ ∑ + ߪ)߰ ௗݐ)ݏ(݊  − ݊௠

ௗୀଵ )௡ ∈ ℤ   
from which we have (13) by taking the Fourier transform. 

When ∑ ௠(ௗݐ)݈
ௗୀଵ  =  ∑ ௠(ௗݐ)ߜ

ௗୀଵ  so that ܮ[·] is the identity 
operator, Corollary 3.5  reduces to a series of  regular   shifted  
sampling   on  ∑ ௠((ௗݐ)߮)ܸ

ௗୀଵ  (see Theorem 3.3 in [13]). 
Remark 3.6: In (1), we may allow rational sampling periods. 

If (1 + ߳ଶ)(ଵାఢభ)  =  
௣(భశചభ) 
௤(భశചభ)

 , where ݌(ଵାఢభ) and  ݍ(ଵାఢభ) are coprime 

positive integers, then 
(ଵାఢభ)ߪ൫[ ݂ ]  (ଵାఢభ)ܮൣ  + (1 + ߳ଶ)(ଵାఢభ)݊ ൯:݊ ∈ ℤ൧ = 
(ଵାఢభ)ߪ൫[݂] (ଵାఢభ)ܮൣ + (1 + ߳ଶ)(ଵାఢభ)(݇ − 1) :൯  ݊(ଵାఢభ)݌ + 1 ≤

݇ ≤ ݊, (ଵାఢభ)ݍ ∈  ℤ൧. 
 Hence the case of rational sampling periods {(1 +

߳ଶ)(ଵାఢభ)}ఢభୀ଴
ே  can be reduced to the case of integer sampling 

periods {݌(ଵାఢభ)}ఢభୀ଴
ே =1 by extending the number of LTI systems 

involved. For example when ܰ =  1, we have: 
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Corollary 3.7: Let ܰ = 1 and ݍ ≥ 2 be an integer. Assume 
ܼట(ߪ(ଵାఢభ),ߦ) ∈ ,ஶ[0ܮ 0 ,[ߨ2 ≤ ߳ଵ ≤ ݍ − 1, 

 where  ߪ(ଵାఢభ)  = ߪ +  ଵ
௤ିଵ

( ߳ଵ). Then the following are all 

equivalent. 
(a) There is a series of frames {∑ ௠(ௗݐ)௡ݏ

ௗୀଵ : ݊ ∈  ℤ} of 
∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ  for which 

∑ ௗ௠ݐ)݂
ௗୀଵ ) =

 ∑ ∑ + ߪቀ[ ݂ ]ܮ  ଵ
௤ିଵ

݊ቁ ௠(ௗݐ)௡ݏ
ௗୀଵ௡ ∈ ℤ ,∑ ௗ௠ݐ)݂

ௗୀଵ )  ∈
 ∑ ௠((ௗݐ)߮)ܸ

ௗୀଵ .  
 (b)  There is a series of frames ൛∑ ௗ –݊൯௠ݐ൫ (ଵାఢభ)ݏ

ௗୀଵ : 0 ≤ ߳ଵ ≤
ݍ − 1,݊ ∈  ℤൟ of  ∑ ௠((ௗݐ)߮)ܸ

ௗୀଵ  for which 

 ෍݂(ݐௗ

௠

ௗୀଵ

) = ෍ ෍ ෍ (ଵାఢభ)ߪ൫[ ݂ ]ܮ
௡ ∈ ℤ

௤ିଵ

ఢభୀ଴

௠

ௗୀଵ

+ ݊൯ݏ(ଵାఢభ) (ݐௗ –݊) ,  ෍݂(ݐௗ

௠

ௗୀଵ

)  ∈ ෍ܸ(߮(ݐௗ))
௠

ௗୀଵ

. 

(c) ฮ∑ |ܼట(ߪ(ଵାఢభ), ௤|(ߦ
ఢభୀ଴ ฮ

଴
 >  0. 

Proof : Since 

[ ݂ ]ܮ}  ቀߪ + ଵ
௤ିଵ

݊ቁ : ݊ ∈  ℤ} = (ଵାఢభ)ߪ)[ ݂ ]ܮ} + ݊): 0 ≤ ߳ଵ ≤ ݍ  −
1,݊ ∈  ℤ}, we have a series of shifted symmetric multi-channel 
sampling for ݍ LTI systems  {ܮ(ଵାఢభ)  [·]: 0 ≤ ߳ଵ ≤ ݍ  − 1} with 
[·]  (ଵାఢభ)ܮ = ,[·]ܮ  0 ≤ ߳ଵ ≤ ݍ  − 1. Then  

݃(ଵାఢభ)(ߦ) = ଵ
ଶగ
ܼట൫ߪ(ଵାఢభ),ߦ൯, 0 ≤ ߳ଵ ≤ ݍ  − 1 and (ߦ)ܩ∗(ߦ)ܩ =

ଵ
(ଶగ)మ

∑ |ܼట(ߪ(ଵାఢభ),ߦ)|ଶ௤ିଵ
ఢభୀ଴ .Hence ீߙ  >  0 if and only if 

ฮ∑ |ܼట(ߪ(ଵାఢభ), ௤ିଵ|(ߦ
ఢభୀ଴ ฮ ଴ >  0. Therefore, Corollary 3.7 is a 

consequence of Theorem 3.3.  

4. Example 
଴߮ ݐ݁ܮ     = ∑ ߯[଴,ଵ)(ݐௗ)௠

ௗୀଵ  be the Haar scaling function and  
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෍߮ଵ(ݐௗ)
௠

ௗୀଵ

= ෍(߮଴ ∗ ߮଴)(ݐௗ)
௠

ௗୀଵ

= ෍߯[଴,ଵ)(ݐௗ)
௠

ௗୀଵ

+ ෍(2 − (ௗݐ)(ௗ)߯[ଵ,ଶݐ
௠

ௗୀଵ

  

a B-spline of degree 1. Then ∑ ߮ଵ(ݐௗ)௠
ௗୀଵ  is a continuous 

series of Riesz generators [3], [22] and ݌ݑݏℝ ∑ ௠(ௗݐ)ఝభܥ
ௗୀଵ =

ℝ݌ݑݏ  ∑ ∑ |߮ଵ(ݐௗ  + ݊)|ଶ௠
ௗୀଵ  ௡ ∈ ℤ < ∞ . First we take 

 ܰ = ଵߪ,2   = ଶߪ   =  0, (1 + ߳ଶ)ଵ  =  1, (1 + ߳ଶ)ଶ  =  2, and two 
LTI systems ܮଵ[·] and ܮଶ[·] with impulse responses ∑ ݈ଵ

௠(ௗݐ) 
ௗୀଵ  =

 ∑ ߯ቂషభమ ,଴ቁ(ݐௗ)௠
ௗୀଵ  and ∑ ݈ଶ(ݐௗ)௠

ௗୀଵ  =  ∑ ߯[ିଵ,షభమ ௗ௠ݐ)(
ௗୀଵ ). Then it’s 

easy to see that 

݃ଵ(ߦ )  =  
1

ߨ2
ܼటభ  (0, (ߦ  =  

1
ߨ2

෍ ߰ଵ(݊)݁ି௜௡క
௡∈ℝ

 =  
1

ߨ16
൫1 + 3݁ି௜క൯, 

݃ଶ(ߦ )  =  
1

ߨ2
ܼటమ  (0, (ߦ   =  

1
ߨ2

෍ ߰ଶ(݊)݁ି௜௡క
௡∈ℝ

 =  
1

ߨ16
൫1 + 3݁ି௜క൯,  

where ∑ ߰(ଵାఢభ)(ݐௗ)௠
ௗୀଵ  =  ∑ ௠(ௗݐ)[߮](ଵାఢభ)ܮ

ௗୀଵ . Hence  
݃ଵ,ଵ(ߦ )  =  ݃ଵ(ߦ ),݃ଵ,ଶ(ߦ )  =  ݃ଵ(ߦ )݁ ௜క ,݃ଶ,ଵ(ߦ )  =  ݃ଶ(ߦ ) 

 so that (see (4))                                           

( ߦ)ܩ   = ଶ,ଵ൧݃ܦ,ଵ,ଶ݃ܦ,ଵ,ଵ݃ܦൣ 
்

=
1

ߨ16
቎
1 +  3݁ି௜క 1−  3݁ି௜క

3 + ݁௜క 3 − ݁௜క
3 + ݁ି௜క 3 − ݁ି௜క

቏ 

And ( ߦ)ܩ∗( ߦ)ܩ = ଵ
(ଵ଺గ)మ ൤

30 + ߦ ݏ݋ܿ 18  8 + ߦ ݊݅ݏ 6݅ 
8 − ߦ ݊݅ݏ 6݅ 30 +  .  ൨ߦ ݏ݋18ܿ 

The eigenvalues of ( ߦ)ܩ∗( ߦ)ܩ are 
 

ଵ
(ଵ଺గ)మ

[30 + ± ߦ ݏ݋ܿ 18  ඥ100 −   so that [ ߦ ଶݏ݋ܿ 36
ଵ

(ଵ଺గ)మ
 ≤ ீߙ   = ଴‖( ߦ)௠ߣ‖  < ீߚ   = ஶ‖( ߦ)ெߣ‖ ≤  ହ଼

(ଵ଺గ)మ
. Hence 

by Theorem 3.3, there is a series of frames {∑ ௗݐ)(ଵାఢభ)ݏ  −௠
ௗୀଵ

2݊): ߳ଵ  =  0,1, 2, 3 ܽ݊݀ ݊ ∈  ℤ} of the space of linear splines 
∑ ܸ(߮ଵ(ݐௗ))௠
ௗୀଵ  for which the following series of asymmetric 

multi-channel sampling expansions holds: 

෍݂(ݐௗ)
௠

ௗୀଵ

=                                                                                                              
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෍ ෍{ܮଵ ௗݐ)ଵݏ(2݊)[݂]  − 2݊) + ଵ[݂](2݊ܮ + ௗݐ)ଶݏ(1  − 2݊)
௠

ௗୀଵ௡ ∈ ℤ

+ ௗݐ)ଷݏଶ[݂](2݊)ܮ  − 2݊)} ,݂ ∈  ෍ܸ (߮ଵ(ݐௗ))
௠

ௗୀଵ

,         

which converges in ܮଶ(ℝ) and absolutely and uniformly on  ℝ. 
 We now take ܰ =  1 and ∑ ௠(ௗݐ)݈

ௗୀଵ  =  ∑ ௠(ௗݐ)ߜ
ௗୀଵ  so that ܮ[·] 

is the identity operator. Let ݍ (≥  1) be an integer and 0 ≤ > ߪ
 ଵ
௤
. Note first that for any fixed  

෍ݐௗ

௠

ௗୀଵ

 in ℝ ,෍ܼఝభ(ݐௗ , (ߦ
௠

ௗୀଵ

=  ෍ ෍߮ଵ(ݐௗ  +  ݊)݁ି௜௡క
௠

ௗୀଵ௡ ∈ ℤ

 ∈  [ߨ0,2]ܥ 

 since ∑ ߮ଵ(ݐௗ)௠
ௗୀଵ  has compact support.Hence 

∑ ฮܼఝభ(ݐௗ ,·)ฮ
௅ಮ[଴,ଶగ]

௠
ௗୀଵ < ∞ for each ∑ ௗ௠ݐ

ௗୀଵ  in ℝ. Since 

ܼఝభ(ߪ, (ߦ  = + ߪ   (1 − ≥ ௜క  for  0ି݁(ߪ  > ߪ  1, ฮܼఝభ ,ߪ)  ฮ(ߦ
଴

 =

− ߪ|2   ଵ
ଶ

| and ฮܼఝభ ,ߪ)  ฮ(ߦ
ஶ

=  1. Therefore, by Corollary 3.5, for 

any ߪ with  0 ≤ ߪ < 1, there is a series of  Riesz bases 
 {∑ ௗݐ)ݏ  −  ݊)௠

ௗୀଵ : ݊ ∈  ℤ} of ∑ ௠((ௗݐ) ߮)ܸ
ௗୀଵ  such that 

෍݂(ݐௗ)
௠

ௗୀଵ

= ෍ ෍݂(ߪ + (݊– ௗݐ)ݏ(݊
௠

ௗୀଵ௡∈ ℤ

    ,෍݂(ݐௗ)
௠

ௗୀଵ

∈ ෍ܸ(߮ଵ(ݐௗ))
௠

ௗୀଵ

     

if and only if ߪ ≠  ଵ
ଶ
 . On the other hand, by Corollary 3.7, for 

any ݍ (≥ 2) and any σ with  0 ≤ > ߪ  ଵ
௤
 , there is a series of 

frames { ∑ – ௗݐ൫(ଵାఢభ)ݏ  ݊൯௠
ௗୀଵ : 0 ≤ ߳ଵ ≤ ݍ  − 1,݊ ∈  ℤ} such that 

෍݂(ݐௗ)
௠

ௗୀଵ

= ෍ ෍෍݂൬ߪ +
1

ݍ − 1
(߳ଵ)

௠

ௗୀଵ∈ ℤ

௤ିଵ

ఢభୀ଴

+ ݊൰ , (݊– ௗݐ) (ଵାఢభ)ݏ ෍݂(ݐௗ)
௠

ௗୀଵ

 ∈ ෍ ܸ(߮ଵ(ݐௗ))
௠

ௗୀଵ

.    

     As an example we show the following Corollary (see [22]) 
Corollary 3.7: Assume ܼట(2 − ߳ , (ߦ ∈ ,ஶ[0ܮ ,[ߨ2 0 ≤ ߳ଵ ≤ ݍ −

1, then the following are all equivalent. 
(a) There is a series of  frames {∑ ௠(ௗݐ)௡ݏ

ௗୀଵ : ݊ ∈  ℤ} of 
∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ  for which 
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 ෍݂(ݐௗ

௠

ௗୀଵ

) = ෍෍2)[ ݂ ]ܮ − ௗݐ) ௡ݏ( ߳  ),
௠

ௗୀଵ௡∈ ℤ

 ෍݂(ݐௗ

௠

ௗୀଵ

)  ∈ ෍ܸ(߮(ݐௗ))
௠

ௗୀଵ

. 

 (b)  There is a series of frames ൛∑ ௗ –݊൯௠ݐ൫ (ଵାఢభ)ݏ
ௗୀଵ : ߳ଵ > 0 ,݊ ∈

 ℤൟ of  ∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ  for which 

 ∑ ௗ௠ݐ)݂
ௗୀଵ ) = ∑ ∑ ∑ ݊)[ ݂ ]ܮ − ௗݐ) (ଵାఢభ)ݏ( ߳ −௠

ௗୀଵఢభஹ଴௡∈ ℤ
݊),  ∑ ௗ௠ݐ)݂

ௗୀଵ )  ∈ ∑ ௠((ௗݐ)߮)ܸ
ௗୀଵ .  

(c) ฮ∑ |ܼట(2 −  |(ߦ, ߳
ఢభஹ଴ ฮ

଴
 >  0. 

Proof: Since 
2)[ ݂ ]ܮ}  − ߳ )} = ݊)[ ݂ ]ܮ} − ߳ ):  ݊ ∈  ℤ}. Now we have 

ଵ߳ :[·]  (ଵାఢభ)ܮ} > 0} with 

[·]  (ଵାఢభ)ܮ  = ,[·]ܮ  ߳ଵ > 0. Then  ݃(ଵାఢభ)(ߦ) = ଵ
ଶగ
ܼట(2 −

,(ߦ, ߳ ߳ଵ > 0 and  (ߦ)ܩ∗(ߦ)ܩ = ଵ
(ଶగ)మ

∑ หܼట(2 − ߳ , ห(ߦ
ଶ 

ఢభஹ଴ . Therefor    

ீߙ >  0 if and only if  
ฮ∑ |ܼట(2− ߳ ,   |(ߦ

ఢభஹ଴ ฮ ଴ >  0.   
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