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Asymmetric multi-channel
sampling in a series of shift
invariant spaces

Shawgy Hussein® and Adam Zakria®

Abstract:

We show asymmetric multi-channel sampling on a series of a
shift invariant spaces }7-,V (¢(tz)) with a series of Riesz
generators Y7, ¢(ty) in L2(R), where each channeled signal is
assigned a uniform but distinct sampling rate. We use Fourier
duality between Y™ .V (¢(tgz)) and L?[0,2x] to find conditions
under which there is a stable asymmetric multi-channel
sampling formula on Y72, V (¢(tz)) -

Keywords: Shift invariant space, Multi-channel sampling ,
Frame Riesz basis

1. Introduction:

The multi-channel sampling method goes back to the works
of Shannon [18] and Fogel [7], where reconstruction of a band-
limited signal from samples of the signal and its derivatives was
found. Generalized sampling expansion using arbitrary multi-
channel sampling on the Paley—-Wiener space was introduced
first by Papoulis [16]. Since Papoulis’ fundamental work, there
have been many generalizations and applications of multi-
channel sampling. See [1,5,6,14,17,19].

Papoulis’ result has also been extended to a general shift
invariant space by using the filter banks technique (see
[4,19,20]). More recently Garcia and Pérez-Villalon [8] derived
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stable generalized sampling in a shift invariant space. Most
previous work related to multi-channel sampling has assumed
that the sampling rates of all channels are the same.

S. Kang, J.M. Kim, K.H. Kwon [22] considered asymmetric
multi-channel sampling in a shift invariant space V (p)with a
suitable Riesz generator ¢(t), where each channeled signal is
sampled with a uniform but distinct rate.Using Fourier duality
between Y™ .V (¢(ty)) and L?[0,2r] [8,9,10,22], we derive
under the same considerations a stable series of shifted
asymmetric multi-channel sampling formula in X7,V (¢(ty)) -
The corresponding symmetric multi-channel sampling in
Y,V (p(ty)) was handled in [9],[22], where Y7 ; o(ty) is a
continuous series of Riesz generators satisfying

SUPR Ynez 2, lo(ty —n)|? < oo. In this case all signals in
Y-,V (p(ty)) are continuous on R [21],[22]. We require only
that the series of Riesz generators Y.7-; ¢(t;) are pointwise well
defined everywhere on R and Y,z Y7, le(ty —n)|? <
oo, Mty € R. Hence we essentially allow any series of Riesz
generators in L2(R). Hence [22] allow more general filters than
the ones in [8] by asking only that the impulse responses of
filters belong to L?(R) (or the frequency responses of filters
belong to

L2 (R)uU L*(R)when Y,cz | @ (£ + 2nm)| € L?[0,2n]), whereas
they belong to LZ(R)N LY(R) in [9]. We give an illustrative
example (see[22]).

2. Preliminaries:

We consider the notations and formulas in [22]. The
normalized Fourier transform is

Flol€) = ¢¢) = fi o(tq) ﬁe_itdf dtg i o(ta)
d=1 a=1

—o0 d=1
€ L>(R) n L*(R)
so that \/%_n F [-] extends to a unitary operator from L?(R)onto
L?(R). For any Y7, o(t,) € L*(R), let
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D Colta) = Z lp(ta +m)I? and G,(¢)
d=1 d=1
Z |@(E + 2nm)|?.

nez

Then

ZC (td)—Zc (ta +1) € L'[0, 11,6, §) = G, ¢ + 2m)

E LZ[O 2m]
and
m m 1
Z @ (ta) = Z Co(ta) ~ o IGo 1l [0.2m]
d=1 1,2(R) d=1 L*[o,1]

In particular, XL, C,(ty) < oo for ae. ¥gi;t; € R. We also

let
Z ZCUENDWICEDIS

nezZ d=
be the Zak transform [12] of 2 'L o(ty) in L2(R)). Then

Yd=1Zy(tq,§) is well defined a.e. on ]R{Z and is quasi-periodic in
the sense that

Y1 Zp(ta+1,8) = e¥Xi, Zy(ta, §)and X Zy (ta,§ +
2m) = Xa=1Z4(ta, ).

A Hilbert space H consisting of complex valued functions on a
set E is called a reproducing kernel Hilbert space (RKHS in
short) if there is a series of a functions }7-, q(s,t;) on E x E,
called the reproducing kernel of H, satisfying

(i) XM, q( . ty) € H for each M, t4 € E,

(i) (f (). XM1q(s.ta)) = S0y f(ta) f € H.

In an RKHS H, any norm converging sequence also
converges uniformly on any subset of E, on which
| 2521 qC ta) 1?,,= Zae1 q(ta, ta) is bounded.

A sequence {(pn n € Z} of vectors in a separable Hilbert
space H is

(i) aBessel sequence withabound A+¢e:e> Oif

D Uee)l? <(4+lglPp € He> o0,

nez
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(i) a frame of Hwith bounds A+e¢ > A:e> 0 if
Allpll” < ) g on)2 < (4 +llglZp € Hoe> 0,

nez
(i) a Riesz basis of H with bounds A+e> A:e> 0 if it is

complete in H and
2

Allel? < |3 cmgn|| < (@+Olell?,c = {e(@er € 6> 0,
nez
where flell? = ) le(n)l?
nez

We let Y74,V (p(ty)) be the series of the shift invariant
spaces, where Y7, ¢(t,) is a series of a Riesz generators, that
is, =, 0(ty —n):n € Z} is a series of a Riesz bases of

2321% (¢(tq)) - Then

Z 4 ((p(td))

d=1
= {Z(c o)t = )| Y cm)glta —n):C

d=1 nez d=1
={c(M}nez € ZZI-

It is well known see [2] that Y7, ¢(t;) is a series of Riesz
generators if and only if there is a constant Asuch that A <
Gp(§) <A+¢€ aeonf02n]. In this case, {¥7 9ty —n):n €
Z} is a series of a Riesz bases of Y7, V (¢(t,)) with bound € > 0.
We assume further that

() X712, o(ty) is everywhere well defined on R;

(i) 2a=1Cp(ty) <o Xgoqtqg ER e LG 0(ty —n)ine€
Z} € > foreach Y7, t, € R.

We then allow essentially all series of Riesz generators
since for any Y7\, o(ty) € LZ(R),Z’(}’le(p(td) < o a.e. so that
Y=, o(ty) has an equivalent representative satisfying the above
two conditions. Then for each ¢ € 12,37, (c * ¢)(ty) converges
both in L?(R)and absolutely for each Y7 ,t; € R. Hence
Y V(p(ty)) becomes an RKHS with the reproducing kernel
(see [13)])
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i q(s,ty) = Z i @(s -n)o(t; —n),where {i @(t;— n):n
d=1 d=1 d=1

3

is the series of the dual Riesz bases of {3}7-; ¢(t; —n):n € Z}
with bounds for €>0. As in [9,10], we introduce an
isomorphism J from L?[0, 2] onto ¥, V(¢(t,4)) defined as:

m m

1 .
;(‘7 F)t) = 52 )0 D 4F €).e7™) zpozm 0(ta =)

nezZd=1

1
= Z (F (¢ ),Ez(p(tdvf)hz[O,Zﬂ]'

d=1
We then have:

M TFIE) = FE)oE)
(i) g (F (§)e™™ ) = ZgLi(J F)(tg —n),n € L
3. Asymmetric multi-channel sampling

The aim of this paper is as follows (see [22]). Let {L(14¢,) [
]: €1 = 0} be N LTI (linear time-invariant) systems with impulse
responses {37, L1+¢,)(tq): €1 = 0}. Develop a stable series of
shifted multi-channel sampling formula for any signal

Tif(ty) € YiL.V (p(ty)) using discrete sample values from
{24=1L+e)(tq): €4 =0}, where each channeled signal
Yd=1La+e) [f1(ty) for e >0 is assigned with a distinct
sampling rate

Ya=1f(ta) = Zlevlzo 2nezZd=1L@+e) [f](0(1+61) +
(1 + ) (14e)M)S@+enn (ta),
2a=1f(ta) € Xg=1V ((ta)) . 1)

where {¥1;s(14e)n(ta): €1 = 0,n € Z} is a series of frames
or a Riesz basis of X711, V (¢ (t4)),

{1 +€2)q4e): €220} are  positive integers, and
{0(1+¢,): €1 = 0} are real constants. Note that the series of
shifting of sampling instants is unavoidable in some uniform
sampling [12] and arises naturally when we allow rational
sampling periods in (1). Here, we assume that each L¢;4¢,) []is
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one of the following three types: the impulse response
Y, l(ty) of an LTI system is such that
)X l(ty) = Xiv,6(ty +a),a € Ror
(il) X, U(ty) € L2(R) or
(iii) [(¢§ ) € L*(R) U L*(R) when
Hy(§)=Xnez | (¢ +2nm)| € L?[0,2r]. For type (i),
i LLF1(ty) = X f(ta + @), f € L2(R) S0 that
L[-]: L2(R) - L?(R) is an isomorphism. In particular, for any
i1 f(ta) = Tia(c * @) (ta) € X7,V (9(ta)),
Ya=1LLf 1(tq) = Xatq(c = P)(tq) converges
absolutely on R since

ch(td) = Zle[)(td + )2 < oo th € R where

nezZd=1
1¢(td) = 2a Llel(ta) = Xg=19(ta +a) For types (ii)
and (|||) we have the following results (see [22]):
Lemma 3.1. Let L[] be an LTI system with the impulse

response Y.7v, l(t;) of the type (ii) or (iii) as above and

ZiL1(ta) = iy LIgl(a) = Thar(@ * D(ta). Then
@ D $(ta) € Co(®
a=1

= {Z u(ty) € C(R): zg;ﬂggpooz u(ty) = oI,
d=1 d=1

(b) supg Xg=1 Cy(ta) <o

(c) forany X7k, f(tq) = Xiti(c * 9)(t) € Xie1V (9(ta)),

Y  LLfF1ty) = Xie,(c = P)(ty) converges absolutely and
uniformly on R.

Hence Y7, L[ f 1(t;) € C(R).

Proof: First assume Y7 ,l(t;) € L*(R). Then Y. (ty) €
C-(R) by the Riemann-Lebesgue lemma since (§) =
P©)I() € LY(R). Since
D 1 +2nm)

nez

1 1
< G,(§)2G,(8 )2
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2 21
> [ +2nm) < [ 6,€) 66 g
nez p2loznl

< 21|64 (§ ) oo gy 112y,
Thus for any Y7L, t, in R, we have by the Poisson summation
formula (se [13])

m
Z B +2nm) 1_[ pita(E+2nm)
d=1

nez
= Z Z W(ty +n)e ™ in 12 [0,27]

nezZd=1
Therefore for any Y7, t; in R
m m

D Gyt = ) ) Ieg + )P
a=1

nezZd=1 . )
= iﬂ Z Z P(tqg +n)e ™
nez d= 12 [0,27]
Z l/)(f + 2n7r) 1_[ itg(é+2nm)
nez L2 [0,27]

= ”G(P(E)”LW(R) IIlllzLZ(]R)'
By Young’s inequality on the convolution product,
ILLf Moy < If Nizqy Il 2y SO that L[ : L*(R) - L*(R) is a
bounded linear operator. Hence for any

Zf(td) = Z(c « 9)(ta)

Z Z c(Me(ty —n) € Z V (¢(ta)),

nEZd
Z IOEDY Z Lot —m] = Z cmP(ta — 1),
nezZd=1 nezZ d=1

WhICh converges absolutely and uniformly on R by (b). Now
assume that H,(¢§) € L? [02r]. The case [(¢) € L*(R)is
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reduced to type (ii). So let {(¢§) € L®(R). Then $(§) € L*(R) n
LY(R) so that (&) = #&)IE) € L*(R) n L}(R) and so
P(&) € Co(R) NL2(R)). Since

D1 +2nm)|

nez
< |2l o (myHy, (€ ), we have again by the Poisson summation formula
2

m 1 m
Y Cylta) = 5= || e +2nm) | [ ettaterzmm
d=1 nez d=1 L2 [0,27]

2
< ”1”2 L°°(]R)||H(p(f )” 12 [0,27]
so that supg Y5, Cy(tq) < . Forany f € L*(R),

= 1oy, s
ILLF 1) 2wy = NIf * Ulzwy = —= [|F ()],
le aJllLZ(R) L“(R) \/E L2(R)

< [T o gy I M2y
Hence L[-]: L?(R) » L?(R) is a bounded linear operator so
that for any

Ty f(t)) = X0ea(c * 9)(ty) € THyV (9(ta))  SI LI F1(t,) =
m_,(c = ) (t,) converges in L2(R). By (b), 1, (c *1)(ty) also
converges absolutely and uniformly on R.

By Lemma 3.1(b), Y™ . y(ty) € L*(R). However, Y1 (c *
¥)(ty) may not converge in L2(R) unless {37, ¥(ty; — n):n €
Z} is a Bessel sequence.

Lemma 3.1(b) improves Lemma 1 in [9], in which the proof
uses Y™ I(ty) € L*(R) n L1(R),

supr Xgq=1 Cy(tq) < oo, and the integral version of Minkowski
inequality. Note that the condition H,($) € L?[0,2n] implies
Sy o(ty) € (R) N Co((R) and supg ¥ C, (t4) < 0. (see
[13]). Note also that H,(¢) € L?[0,2n] if @(§) = o((1 +
1€ 1)~ ), (1 + €2)(14¢) > 1€, =0, which holds e.g. for

Ya=19n(ta) = XG=1(@o * ¥n-1)(ts) the cardinal B-spline of
degreen (= 1), where
o = Xa=1X01)(ta)- We have as a consequence of Lemma

3.1: Let L[] be an LTI system with impulse response Y7\, I(t;) of
(148)
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type (i) or (ii) or (iii) as above and Y7 -, ¥(tz) = X0, Llel(ty).

Then for any
™ f(ta) = X0 (IF )ta) € TIV (0(ta)) F () €L2[0,2n]
ST LI = B0y () 5= Zy(a ) izo2m) @)

since L[] is a bounded linear operator from L?(R) into
L*(R)or L®(R)and {3, Y(ty —n):n € Z} € I?, ¥ty € R.
Let Xao1Va+e)(ta) = Xa=1Lae)lel(ts) and

Iarep(€) = %z%w (0(1+ep) §), € = 0. Then we have by (2)
L(11ey) [f](0(1+61) +(1+ 62)(1+61)n)

=(F (¢ ),Ezw(ﬂel) (0ren)

+ (1 + €)a+e)™ €)1z [021]

= (F (§), 9(rren G MDD ) o (oo 3)

for any YR, f(t)) = oI F)(ts) € i,V (9(tz)) and
€, = 0. Then by (3) and the isomorphism J from L? [0,2r] onto
Y V(e(ty)), the sampling expansion (1) is equivalent to

F )
= > ) (P () Garey @ e DD M) s S ey ),

€,=0n€Z
F (15) € L? [0,2x], where {S(14¢,)n(§): €1 = 0,n € Z} is a series
of frames or a Riesz basis of L? [0,2rr]. This observation leads us
to consider the problem when IS
{9¢1+¢p € Ve HI+e)are) e €, = 0,n € Z} a series of frames or a
Riesz basis of L? [0,2r]. Note that

(T @ @t > 0m €2} =

g(1+61),m(1+61) (E )e_i(1+62)n$: €1 = O! 1 < m(1+61)

1+e€
L+ €)a+ep

where (1+e¢y)= lcm{(l + €2)(1+¢,) ¢ €1 = 0} and
I+e)marey§) = Ja+e)(€ Je!(redaren (Maven) = DY for ¢ > 0.
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Let D be the unitary operator from L2 [0,2r]onto L2(1)(1+€2),
where [ = [O ] defined by

(1+€3)
DF =[F (5 + (k o eres ))] 11 F(£)e [2[02r].  We
also let

GE)= .
lD91,1(E ). Dg ((1+62)) €)... DQN,1(E ). DQN((1+62)) )| @
Z 1+¢e)
(1 + €2)(1+¢,)
x (1

+ €,) matrix on I and 1,,(¢ ), ), (¢ )be the smallest and the largest

eigenvalues of the positive semi-definite (1+¢,) x (1 +
€,) matrix G(¢) = G(&), respectively.

Lemma 3.2. Leta; = ||4,,(E)llo and B; = |[A4 ()l be the
essential infimum of 4,,,(¢ ) and the essential supremum of 1,,(¢)
respectively. Then {gq+¢,) (€ e ltedaren s e > 0,n €7 }is

(a) a Bessel sequence in L? [0,2r] if and only if f; <o or
equivalently

{Z¢(1+el) (0'(1_4_61),5): €; =0} € L* [0,2n],

(b) a frame of L? [0,2r]ifand only if 0 < a; < f; < oo,

(c) a Riesz basis of L? [0,2n]if and only if 0 < a; < B; <
and

1+ey)
= a+ 62)(1+61)
Proof .Since {gqie,) € e ‘MHedarenniie >0,n €2} is a

Bessel sequence or a series of frames or a Riesz basis of
L? [0,27] if and only if

{g(1+61),m(1+61) €4 )e_i(1+62) oF €,=>201< M(1+¢,)
1+e€

T (L +€)a+rey

=1

(150)



Series M. Mathematical Sciences

is a Bessel sequence or a series of frames or a Riesz basis of
L? [0,2r]respectively, all of the conclusions follow from Lemma
3in[9].

Note that in [9], the authors use the Fourier transform
FE)=[" 3m, f(ts) [, e ?mtad dt, so that they use L? [0,2r]
instead of L? [0,2x].

Assume that 0 < a; < fB; < o so that

{9a+ep € e {tedarennt: ¢ > 0,n €7} or equivalently

g(1+61),m(1+61) (E )e_i(1+62) nf: €1 = O! 1 < m(1+61)

<M,ne Z}

@+ 62)(1+61)
is a series of frames of L? [0,2r]. Then we can show easily
(see in 9D that

{g(1+61),m(1+61) ¢ )e_i(1+62) né: €,=>201< M(1+¢,)

1+¢) W e Z}

T (L +€)a+rey
has a series of dual frames of the form
{S(1+61),m(1+el) (E)e" eI nt e >0,1 < M(14e,) =

_Gre) e z} with
(1+€2)(14¢9)

5(1+61),m<1+61> (¢6)e L [02r] for ¢, =0 and 1 < M14e,) <
(1+62)

Wsatisfying

+€2)(1+€q)

[Dsm(f JiaDS, (uae (€)1 DSwaE ) DS, ey €)
(14€2)1 '(1+€2)n

= @9 (et + BE)( - 6E)EE)]. )

where G(£)T = [G(§)*G(§)]71G(§)" is the pseudo-inverse of

G(£),B(¢)is any
1+e)

1+¢)

———=—— matrix with entries in L*(I),and I is the
=, (1 + €2)(14¢)
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( N ﬂ) x( N_ &) identity matrix .

€1=0 (1+€2)(14€9) €1=0 (1+€2)(14¢7)
In particular, when we choose B(¢) = 0in (5), we have the
canonical a series of dual frames of the frames

{g(1+61),m(1+61) (E )e_i(1+62)n$: €1 = O! 1 < m(1+61)

1+¢
Si,n €Z }
(1 +€2)(14ey)

We are now ready to give the foolowing results (see [22]).
We first discuss the sampling expansion (1), which is a series of
frames expansion in Y7, V(@(ty)).

Theorem 3.3: Let o, and fS; be the same as in Lemma 3.2.
Assume B, < oo. Then the following are all equivalent.

(a) There is a series of frames

m

{Z S (1+€1)M(14¢;) (ta—(Q+e)n): e 20,1 < M(1+e,)

1+e€
S# n (= Z
(1 +€)+ep

of Y7L, V(¢(ty)) for which
m

> flea) =
a=1
(1+€;)

N (A+edase)

Z Z Z Z Li1+ey [f](a(1+el)

€1=0 M(14¢,)=1 NEZd=
+(1+ 62)(1+61)(m(1+61) -1)
+ (1 +e)n )S(1+61),m(1+61) (tg =L+ €x)n)
Da=1f(ta) € Xg=1V(p(ta)). (6)
(b) There is a series of frames 7., S(14+e)n (ta): €120 ,n €
Z } of X, V((p(td)) for which

Zf(td) = Z Z ZL(1+61) [F1(014¢p)

€1=0n€ezZd=1
+ (1 + €2) 1+en)S(a+e) n(ta),

Yd=1f(ta) € Xg=1V (9 (ta)). (7
(152)
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©)0 < a;.

Proof: Assume B; < c. Then by Lemma 3.2

{9(14e € Je ltedarenns e >0n €7} is a  Bessel
sequence in L? [0,2x]. First (a) implies (b) trivially. Assume (b).
Applying the isomorphism J ~! to (7) gives by (3)
F ()

(1+62)
(1+62)(1+61)

= Z Z (F (E ), 9 (E )e—i(1+62)(1+e1)nf>L2 [0.27] S(1+61),n (E ),
M(14+¢,)=1 NEL
F (¢§) € L? [0,2n],

where {¥75150+e)n (ta):0<¢e; < N,n € Z} is a series of
frames of L[?2[02r]. Then the Bessel sequence
{9a+ep € Je {FedarennS 0 < e, < N,n €7} is in fact a series
of dual frames of {¥G.;S@+e)n (ta):0<¢€ < N,n € Z} (see
[2]). Hence (c) must hold by Lemma 3.2. Finally assume (c).
Then 0 < a; < f; < oo that

{g (+e)msey) € e e g > 0,1 S m(yye,) <
(1+e)
(1+€2)(1+€9)
have a frame expansion on L? [0,2r]

F()
(1+€,)

N (He)se)

- Z Z Z (F (€D garepmprey € ™) 12 (0 amSaare)msen

€1=0 M(14¢,)=1 NEL

,n € Z} is a series of frames of L? [0,2]. Then we

(§ )emiredndy [F (&) € 12 [0,27], ®)
where 5(1+61),m<1+61)(5 )'s are given by (5). Then the sampling
expansion (6) comes from (8) by applying the isomorphism J
since '
(F (E )ag(1+61),m(1+61) (E )e_l(1+62)n$ )LZ [0,27]

1
=F )52y, [0G1ren + A+ €)arey (Mearey — 1) + A +eIn ]2 02m

= L(1+¢)) [f](0(1+61) +(1+ 62)(1+61)(m(1+61) - 1) +(1+ Ez)n)

for XG=1(J F )(ta) = Xa=1f(ta)-
Note that when 0 < a; < f; < o, the sampling series (6)
converges not only in L?(R) but also uniformly on any subset
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of R, on which 7', C,

the rank of

G(E&)is (1+¢)aesothatl
N

(ty) is bounded. Moreover since a; > 0,

1
< —— ,which means that the total sampling rate
=, A+ €)@+ey)

N > of th mpling expansion must be at
€150 e aren o] e sampling expansion (6)must be

least 1,the Nyquist sampling rate for signals in 7=, V(¢ (tz)). In
the extreme case we have:

Theorem 3.4: Let a; and f; be the same as in Lemma 3.2.
Then there is a series of Riesz bases

(1+62)

m . > < < —=
{Zd=15(1+61)'m(1+61)'n (ta) €201 < M1+e) = (1+€2)(14€9) e

z } of $™,V(e(t,)) for which
a=1f(ta) =

(1+€3)
(1+62) € )
16V1=0 Zm(H:;:ll Ynez La=1 La+ey) [f](0(1+61) +(1+
€2)(1+e)(Masey) — 1) + (L + €)n) St1+e)mpeym(ta))
a=1f (tq) € Xa1V(0(ty)) )

if andonlyif0 < ag < ;<o and YV =oﬂ =
17V (1+€2) (14€9)

1 .In this case, we also have
() XatiSa+enmuiey ta— (A +e)n) e 20, 1 <M, <
(1+62)
(1+€2)(14¢9)
(1) Lasep[skme)(0@arey + A+ €)arey(Mase) —1) +
a+ Ez)n) = 6(1+61),k 611,0
forO0< ¢;,k < Nandn e Z.

Proof: Assume 0 < a; < Bz <o and Xf

,andn € Z

(1+62)
=0 (1+€2)(14¢9)

=1.
Then by Lemma 3.2,
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{g(1+61),m(1+61) (§)e 0¥ednlie > 0,1 Smpey <
(1+e)
(1+€2)(1+€9)

have
F ()
(1+€,)

N (1+e€2)(1+eq)

= Z Z Z (F (f)’g(1+61),m(1+51) G )e—i(1+ez)nf) 12 [0,211]5(1+€1),m(1+51)(f )e—i(1+ez)nf

€1=0 M(14¢,)=1 NEL

n € Z} is a series of Riesz bases of L? [0,2%]. Then we

JF (&) €12 [0,2n], (10)
where {5(1+61),m(1+61) €3 )e—i(1+ez)n$ 16,20 ,1<mype <
(1+62)

—2  ne Z} is the dual of
(1+62)(1+61)

g(1+61),m(1+61) €4 )e_i(1+62)n$: €=20,1< M(1+¢,) <

(1+62)
(1+€2)(14¢q)

(9), where
m
Z S(1+61),m(1+61)1n(td) =J ((E )e—i(1+62)n$)
d=1

,n € Z}. Applying the isomorphism J to (10) gives

Z S(1+ey), M(14e, )( a— (1 +e)n)

and(j (S(1+61)m(1+61)(5 )) - Zd 15(1+61)m(1+6 )(td) Conversely
assume that the series of Riesz bases expansions (9) holds on
ym L V(e(ty). Applying the isomorphism J~1 to (9) gives

(1+€,)
v (+e)asey)

F()= Z Z Z (F (¢), I(1+e)M(rrey) ()eiireInt) 12 020

€1=0 M(14¢,)=1 NEL

(Sarepmareyn) €N, F () €17 [02n]
which is a series of Riesz bases expansions on L? [0,2r]. Then

{g(1+61),m(1+61) (E )e_i(1+62)n$: 6-1 2 O! 1 S m(1+61) S
(1+62)
(1+€2)(14¢9)

n € Z} must be a series of Riesz bases of L? [0,2r] so
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(1+62)
=0 (1+62)(1+61)
As the a series of the dual Riesz bases of

{g(1+61),m(1+61)(f )e_i(1+62)n$: €,=201< M(1+¢,)
(1+¢€) }
<-——-—"—n € Z,
1+ €)+e)

{2321 <7_1 (S(1+61),m(1+61),n) (td ): €,20,1< M(1+¢,) =
(1+62)
(1+€2)(1+€9)

{S(1+61),m(1+61) €4 )e_i(1+62)n$ 6,20,1 < M(1+¢,) <

(1+62)
(1+€2)(1+€9)

. (1+€,)
{S(1+61),m(1+61) (€):e120,1 <mye < :

- (1+62)(1+el)
(5) with B(¢) = 0. Hence
m

Z S(1+61)'m(1+61)'n(td) =J (S(1+61),m(1+61)(E )e_i(1+62)n$)
d=1

that 0 < a; < B; <o and X7 =1 by Lemma 3.2.

,n € Z} must be of the form

n € Z}, where

} satisfy

m
= Z S(1+61)'m(1+61)(td -(l+€y)n),e4=20 ,n € Z
d=1

Finally, we have
m

Z Skemk (ta)

d=1

(1+62)
N (A+e)asey) m

Z Z Z Z (La+e)) [Skm 1 (0 +e,)

€1=0 M(14¢)=1 NE€EZA=1
+ (L + €)1re)(Maate) — 1)
+ (1 +e€)n) St+e)mepey(ta — (1 +€)n))
so that  Leiie)[Skm,|(0(4ey) + L+ €2)14e)(M(14e) — 1) +
1+ Ez)n) = 6(1+61)1,k 6‘n,O-
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When N =1, write Li[']X7,L(ty) 01, (1+€,);, and
P (ta) as L[,
a=1l(ta) » 0 (1 +€) and X5, 9 (ta)

Corollary 3.5: (Cf. Theorem 3.1 in [11].) Let N = 1. Then
there is a series of Riesz bases {3I;s,(ty):n € Z} of
Y= V(e(ty)) such that

a=1f(ta) = XnezXa=1 LIf1(o + (1 + e)n)s,(tg)  Xg=1 f(ta) €

2a=1V(e(ta)) (11)
if and only if e, = 0 and
0 < ||Zy(o, 5)||O < [|Zy(a. O - (12)

In this case, we also have
() Z’J’zlsn(td)(; Yi=15(tqg —n),n € L
A _ 9
@) 3(¢) = Zo(0D)
(iii) L[s](c +n) = 6,4,n € L. (13)

Proof: Note that fore, =0,G(¢) = % Zy(0, &) and 24,,(§) =

(€)= (i)z |12y (o, E)|2 sothat 0 <a; < f; < oo ifand only if
(12) holds. Therefore, everything except (13) follows from
Theorem 3.4. Finally applying (11) to X7, ¢(t4) gives

2a=19(ta) = Lnezda=1¥(0 +n)s(ty —n)

from which we have (13) by taking the Fourier transform.
When Y7, l(tg) = Xiv,6(tg)so that L[] is the identity
operator, Corollary 3.5 reduces to a series of regular shifted
sampling on Y7, V(¢(ty)) (see Theorem 3.3 in [13]).

Remark 3.6: In (1), we may allow rational sampling periods.

Dl .
If (1 + €)(14ey) = ﬁ , Where p(14¢,) and qq ¢, are coprime
€1

positive integers, then

[L(1+61) [f ](0(1+61) + (1 + €2)(14e)n )nez]=

[Larey F1(0G+e) + A+ €)re)(k — 1) + paasepn )i1 <
k < q4e) M E Z].

Hence the case of rational sampling periods {(1+
62)(1+61)}16V1=0 can be reduced to the case of integer sampling
periods {p(1+61)}’6\’1=0=1 by extending the number of LTI systems
involved. For example when N = 1, we have:
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Corollary 3.7: Let N =1 and g = 2 be an integer. Assume
Zy(0(1+¢,),§) EL7[0,2n], 0 < €3 < g — 1,

where  0(14¢) =0+ q—il(el). Then the following are all

equivalent.

(@) There is a series of frames {37-;s,(ty):n € Z}of
e V(e(ty)) for which
Ya=1f(ta) = )
SnezZfiLlf1(o + Zn)sata) Zik f(ta) €
Ya=1V(p(ta)).

(b) There is a series of frames {¥7;su+e,) (ta—n):0< € <
q —1,n € Z}of X1, V(¢(ty)) for which

m q-1

Z fta) = Z > > L N(0asey
d=1

=1€,=0ne€Z

+1)sqrey (fa=m). Z flt) € Z V(p(ta).

© [2¢- Ile(CF(lﬁuel),s"’)IIIO > 0.

Proof : Since

Lif1(o + 5n)in € B ={LIf10urey +n):0< 6 < q -
1,n € Z}, we have a series of shifted symmetric multi-channel
sampling for g LTI systems {L¢14¢) [1:0<¢ < q—1} with
Latep [1= L[] O0<e < qg-1 Then
Ja+e)(€) = ¢(0(1+61) E) 0<e=<gqg-1 and G@)GE)=

(ZH)ZZZI_O|Z¢(0(1+61) ))?>.Hence a; > 0if and only if

||ZZI=10|Z¢(0(1+61),E)|||0> 0. Therefore, Corollary 3.7 is a
consequence of Theorem 3.3.

4. Example
Let oo = Y71 X[0.1)(tq) be the Haar scaling function and
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Z @1(tg) = Z(fpo * @) (tq)
d=1 =

Z X0 (ta) + Z(Z — tadxr2)(ta)

a B-spline of degree 1. Then Y1 91(tg) is a continuous
series of Riesz generators [3], [22] and supgXgl,Cy, (t3) =
SUPR Yn e 7 2q=1 191 (ta +n)|* < oo First we take

N =20 =0, =00+¢); =1(1+¢), =2, and two
LTI systems L[-] and L?[-] with impulse responses Y7\, ; (t;) =
Zglzl)([—?l'o)(td) and Y7Ll (tg) = g’zl)([_l%l)(td). Then it’s

easy to see that

1 1 .

3§) = -7,, 0.8 = E%%(n)e-mf = = (1+3e),
1 1 , '

0:6) = 524, (0.8) = 5= ) Ypm)e~iné = = (1+3e~%)

neR
where Y621 Y(1+e)(ta) = Xa=1 Li+e)@](tq). Hence

911() = 91§ ). 912C) = 91 )eif 1921(§) = g2(¢)
so that (see (4))
;1 |[1+3e% 1-3e¥
G()= [Dg11.Dg12.D921] =7==| 3+ei 3—e¥
16n i .
3+e ¥ 3—e¥
1 [30+ 18cosé 8+ 6isiné
And G(£)'G(§) = (16m)2| 8 —6isiné 30+ 18cos¢
The eigenvalues of G(¢ )*G(¢) are

(16 oz [80 + 18 cos ¢ + /100 — 36 cos? £ ] so that
58

(m)z < ag = 1m)llo < Be = 1Au($)llo = 7~ Hence
by Theorem 3.3, there is a series of frames {371, S(14¢,)(ta —
2n):e; = 0,1,2,3 andn € Z} of the space of linear splines
Y1 V(p1(ty)) for which the following series of asymmetric
multi-channel sampling expansions holds:

if(td) =
d=1
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DD s 15y (eq = 20) + Lu[f1@n + Dsy(eq —2n)

nezd=1
+ LIfI@s;(ta — 200} f € )V (91(t0))

which converges in L?(R) and absolutelyand uniformly on R.

We now take N = 1 and Y74, I(t;) = Xi=,8(ty) so that L[]
is the identity operator. Let g (= 1) be anintegerand 0 <o <
1 Note first that for any fixed

m m
Z tq inR, Z Z(pl(td E) = Z Z (pl(td + n)e—in$ € C[O,ZT[]
d=1 nezd=1
since Zd 191 (tq) has compact support.Hence
Yoz, Car )||L°°[O'2n] <owfor each Y™.,t;in R. Since

Zy(0,8) =0+ (1 - o0)e™ for 0<o < 1]z, (o 5)||O =
2|0 — > and ||Z,, (0.9)||_ = 1. Therefore, by Corollary 3.5, for

any o with 0 < ¢ < 1, there is a series of Riesz bases
e s(ty — n):n € Z}of Y7 V(g (td)) such that
m

PNIOEDY Z fo +m)s(tq—n) z flt) € z V(@)
a=1

nezZd=
ifand only if o ;t E' On the other hand, by Corollary 3.7, for

any q(=2) and any o with 0 <o < é , there is a series of

frames { Y™ 15(1+61)(td -n):0<€ < q—1,n€ Z}such that

Sre=3 3o,

61—0 EZ d=

1) S(rrey) (ta=1) z f(ta) € z V(1 (t)).

As an example we show the followmg Corollary (see [22])
Corollary 3.7: Assume Z;,(2—¢€,§) €L”[0,2n],0<¢; <q —
1, then the following are all equivalent.
(@) There is a series of frames {37.;sn(ty):n € Z}of
e V(e(ty)) for which

(51)
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if(td) = Z i LLf1(2 —¢€)s, (ty), if(td) € i V(p(ty)).
d=1 e ~

nezZd=1
(b) There is a series of frames {Y7L, s(1+¢,) (ta—n):1 €, >0,n €
Z} of Y1, V(e(ty)) for which
a=1f(ta) = Xne 226120 Ya=1LLf I(n— 6)5(1+61) (tq —

n), T, ftg) € Xy V(e(ta)).
©) |Ze,s01Zy(2 - 6,5)|||0 > 0.

Proof: Since

{LIf12—-€e)y={L[fl(n—€): n € Z}. Now we have
{L(1+¢,) [']: €4 > 0} with

La+ey [1= L[] e, > 0. Then Ia+e)(§) = %Zw(Z -
€,8),6,>0 and G(&)*G(E) = — Ye,z0lZyp(2 - e,f)|2. Therefor

(2m)?
ag > 0ifand only if
[Ze,50 1242 —€. 91| o> 0.
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