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 Sharp bounds for weakly 

singular integral inequalities 
On ordered fractional 
differential and integral 
equations 
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Abstract: 
Weakly singular integral inequalities of Gronwall–Bellman 

type are established, that generalized some known weakly 
singular inequalities which can be used in various problems in 
the theory of differential equations, integral equations and 
evolution equations. Applications to fractional differential and 
integral equations with sharp bounds are also shown. 

Keywords: Integral inequality; Weakly singular; Fractional 
differential and integral equations 

Introduction 
The Gronwall type integral inequalities play a dominant role 

in the study of quantitative properties of solutions of differential 
and integral equations (see[1],[2],[3],[4]). The integrals 
concerning this type of inequalities have regular or continuous 
kernels, but some problems require us to solve integral 
inequalities with singular kernels. D. Henry [5] used this type of 
integral inequalities to prove a global existence and an 
exponential decay result for a parabolic Cauchy problem; Sano 
and Kunimatsu [6] gave a sufficient condition for stabilization of 
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semilinear parabolic distributed systems by making use of a 
modification of Henry’s type inequality. Ye, Gao and Ding [7] 
also proved a generalized type of this inequality and used it to 
study the dependence of the solution on the order and the initial 
condition of a fractional differential equation. All this type 
inequalities are proved by an iteration argument and the 
estimation formulas are expressed by a complicated power 
series. Medved෰ [8] presented a new method to solve Henry’s 
type inequalities and got the explicit bounds with a quite simple 
formulas which are similar to the classic Gronwall–Bellman 
inequalities. Qing-HuaMa and Josip Pecුarić in [17] used the 
modification of Medved෰ ’s method to study a certain class of 
nonlinear inequalities of Henry’s type, which generalizes some 
known results and can be used in the study of differential 
equations and integral equations. Some applications of the 
result to fractional differential and integral equations are also 
studied in [17].In addition, we use the method of [17] with 
specific changes in order and show certain estimates. 

Main result 
Let R denote the set of real numbers, ܴା = [0, +∞); ,ܯ)௜ܥ  ܵ) 

denotes the class of all i-times continuously differentiable 
defined on set M with range in the set ܵ (݅ = 1, 2, . . . ) and 
,ܯ)଴ܥ ܵ) = ,ܯ)ܥ ܵ). 

We cite some useful lemmas and definitions as follows: 
Lemma 1: (See [9].) Let ܽ ≥ 0, ݌ = ݍ + ߳ ≥ ≠ ݌ ݀݊ܽ 0  0, 

then set  ߳ଵ = −߳ 

ܽଵା
ചభ
೛  ≤ ቀ1 + ఢభ

௣
ቁ ݇

ചభ
೛ − ఢభ

௣
݇ଵା

ചభ
೛ ≤ ቀ1 + ఢభ

௣
ቁ ݇

ചభ
೛ − ܭ ఢభ

௣
 ݇

ചభ
೛ ≤ ݇

ചభ
೛   

For any ݇ > 0. 
Definition 2: (See [10].) Let [ݕ,ݔ,  be certain ordered [ݖ

parameter group of nonnegative real numbers. The group 
belongs to the first class distribution and is denoted by 
,ݕ,ݔ] [ݖ ∈ ݔ  if conditions  ܫ ∈ (0, ݕ,[1 ∈ ቀଵ

ଶ
, 1ቁ  and ݖ ≥  ଷ

ଶ
−  are ݕ

satisfied; The group belongs to the second class distribution 
and is denoted by [ݕ,ݔ, [ݖ ∈ ݔ if conditions  ܫܫ ∈ (0, ݕ,[1 ∈ (0, ଵ

ଶ
]  

and ݖ > (1 − −ଶ)/(1ݕ2  .ଶ) are satisfiedݕ
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Lemma 3: (See [11]). Let ߙ, ,ߙ2  and p be certain ordered ߙ3
positive constants. Then 

න(ݐఈ−ݏఈ)௣(ଶఈିଵ)

௧

଴

ݏ݀௣(ଷఈିଵ)ݏ =
ఏݐ

ߙ
ܤ ቈ
ߙ3)݌ − 1) + 1

ߙ
ߙ2)݌, − 1) + 1቉ ,

ݐ ∈ ܴା , 
where ߦ]ܤ, [ߟ = ∫ కିଵଵݏ

଴ (1 − ߦℜ) ݏఎିଵ݀(ݏ > 0,   ℜߟ > 0) is the 
well-known B-function and ߠ = ߙ)ߙ2]݌ + 1) − 1] + 1. 

Lemma 4: (See [10].) Suppose that the positive constants 
,ߙ ,ߙ2  :ଶ satisfy conditions݌ ଵ and݌,ߙ3

,ߙ] ݂݅(ܽ) ,ߙ2 [ߙ3 ∈ ଵ݌, ܫ = ଵ
ଶఈ

 ;  

,ߙ] ݂݅ (ܾ) ,ߙ2 [ߙ3 ∈ ଶ݌,ܫܫ = ଵା଼ఈ
ଵା଺ఈ

,   ℎ݁݊ݐ

ܤ ቂ௣೔(ଷఈିଵ)ାଵ
ఈ

ߙ௜(2݌, − 1) + 1ቃ ∈ (0, +∞)  

and 
௜ߠ = ߙ)ߙ௜[2݌ + 1) − 1] + 1 ≥ 0         
are valid for ݅ = 1,2.  
Lemma 5: (See [12].) Let (ݐ) ݂,(ݐ)ݑ,  be (ݐ)and ℎ (ݐ)݃

nonnegative continuous functions on ܴା, and let  ݎ = 1 + ߳ଶ be a 
real number. If 

(ݐ)ݑ ≤ (ݐ)଴ݑ + इ(ݐ) ቎නݑ(ݏ)ݒଵାఢమ(ݏ)݀ݏ
௧

଴

቏

ଵ/(ଵାఢమ)

, ݐ ∈ ܴା, 

then 

නݑ(ݏ)ݒଵାఢమ(ݏ)݀ݏ
௧

଴
≤ ൣ1

− (1 ଵ/(ଵାఢమ)൧(ݐ)ܹ−
ି(ଵାఢమ)

නݑ(ݏ)ݒ଴
ଵାఢమ(ݏ)ܹ(ݏ)݀ݏ

௧

଴

, ݐ

∈ ܴା, 
where 

(ݐ)ܹ = ቌ−න݌ݔ݁ v(s)इଵାఢమ(s)ds
୲

଴

ቍ. 
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Theorem 6: Let (ݐ)ݑ, ,(ݐ)ܽ  be nonnegative (ݐ)݂ and (ݐ)ܾ
continuous functions for ݐ ∈ ܴା. Let ݌ = ݍ + ߳ ≥ 0. If (ݐ)ݑ satisfies 
௣ݑ ≤ (ݐ)ܽ + (ݐ)ܾ ∫ ௧(ଶఈିଵ)(ఈݏ−ఈݐ)

଴ ,ݏ݀(ଷఈିଵ)ݏ ∋ ݐ ܴା ,   (1) 
then for any ܭ > 0 we have 

,ߙ] ݂݅  (݅) ,ߙ2 [ߙ3 ∈  , ܫ
(ݐ)ݑ  ≤ ൜ܽ(ݐ) + ଵܯ

ଶఈݐଶఈ(ఈାଶ)ିଵܾ(ݐ) ൤ࣛଵ
ଵିଶఈ(ݐ)

+ ܭ
ఢభ
௣ܯଵ

ఉ ቂ1− ൫1− ଵܸ(ݐ)൯
ଵିଶఈ

ቃ
ିଵ

 

× ൬∫ ݏ
మഀ(ഀశమ)షభ

భషమഀ
௧
଴ ݂

భ
భషమഀ(ݏ)ࣛଵ(ݏ) ଵܸ(ݏ)݀ݏ൰

ଵିଶఈ
቉ቋ

భ
೛

  (2) 

where 

ଵܯ = ቂହఈିଵ
ఈమ

, ସఈିଵ
ఈ
ቃ (ݐ)ܣ       , = ቀ1 + ఢభ

௣
ቁ ܭ 

ചభ
೛ (ݐ)ܽ  − ఢభ

௣
ଵାചభ೛ܭ  ,  

                ࣛଵ(t) = න݂
ଵ

ଵିଶఈ

ଵ

଴

(s)ܣ
ଵ

ଵିଶఈ(ݏ)݀ݏ 

and 
ଵܸ(ݐ)

= ܭ−ቌ݌ݔ݁
ିఢభ

௣(ଵିଶఈ) ܯଵ

ଶఈ
ଵିଶఈ  නݏ

ଶఈ(ఈାଶ)ିଵ
ଵିଶఈ  ݂

ଵ
ଵିଶఈ(ݏ) ܾ

ଵ
ଵିଶఈ

௧

଴

ቍݏ݀(ݏ) ; 

,ߙ] ݂݅ (݅݅) ,ߙ2 [ߙ3 ∈  ,ܫܫ

u(t) ≤ ൝a(t) + Mଶ

భశలഀ
భశఴഀ t

మഀమ(ఴഀశవ)
భశభలഀ b(t) ൥ࣛଶ

మഀ
భశఴഀ(t) + K

ചభ
౦ Mଶ

భశలഀ
భశఴഀ ൤1−

൫1 − Vଶ(t)൯
మഀ

భశఴഀ൨
ିଵ

× ቀ∫ ఈ(଼ఈାଽ)௧ݏ
଴ ݂

భశఴഀ
మഀ ܾ(ݏ)

భశఴഀ
మഀ ࣛଶ(ݏ)Vଶ(s)dsቁ

మഀ
భశఴഀ

൩ൡ

భ
౦

,

 (3)

where 

ଶܯ = 2 ቈ
1 + ߙ24
1 + ߙ6

,
ଶߙ16

1 + ߙ6
቉ ,   ࣛଶ(ݐ) = න݂

ଵା଼ఈ
ଶఈ

௧

଴

ܣ(ݏ)
ଵା଼ఈ
ଶఈ         ݏ݀(ݏ)

and 



Series M. Mathematical Sciences 

 (129)  

              ଶܸ(ݐ)

= ܭ−ቌ݌ݔ݁
ఢభ(ଵା଼ఈ)

ଶ௣ఈ ଶܯ 

ଵା଺ఈ
ଶఈ  නݏఈ(଼ఈାଽ) ݂

ଵା଼ఈ
ଶఈ ܾ (ݏ)

ଵା଼ఈ
ଶఈ

௧

଴

 .ቍݏ݀(ݏ)

Proof. Define a function (ݐ)ݒ by 
(ݐ)ݒ = (ݐ)ܾ ∫ ఉିଵ௧(ఈݏ−ఈݐ)

଴ ݐ     ,ݏ݀(ݏ)௣ାఢభݑ(ݏ)ଷఈିଵ݂ݏ ∈ ܴା (4)

 then 
(ݐ)௣ݑ                ≤ (ݐ)ܽ +  (ݐ)ݒ

or 

(ݐ)ݑ     ≤ ൫ܽ(ݐ) + ൯(ݐ)ݒ
భ
೛ . (5) 

By Lemma 1 and (5), for any ܭ > 0, we have 

(ݐ)௣ାఢభݑ        ≤ ൫ܽ(ݐ) + ൯(ݐ)ݒ
ଵାఢభ௣

≤ ൬1 +
߳ଵ
݌ ൰  K

ఢభ
௣ ൫a(t) + v(t)൯ −

߳ଵ
݌ ଵାఢభ௣ܭ  . 

Substituting the last relations into (4) we get 

(ݐ)ݑ ≤ ଶఈିଵ(ఈݏ−ఈݐ)න(ݐ)ܾ
௧

଴

ݏ݀(ݏ)ଷఈିଵ݂ݏ ൤൬1 +
߳ଵ
݌
൰K

ఢభ
௣ (a(s) + v(s))

−
߳ଵ
݌

ଵାܭ 
ఢభ
௣ ൨  ݏ݀

         = ଶఈିଵ(ఈݏ−ఈݐ)න(ݐ)ܾ
௧

଴

 ݏ݀(ݏ)ܣ(ݏ)ଷఈିଵ݂ݏ

+ ቀ1 + ఢభ
௣
ቁK

ചభ
೛ b(t)∫ ଶఈିଵ௧(ఈݏ−ఈݐ)

଴  (6) , ݏ݀(ݏ)ݒ(ݏ)ଷఈିଵ݂ݏ

where  (ݐ)ܣ = ቀ1 + ఢభ
௣
ቁK

ചభ
೛ a(t) − ఢభ

௣
ଵାചభ೛ܭ  .   

       If [ߙ, ,ߙ2 [ߙ3 ∈ ଵ݌ let  , ܫ = ଵ
ଶఈ

, ଵݍ  = ଵ
ଵିଶఈ

; ,ߙ] ݂݅  ,ߙ2 [ߙ3 ∈   ,ܫܫ

let ݌ଶ = (1 + 1)/(ߙ8 + ,(ߙ6 ଶݍ = (1 +   then ,ߙ2/(ߙ8
ଵ
௣೔

+ ଵ
௤೔

=
݅ ݎ݋݂ 1 = 1,2 ,and then using Hölder’s inequality with indexes 
 ௜ to (6) we getݍ, ௜݌
(ݐ)ݑ

≤ (ݐ)ܾ ቎න(ݐఈ−ݏఈ)௣೔ (ଶఈିଵ)

௧

଴

቏ݏ݀௣೔ (ଷఈିଵ)ݏ

ଵ/௣೔ 

቎න݂௤೔
௧

଴

቏ݏ݀(ݏ)௤೔ܣ(ݏ)

ଵ/௤೔
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+K
ିఢ
௣ b(t) ቎න(ݐఈ−ݏఈ)௣೔ (ଶఈିଵ)

௧

଴

቏ݏ݀௣೔ (ଷఈିଵ)ݏ

ଵ/௣೔ 

቎න ݂௤೔
௧

଴

቏ݏ݀(ݏ)௤೔ݒ(ݏ)

ଵ/௤೔

.       

By Lemmas 3 and 4, the last inequality can be rewritten as 
(ݐ)ݒ ≤

൫ܯ௜ݐఏ೔൯
భ
೛೔ ࣛ௜

భ
೜೔ (ݐ)ܾ(ݐ) + K

ചభ
೛ ൫ܯ௜ݐఏ೔൯

భ
೛೔ ܾ(ݐ) ቂ∫ ݂௤೔௧

଴ ቃݏ݀(ݏ)௤೔ݒ(ݏ)
భ
೜೔ (7) 

for t ∈ ܴା, where 

௜ܯ = 2 ቈ
ߙ௜ (3݌ − 1) + 1

α
, ߙ௜ (2݌ − 1) + 1቉ ,    ࣛ୧(t)

= න݂௤೔
௧

଴

       ݏ݀(ݏ)௤೔ܣ(ݏ)

and ߠ௜ is given as in Lemma 4 for ݅ = 1, 2. 
Using Lemma 5 to (7), we get 

(ݐ)ݒ ≤ ൫ܯ௜ݐఏ೔൯
భ
೛೔ ࣛ௜

భ
೜೔ (ݐ)ܾ(ݐ) + K

ചభ
೛ ൫ܯ௜ݐఏ೔൯

భ
೛೔ ܾ(ݐ) ൤1− (1 −

௜ܸ(ݐ))
భ
೜೔ ൨

ିଵ

  

× ቆ∫ ݂௤೔(ݏ)൫ܯ௜ݐఏ೔൯
೜೔
೛೔ 

ଵ
଴ ܾ௤೔(ݏ)ࣛ௜(ݏ) ௜ܸ(ݏ)݀ݏቇ

భ
೜೔ 

, (8) 

 where 

௜ܸ(ݐ) = ቌ−K݌ݔ݁
௤೔ఢభ
୮ න݂௤೔(ݏ)൫ܯ௜ݏఏ೔൯

௤೔
௣೔ 

௧

଴

ܾ௤೔(ݏ)݀ݏቍ.                                 

Finally, substituting (8) into (5), considering two situations for 
݅ = 1, 2 and using parameters ߙ,  to denote ߙ3 ݀݊ܽ ߙ2
௜ݍ, ௜݌ ௜ߠ ݀݊ܽ   ݅݊ (8), we can get the desired estimations (2) and 
(3), respectively.  

Remark 7: (i) In (2) and (3), we not only have given some 
new bounds (see [17]) to a class of nonlinear weakly singular 
integral inequalities, but also note that the functions 
 appearing in (2) and (3) are not required to satisfy (ݐ)ܾ ݀݊ܽ (ݐ)ܽ
the nondecreasing condition as some known results [7,8,10]. 
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       (ii) Using the generalized Bernoulli inequality [13] to (2) 
and (3), we can obtain some simpler formulas to the estimates of 
the solutions of (1) as follows (see [17]). 

Theorem ૡ . Let (ݐ)ݑ, ,(ݐ)ܽ ,(ݐ)ܾ ,(ݐ)݂ ݌ = ݍ + ߳ be defined as 
in Theorem 6, (ݐ)ݑ satisfy (1). Then for any ܭ > 0 we have 
,ߙ] ݂݅ (݅) ,ߙ2 [ߙ3 ∈  , ܫ

u(t) ≤ ቊa(t) + Mଵ
ଶఈtఈ(ଶఈାଵ)ାଶb(t) ቈࣛଵ

ଵିଶ஑(t) + K
ചభ
೛ Mଵ

ଶ஑ ୑భ
మಉ

ଵିଶ஑
Vଵିଵ(t) ×

൬∫ ݏ
ഀ(మഀశభ)శమ

భషమಉ
௧
଴ ݂

భ
భషమಉ(ݏ)ܾ

భ
భషమಉ(ݏ)ࣛଵ(ݏ)Vଵ(s)ds൰

ଵିଶ஑
቉ቋ

భ
౦
, (9) 

where  ܯଵ,ࣛଵ(ݐ)ܽ݊݀ Vଵ(ݐ) are defined as in Theorem 6 for 
ݐ ∈ ܴା; 

,ߙ] ݂݅ (݅݅) 2α, 3α] ∈   ,ܫܫ

u(t) ≤ ቐa(t) + Mଶ

భశలಉ
భశరಉ  t

మഀమ(ఴഀశవ)
భశఴಉ b(t) ቎ࣛଶ

మಉ
భశఴಉ(t) + K

ചభ
೛ Mଶ

భశలಉ
భశఴಉ    ×

ቀଵା଼஑
ଶ஑

ቁVଶିଵ(t)ቆ∫ ݏ
మഀమ(ఴഀశవ)

భశఴಉ
௧
଴ ݂

భశఴಉ
మಉ Vଶ(s)dsቇ(ݏ)ଶࣛ(ݏ)

మಉ
భశఴಉ

቏ቑ

భ
౦

, (10) 

where Mଶ, Aଶ(t) and Vଶ(t) are defined as in Theorem 6 for 
ݐ ∈ ܴା. 

Proof. By the generalized Bernoulli inequality [13], we have 

(1 − ௜ܸ(ݐ))
భ
೜೔ < 1 − ଵ

௤೔ ௜ܸ(ݐ)  

or 

       ቈ1− (1 − ௜ܸ(ݐ))
ଵ
௤೔቉

ିଵ

<  ௜V୧ିଵ(t)ݍ

for ݅ = 1, 2, where ௜ܸ(ݐ) is defined as in Theorem 6. 
Substituting the last inequalities into (2) and (3) we can obtain 
(9) and (10) respectively. 

Corollary 9. Let functions (ݐ)ݑ, ,(ݐ)ܽ  be defined (ݐ)݂ and (ݐ)ܾ
as in Theorem 6. Suppose that 

(ݐ)ݑ ≤ (ݐ)ܽ  + (ݐ)ܾ  ∫ ൫ݐ – ൯ݏ 
ଶ஑ିଵ

,ݏ݀(ݏ)ݑ(ݏ)݂ ݐ ∈ ܴା.௧
଴  (11) 

Then we have 
(݅)  ݂݅ α ∈ ቀଵ

ସ
, ଵ
ଶ
ቁ,  
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u(t) ≤
a(t) +
Mଵଵ
ଶ஑t଼஑ିଵb(t) ቂࣛଵଵ

ଵିଶ஑(t) +
୑భభ
మಉ

ଵିଶ஑
Vଵଵିଵ(t)∫ ݏ

ఴಉషభ
భషమಉ

௧
଴ ݂

భ
భషమಉ(ݏ)ܾ

భ
భషమಉ(ݏ)ࣛଵଵ(ݏ)Vଵଵ(s)dsቃ, (12) 

where 

ଵଵܯ              = ܤ ൤1,
4α − 1
2α

൨ ,        ࣛଵଵ(t) = න݂
ଵ

ଵିଶ஑(ݏ)ܽ
ଵ

ଵିଶ஑(ݏ)
௧

଴

       ݏ݀

and 

             ଵܸଵ(ݐ) = ቌ−Mଵଵ݌ݔ݁

ଶ஑
ଵିଶ஑   නݏ

ସ஑ିଵ
ଵିଶ஑

௧

଴

݂
ଵ

ଵିଶ஑(ݏ)ܾ
ଵ

ଵିଶ஑(ݏ)݀ݏቍ 

for  t ∈ Rା; 
(݅݅)  ݂݅ α ∈ (0, ଵ

ସ
ቃ,  

u(t) ≤  a(t) + Mଵଶ

భశలಉ
భశఴಉ  t଼஑b(t) ቈࣛଵଶ

మಉ
భశఴಉ(t) + ଵା଼஑

ଶ஑
Mଵଶ

భశలಉ
భశఴಉVଵଶିଵ(t) ×

∫ ஑௧଼ݏ
଴ ݂

భశఴಉ
మಉ ܾ(ݏ)

భశఴಉ
మಉ  Vଵଶ(s)ds቉, (13)(ݏ)ଵଶࣛ(ݏ)

where 

ଵଶܯ              = ܤ ቈ1,
8αଶ

1 + 6α
቉ ,        ࣛଵଶ(t) = න݂

ଵା଼஑
ଶ஑ ܽ(ݏ)

ଵା଼஑
ଶ஑ (ݏ)

௧

଴

       ݏ݀

and 

            ଵܸଶ(ݐ) = ቌ−Mଵଶ݌ݔ݁

ଵା଺஑
ଶ஑   න଼ݏ஑

௧

଴

݂
ଵା଼஑
ଶ஑ ܾ(ݏ)

ଵା଼஑
ଶ஑  ቍݏ݀(ݏ)

for  t ∈ Rା; 
Proof: (12) and (13) follow by letting ݌ = ߙ = ߙ3 = 1 in 

Theorem 8 and by simple computation.  
Remark 10: Inequality (11) has been studied in [7], but here 

we not only have given some new estimates which are not in 
complicated power series, but also eliminated the 
nondecreasing condition to function ܾ(ݐ) (see[17]). 

Let ݌ = ݌,2 = ߙ = ߙ3 = 1, we can get the following interesting 
Henry–Ou-Iang type singular integral inequality. About Ou-Iang 
type inequalities and their applications we refer to [4]. 
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Corollary 11. Let functions (ݐ)ݑ,  be defined (ݐ)݂ ݀݊ܽ (ݐ)ܾ,(ݐ)ܽ
as in Theorem 6. Suppose that 

(ݐ)ଶݑ ≤ (ݐ)ܽ  + (ݐ)ܾ  ∫ ൫ݐ – ൯ݏ 
ଶ஑ିଵ

,ݏ݀(ݏ)ݑ(ݏ)݂ ݐ ∈ ܴା.௧
଴  (14) 

Then for any  ܭ > 0  we have 
(݅)  ݂݅ α ∈ ቀଵ

ସ
, ଵ
ଶ
ቁ,  

u(t) ≤  ቄa(t) + Mଵଵ
ଶ஑tସ஑ିଵb(t) ቂ ሚࣛଵଵଵିଶ஑(t)ିܭభమ ୑భభ

మಉ

ଵିଶ஑
V෩ଵଵିଵ(t) ×

∫ ݏ
రಉషభ
భషమಉ

௧
଴ ݂

భ
భషమಉ(ݏ)ܾ

భ
భషమಉ(ݏ) ሚࣛଵଵ(ݏ)V෩ଵଵ(s)dsቃቅ

భ
మ, (15) 

 
where 

             ሚࣛଵଵ(ݐ) = ൬
1
2
ܭ
ଵ
ଶ൰

ଵ
ଵିଶ஑

 න݂
ଵ

ଵିଶ஑(ݏ) ൬
(ݏ)ܽ
ܭ

+ 1൰

ଵ
ଵିଶ஑

௧

଴

               ,ݏ݀

             V෩ଵଵ(ݐ) = ݌ݔ݁ ൦−൭
Mଵଵ
ଶ஑

ܭ
ଵ
ଶ
൱

ଵ
ଵିଶ஑

නݏ
ସ஑ିଵ
ଵିଶ஑(ݏ)݂

ଵ
ଵିଶ஑(ݏ)ܾ

ଵ
ଵିଶ஑(ݏ)

௧

଴

 ൪ݏ݀

 
and ܯଵଵ is defined as in Corollary 9 for t ∈ Rା; 
(݅݅)  ݂݅ α ∈ (0, ଵ

ସ
ቃ,  

u(t) ≤ ቐa(t) + Mଵଶ

భశలಉ
భశఴಉ  t

భలಉమ

భశఴಉb(t) ቎ ሚࣛ
ଵଶ

మಉ
భశఴಉ(t)ିܭభమMଵଶ

భశలಉ
భశఴಉ ቀଵା଼஑

ଶ஑
ቁV෩ଵଶିଵ(t) ×

ቆ∫ ݏ
భలಉమ

భశఴಉ
௧
଴ ݂

భశఴಉ
మಉ ܾ(ݏ)

భశఴಉ
మಉ (ݏ) ሚࣛଵଶ(ݏ)V෩ଵଶ(s)dsቇ

మಉ
భశఴಉ

቏ቑ

భ
మ

 (16)

where 

            ሚࣛଵଶ(ݐ) = ൬
1
ܭ2

ଵ
ଶ൰

ଵା଼஑
ଶ஑

 න݂
ଵା଼஑
ଶ஑ ቆ(ݏ)

(ݏ)ܽ
ܭ

௧

଴

+ 1ቇ

ଵା଼஑
ଶ஑

(ݏ)                ,ݏ݀
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             V෩ଵଶ(ݐ) = ݌ݔ݁ ൦−൭
Mଵଶ
ଵା଺஑

ܭ
ଵା଼஑
ଶ

൱

ଵ
ଶ஑
නݏ

ଵ଺஑మ
ଵାଶ஑݂

ଵା଼஑
ଶ஑ ܾ(ݏ)

ଵା଼஑
ଶ஑ (ݏ)

௧

଴

 ൪ݏ݀

and ܯଵଶ is defined as in Corollary 9 for t ∈ Rା; 
Proof: Inequalities (15) and (16) follow by letting ݌ = ݌,2 =

ߙ = ߙ3 = 1 in Theorem 8 and by simple computation.  

Applications: 
We will indicate the usefulness of the results of [17] in the 

study of the boundedness of certain fractional differential 
equations with Riemann–Liouville (R–L) fractional operator and 
Erdélyi–Kober (E–K) operator. 

 Riemann–Liouville derivative and integral, and Erdélyi–
Kober (E–K) operator are defined as below, respectively: 

Definition 12: (See [14].) The fractional derivative of order 
0 < ߙ < 1 of a function ݂(ݔ) ∈  is given by (ܴ,ାܴ)ܥ

(ݔ)ఈ݂ܦ =
1

Γ(1 − (ߙ
݀
ݔ݀

න(ݔ − ఈି(ݐ
௫

଴

 ݐ݀(ݐ)݂

provided that the right side is pointwise defined on ܴା. 
Definition 13. (See [14].) The fractional primitive of order 

ߙ > 0 of a function ݂ ∶ ܴା → ܴ is given by 

(ݔ)ఈ݂ܫ =
1

Γ(ߙ)
݀
ݔ݀

න(ݔ − ఈିଵ(ݐ
௫

଴

 ݐ݀(ݐ)݂

provided the right side is pointwise defined on ܴା. 
 
Definition 14. (See [15,16].) The Erdélyi–Kober fractional 

integral of a continuous ݂ ∶ ܴା → ܴ is defined by 

(ݔ)ఈ݂ܫ =
ఈమ଼ିݔ

Γ(ߙ) න
ଶఈݔ) − ଶఈ)ఈିଵݐ
௫

଴

 (ଶఈݐ)݀ (ݐ)଺ఈమ݂ݐ

with real ߙ > 0, provided the right side is pointwise defined 
on ܴା. 

 
   (I)Consider the following initial value problem of Podlubny 

[14] in terms of the Riemann–Liouville fractional derivatives: 
(ݐ)ݕఈܦ = ݂൫ݐ,  ൯, (17)(ݐ)ݕ
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௧ୀ଴|(ݐ)ݕఈିଵܦ =  (18) ,ߟ
where 0 < ߙ < 1, 0 ≤ > ݐ  ܶ ≤ +∞,݂ ∶  [0, ܶ ) × ܴ → ܴ; and 

 .ఈ denotes R–L derivative operatorܦ
       From the problem (17)–(18) we can get a fractional 

integral equation 
(ݐ)ݕ = ఎ

୻(ఈ)
ఈିଵݐ + ଵ

୻(ఈ)∫ ݐ) − ߬)ఈିଵ௧
଴ ݂൫߬,  ൯ ݀߬,   (19)(߬)ݕ

which is equivalent to the initial value problem (17)–(18) (cf. 
[14]). 

Theorem 15: Let 0 < ߙ ≤ 1  ܽ݊݀  ݂ be continuous and satisfy 
the condition 
|(ݕ,ݐ)݂| ≤ g(t)|y|௣ାఢభ  , (20)

where 0 < ݌ + ߳ଵ  ≤  1 is a constant, g(t) is nonnegative 
continuous function for 0 ≤ ݐ <  ܶ ≤ +∞. Then for any solutions 
 of the initial value problem (17)–(18) (ݐ)ݕ

ߙ ݂݅(݅) ∈ ቀଵ
ଶ

, 1ቁ,  

|(ݐ)ݕ| ≤
|ߟ|
Γ(ߙ) ݐ

ఈିଵ   

+
෩ଵଵఈܯ ଶఈିଵݐ 

Γ(ߙ)  ቈࣛଵ(୮ାఢభ)
ଵିఈ (ݐ) +

෩ଵଵఈܯ௣ାఢభିଵܭ

(1 − (ߙ)Γ(ߙ V෩ଵ(୮ାఢభ)
ିଵ (t)  

× ቀ∫ ݏ
మഀషభ
భషഀ g 

భ
భషഀ(ݏ)௧

଴ ࣛଵ(୮ାఢభ)(ݏ)V෩ଵ(୮ାఢభ)(ݏ)݀ݏቁ
ഀ

భశరഀ
൩  , 0 < ݐ < ܶ ≤

+∞,  (21) 
where 

(ݐ)௣ାఢభܣ           = (୮ାఢభ)|ఎ|
௄భష(೛శചభ)  ୻(ఈ) ݐ

ఈିଵ + ൫1 − ݌)  + ߳ଵ)൯ܭ୮ାఢభ ,  

෩ଵଵܯ  = ܤ ൤1,
ߙ2 − 1
ߙ

൨  ,

ࣛଵ(୮ାఢభ)(ݐ) = න g
ଵ

ଵିఈ

ଵ

଴

୮ାఢభܣ(ݏ)
ଵ

ଵିఈ                                ݏ݀(ݏ)

and 

          V෩ଵ(୮ାఢభ)(ݐ) = ݌ݔ݁ ቎−ቆ
෩ଵଵఈܯ ଵି(୮ାఢభ)ܭ

Γ(ߙ) ቇ

ଵ
ଵିఈ

නݏ
ଶఈିଵ
ଵିఈ g

ଵ
ଵିఈ(ݏ)

௧

଴

቏ݏ݀ ; 

ߙ ݂݅ (݅݅) ∈ (0, ଵ
ଶ
ቃ,  
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|(ݐ)ݕ| ≤
|ߟ|
Γ(ߙ) ݐ

ఈିଵ  

+
෩ଵଶܯ
ଵାଷఈ
ଵାସఈ ݐସఈ

Γ(ߙ) ൦ࣛଶ(୮ାఢభ)

ఈ
ଵାସఈ (ݐ)

+
෩ଵଶܯ୮ାఢభିଵܭ

ଵାଷఈ
ଵାସఈ(1 + (ߙ4

(ߙ)Γߙ V෩ଶ(୮ାఢభ)
ିଵ (t) 

× ቀ∫ ஺ఈgݏ
భశరഀ
ഀ ௧(ݏ)

଴ ࣛଶ(୮ାఢభ)(ݏ)V෩ଶ(୮ାఢభ)(ݏ)݀ݏቁ
ഀ

భశరഀ൩  , 0 < ݐ < ܶ ≤

+∞,  (22) 
where 

෩ଵଶܯ = ܤ ቈ1,
ଶߙ4

1 + ߙ3
቉  ,

ࣛଶ(୮ାఢభ)(ݐ) = න g
ଵାସఈ
ఈ

௧

଴

୮ାఢభܣ(ݏ)
ଵାସఈ
ఈ                 ݏ݀(ݏ)

and 

              V෩ଶ(୮ାఢభ)(ݐ) = ݌ݔ݁ ቎−ቆ
௣ାఢభܭ  
Γ(ߙ) ቇ

ଵାଷఈ
ఈ

෩ଵଶܯ 
ଵାଷఈ
ఈ නݏସఈg

ଵାସఈ
ఈ (ݏ)

௧

଴

 .቏ݏ݀

Proof: From (19) and (20) we have 

|(ݐ)ݕ|              ≤
|ߟ|
Γ(ߙ) ݐ

ఈିଵ +
1

Γ(ߙ) න(ݐ − ߬)ఈିଵ
௧

଴

ห݂൫߬,ݕ(߬)൯ ห݀߬ 

                         ≤
|ߟ|
Γ(ߙ) ݐ

ఈିଵ +
1

Γ(ߙ) න(ݐ − ߬)ఈିଵ
௧

଴

g(߬)|ݕ(߬) |௣ାఢభ݀߬. 

An application of Theorem 8 (ݐ݅ݓℎ ܽ(ݐ) = |ఎ|
୻(ఈ)

(ݐ)ܾ,ఈିଵݐ =
ଵ

୻(ఈ) (ݐ) ݂, =  g(ݐ),݌ = ߙ,1 = ߙ,3 = ߙ ݀݊ܽ 1 = 0) to the last 

inequality yields the desired estimations (21) and (22).  
       (II) Consider the following Volterra type integral 

equations of second kind, involving an E–K fractional integral 
with parameters ߙ,  ,ߙ2 ݀݊ܽ ߙ3
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(ݐ)௣ݕ − ଺ఈమିݐߣ ∫ ൫௧మഀିఛమഀ൯ഀషభ

୻(ఈ)
௧
଴ ߬ଶఈ(ఈାଵ)ିଵݕ௣ାఢభ(߬)݀(߬) =  (23) ,(ݐ)݂

which arises very often in various problems. When (23) is a 
linear equation, i.e., ݌ = 1, the other parameters satisfy some 
conditions and (ݐ)ݕ belong to a space of weighted continuous 
functions, Al-Saqabi and Kiryakova [16] have found the 
solutions of (23) in the explicit form with convolutional type 
integral involving Mittag–Leffler function. Here we give the 
explicit bound of the solutions of nonlinear equation (23) under 
some suitable conditions (see[17]). 

Theorem 16: Let (ݐ) ݂,(ݐ)ݕ ∈ ,0]ܥ +∞), ݌ = ݍ + ߳ > 0 be 
constants and (ݐ)ݕ satisfy (23). Then for any constant ܭ > 0 we 
have 
,ߙ] ݂݅ (݅) ,ߙ2 + 1)ߙ2 [( ߙ3 ∈  , ܫ

|(ݐ)ݕ| ≤ ൜|݂(ݐ)| + |ఒ|ெഥభഀ

୻(ఈ) ݐ
ఈ(ଶఈାଵ)ିଵ ൤ࣛ̅ଵ

ଵିఈ(ݐ) + ܭ
ചభ
೛ |ఒ|ெഥభഀ

(ଵିఈ)୻(ఈ) Vഥଵିଵ(t)  

× ൬∫ ݏ
ഀ(మഀశభ)షభ

భషഀ ௧(ݏ)
଴ ࣛ̅ଵ(ݏ) തܸଵ(ݏ)݀ݏ൰

ଵିఈ
቉ቋ

భ
೛

0 >  (24)  , ݐ

where 

ഥଵܯ =
1

ߙ2
ܤ ቈ

ߙ2)ߙ3 + 1) − 1
ଶߙ2

,
ଶߙ2 − 1

ߙ
቉ ,                                                   

(ݐ)ܣ̅    = ൬1 +
߳ଵ
݌
൰ܭ

ఢభ
௣ |(ݐ)݂| −

߳ଵ
݌
ଵାܭ

ఢభ
௣  ,

ࣛ̅ଵ(ݐ) නࣛ̅
ଵ

ଵିఈ

௧

଴

                ݏ݀(ݏ)

and 

തܸଵ(ݐ) = ݌ݔ݁ ቎−
(1− ܭ(ߙ

ିఢభ
௣(ଵିఈ)

ଶߙ2
ቆ
|ߣ|ഥଵఈܯ
Γ(ߙ) ቇ

ଵ
ଵିఈ

ݐ
ଶఈమ
ଵିఈ ቏ ;                            

,ߙ] ݂݅ (݅݅) ,ߙ2 1)ߙ2 + [(ߙ3 ∈  ,ܫܫ
|(ݐ)ݕ| ≤

൝|݂(ݐ)| +
|ఒ|ெഥమ

భశయഀ
భశరഀ

୻(ఈ) ସఈ(ହఋାଶ)ିଵݐ ൥ࣛ̅ଶ

ഀ
భశరഀ(ݐ) + ௄

ചభ
೛ெഥమ

భశయഀ
భశరഀ(ଵାସఈ)|ఒ|
ఈ୻(ఈ)   

× Vഥଶିଵ(t) ቀ∫ ௧(ݏ)ଶఈ(ସఋାଵ)ିଵݏ
଴ ࣛ̅ଶ(ݏ) തܸଶ(ݏ)݀ݏቁ

ഀ
భశరഀ቉ቋ

భ
೛

0 >  (25) , ݐ
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where 

ഥଶܯ =
1

ߙ2
ܤ ቈ

ߙ12)ߙ2 + 7) + 1
2(1 + (ߙ4 ,

ଶߙ4

1 + ଶߙ3
቉  , ࣛ̅ଶ(ݐ)  නࣛ̅

ଵାସఈ
ఈ

௧

଴

 ݏ݀(ݏ)

 
and 
തܸଶ(ݐ)

= −൦݌ݔ݁
ܭ
ఢభ(ଵାସఈ)

௣ఈ ഥଶܯ
ଵାଷఈ
ఈ

1)ߙ2 + (ߙ4 ቆ
|ߣ|
Γ(ߙ)ቇ

ଵାସఈ
ఈ

                            .ଶఈ(ଵାସఈ) ൪ ݐ

Proof. From (23) we have 
(ݐ)௣|ݕ|

≤ |(ݐ)݂| +
|ߣ|
Γ(ߙ) ݐ

ି଺ఈమන(ݐଶఈ−߬ଶఈ)ఈିଵ
௧

଴

߬ଶఈ(ଷఈାଵ)ିଵ|ݕ|௣ାఢభ(߬)݀(߬). 

An application of Theorem 8 (ݐ݅ݓℎ ܽ(ݐ) = (ݐ)ܾ,(ݐ)݂ =
|ఒ|
୻(ఈ) ݐ

ି଺ఈమ ߙ, = 0 and  ߙ = ଵ
଺
   

to the last inequality yields the desired estimations (24) and 
(25).  

Remark 17: Obviously, the boundedness of the solutions of 
(17)–(18) and (23) cannot be derived by the known results in 
[5–8,10]. 

      Letting  ݌ = 1 in Theorem 16, we can obtain an interesting 
result as follows. 

Corollary 18. Let (ݐ) ݂,(ݐ)ݕ ∈ ,0]ܥ +∞) and (ݐ)ݕ satisfy the 
equation 

(ݐ)ݕ − ଺ఈమିݐߣ ∫ ൫௧మഀିఛమഀ൯ഀషభ

୻(ఈ)
௧
଴ ߬ଶఈ(ଷఈାଵ)ିଵݕ(߬)݀(߬) =  (26)  ,(ݐ)݂

Then we have 
,ߙ] ݂݅  (݅) ,ߙ2 1)ߙ2 + [(ߙ3 ∈  ,ܫ

|(ݐ)ݕ| ≤ |(ݐ)݂| + |ఒ|ெഥభഀ

୻(ఈ)
ఈ(ଶఈାଵ)ିଵݐ ቂࣛ̅ଵ

∗ଵିఈ(ݐ) + |ఒ|ெഥభഀ

(ଵିఈ)୻(ఈ)
Vഥଵ∗ିଵ(t)  

× ൬∫ ݏ
ഀ(మഀశభ)షభ

భషഀ ௧(ݏ)
଴ ࣛ̅ଵ

(ݏ)∗ തܸଵ∗(ݏ)݀ݏ൰
ଵିఈ

቉0 >  (27) , ݐ

 where 
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ഥଵܯ =
1

ߙ2 ܤ ቈ
ߙ2)ߙ3 + 1) − 1

ଶߙ2 ,
ଶߙ2 − 1

ߙ ቉  ,    ࣛ̅ଵ
(ݐ)∗ = න|݂(ݏ)|

ଵ
ଵିఈ݀ݏ

௧

଴

        

and 

തܸଵ∗(ݐ) = ݌ݔ݁ ቎−
1− ߙ
ଶߙ2

ቆ
|ߣ|ഥଵఈܯ
(Γ(ߙ)ቇ

ଵ
ଵିఈ

 ݐ
ଶఈమ
ଵିఈ ቏,                                                    

,ߙ] ݂݅  (݅݅) ,ߙ2 + 1)ߙ2 [( ߙ3  ∈  ,ܫܫ

|(ݐ)ݕ| ≤ |(ݐ)݂| +
|ఒ|ெഥమ

భశయഀ
భశరഀ

୻(ఈ) ఈ(ଵଷఈାସ)ݐ ൥ࣛ̅ଶ
∗ ഀ
భశరഀ(ݐ) + ெഥమ

భశయഀ
భశరഀ(ଵାସఈ)|ఒ|

ఈ୻(ఈ)   

× Vഥଶ∗ିଵ(t) ቀ∫ ௧(ݏ)ଶఈ(ସఈାଵ)ିଵݏ
଴ ࣛ̅ଶ

(ݏ)∗ തܸଶ∗(ݏ)݀ݏቁ
ഀ

భశరഀ቉ ݐ   ,   > 0  , (28) 

where 

ഥଶܯ       =
1

ߙ2
ܤ ቈ

ߙ12)ߙ2 + 7) + 1
2(1 + (ߙ4 ,

ଶߙ4

1 + ଶߙ3
቉  ,

ࣛ̅ଶ
|(ݏ)݂|න (ݐ)∗

ଵାସఈ
ఈ

௧

଴

 ݏ݀(ݏ)

and 
 
തܸଶ∗(ݐ)

= ݌ݔ݁ ൦−
ഥଶܯ
ଵାଷఈ
ఈ

1)ߙ2 + (ߙ4
ቆ

|ߣ|
Γ(ߙ)ቇ

ଵାସఈ
ఈ

                                         .ଶఈ(ଵାସఈ) ൪ ݐ
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