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Sharp bounds for weakly
singular integral inequalities

On ordered fractional
differential and integral
equations

Shawgy Hussein®® and Mohammed Haroon Salih®

Abstract:

Weakly singular integral inequalities of Gronwall-Bellman
type are established, that generalized some known weakly
singular inequalities which can be used in various problems in
the theory of differential equations, integral equations and
evolution equations. Applications to fractional differential and
integral equations with sharp bounds are also shown.
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Introduction

The Gronwall type integral inequalities play a dominant role
in the study of quantitative properties of solutions of differential
and integral equations (see[1],[2].[3].[4]). The integrals
concerning this type of inequalities have regular or continuous
kernels, but some problems require us to solve integral
inequalities with singular kernels. D. Henry [5] used this type of
integral inequalities to prove a global existence and an
exponential decay result for a parabolic Cauchy problem; Sano
and Kunimatsu [6] gave a sufficient condition for stabilization of
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semilinear parabolic distributed systems by making use of a
modification of Henry’s type inequality. Ye, Gao and Ding [7]
also proved a generalized type of this inequality and used it to
study the dependence of the solution on the order and the initial
condition of a fractional differential equation. All this type
inequalities are proved by an iteration argument and the
estimation formulas are expressed by a complicated power
series. Medved [8] presented a new method to solve Henry’s
type inequalities and got the explicit bounds with a quite simple
formulas which are similar to the classic Gronwall-Bellman
inequalities. Qing-HuaMa and Josip Pecari¢ in [17] used the
modification of Medved’s method to study a certain class of
nonlinear inequalities of Henry’s type, which generalizes some
known results and can be used in the study of differential
equations and integral equations. Some applications of the
result to fractional differential and integral equations are also
studied in [17].In addition, we use the method of [17] with
specific changes in order and show certain estimates.

Main result

Let R denote the set of real numbers, R, = [0,+); C!(M,S)
denotes the class of all i-times continuously differentiable
defined on set M with range in the set S(i=12,...) and
C°(M,S) = C(M,S).

We cite some useful lemmas and definitions as follows:

Lemma 1: (See [9].) Let a =20, p=q+€ =20andp # 0,
thenset €; = —¢

RS S(“e_l)k?l_f_lk”?ls (1+ﬁ)k?1—1<6—1k71$k71
p p P P
For any k > 0.

Definition 2: (See [10].) Let [x,y,z] be certain ordered
parameter group of nonnegative real numbers. The group
belongs to the first class distribution and is denoted by

[x.y.z] €I if conditions x € (0,1],y € (3,1) and z > 2 -y are
satisfied; The group belongs to the second class distribution
and is denoted by [x,y,z] € Il if conditions x € (0,1],y € (o,g]
and z > (1 — 2y?2)/(1 — y?) are satisfied.
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Lemma 3: (See [11]). Let a,2a,3a and p be certain ordered

positive constants. Then
t
f(ta_sa)p(m—l) sPBa-1)gs = iB M,p@a —1)+1]|,
: a a
t ER,,

where B[¢,n] = f0155—1 (1 —-3s)""1ds (RE >0, Ry >0) is the
well-known B-function and 6 = p[2a(a + 1) — 1] + 1.

Lemma 4: (See [10].) Suppose that the positive constants
a,2a,3a,p, and p, satisfy conditions:

(a)if [a,2a,3al €1 ,p; = % :

_ 148«

(b) if [a,2a,3a] € I1,p, = Trea’ then
B[EECDE b2 - 1) + 1] € (0,+w)
and

0; =p;[2a(a+1)—-1]+1=>0

are valid fori = 1,2.

Lemma 5: (See [12].) Let u(t),f (t),g(t) and h(t) be
nonnegative continuous functionson R,,and let r=1+¢, be a

real number. If
1/(1+€3)

t
u(t) < uyp(t) +w(t) [f v(s)ultez(s)ds , t €ER,,
then ’
t
f v(s)ul*€2(s)ds
O <[1
t
-(1- W(t)1/(1+62)]_(1+62) f v(s)ué%2 (s)W(s)ds,t
€R,, ’
where

t

W(t) = exp —fv(s)w”eZ(s)ds .
0
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Theorem 6: Let u(t),a(t),b(t) and f(t) be nonnegative
continuous functionsfort € R,. Letp = q + € = 0. If u(t) satisfies

uP < a(t) +b(t) [ (t*—s*)@e-DsGaNgs, ¢ eR,, (1)
then for any K > 0 we have

Q) if [a,2a,3a] €1,

u(t) < {a(t) + MlzatZa(a+2)—1b(t) [Jli_z"‘(t)

+ K%Mf [1-(1- 1/1(1:))1"2"‘]_1

< t 2a(a+2)-1

1 1-2aT\p
fs 1-2a f1—za(s)c/ll(s)V1(s)ds) ]} 2)

5a-1 4a-1

A = (1+ @) Kv a(e) = kM

a? !

Ay () = f 17 () AT=2(s)ds
0

and

Vi (t)
t

—€1 2a 2a(a+2)-1 1 1
= exp —Kkp(-2a) M1 2a fs 1—2a fl—Za(s) bi-2a (s)ds |;

(i7) if [a,2a,3a] € 11,
146@ 542 (ga+9) [ 2a e 1t6a

u(t) < {a(t) + M t 116 b(t) dql+8a(t) + KPM1*e [1 _

Tl

2a 171 148« 148« liga
(1_V2(t))m] x ([ s%®a49) fa (s)b 20 A (s)V;(s)ds ) ”
(3)
where

1+ 24a 16a? () = o )A142-8 (5)d
= = a a
2 1+6a '1+6a| 72 ff S s)as

and
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V> (t)
€1(1+8a) 1t6a 1+8a 1+8a
=exp| —K * M,2* fs“(S‘”g)f 2a (s) b 2a (s)ds |.
0

Proof. Define a function v(t) by
v(t) = b(t) [[(t*—s%)P- 1531 f(s)uP*er(s)ds, tER, (4)

then

uP(t) < a(t) + v(t)

or
u(t) < (a(t) + v(t))5 . 5)
By Lemma 1 and (5), for any K > 0, we have
€1
uP*e(t) < (a(®) +v(®) P
61 6_1 61 1+6_1
< (1+?) K (a(t) + V(D) = X K.
Substituting the last relations into (4) we get
t

2(©) < b(O) Of (temseya-t st s [(1+ 2) K? (a(s) + v(s))

€ €1
-1 K1+P]ds
p

t
= b(t) f(t“—s“)z"“l53“‘1f(s)A(s)ds
0

+ (1 + %) K7 b(t) [y (te—s*)221 341 £(5)p(s)ds (6)

a @
where A(t) = (1 +%1) K a(t) —%1 jaary
1

If [a,2a,3a] €1, letp, =i, TG =5 if [a,2a,3a] € 11,

let p, = (1+8a)/(1+6a),q, = (1+8a)/2a, then §+ ql =
1 fori=12 ,and then using Holder’s inequality with indexes
p; ,q; to (6) we get
u(t)

" Upi ¢ 1/q;
< b(t) f(t“—s“)pi(za—l) sPi (3“_1)ds] [ffqi (s)A%i(s)ds
0 0
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t Upi 1 ¢ 1/q;
—€
+K P b(t) [f (tT—s@)Ppi (2a-1) ¢pi (3a—1)dS] [f £ (s)vi(s)ds
0 0
By Lemmas 3 and 4, the last inequality can be rewritten as
v(t) <

(Mo AT (©b(0) + K (M0 (o) [} £ (yve(s)as] 7)
fort € R,,where
lpi (3(X - 1) +1
a

M; =2 aPi(Za—l)"'ll, A;(t)

t
= ffqi (S)Aqi(s)ds
0

and 6; isgivenasinLemma4fori =1,2.
Using Lemma 5 to (7), we get
1

v(t) < (Mitgi)ﬁoq‘l?_i(t)b(t) + K%(Mitgi)ﬁb(t) [1 -@(1-
1,1
zod

1

ai

x (folf ai(s) (Mt %) bqi(s)ﬂi(s)ms)ds) , @®)

where

t
qi€1

ai
Vi(t) =exp| -K P ffqi(s)(Misgi)ﬁbqi(s)ds .
0

Finally, substituting (8) into (5), considering two situations for
i=12 and wusing parameters a,2aand3a to denote
pi ,q; and 6; in (8), we can get the desired estimations (2) and
(3), respectively.

Remark 7: (i) In (2) and (3), we not only have given some
new bounds (see [17]) to a class of nonlinear weakly singular
integral inequalities, but also note that the functions
a(t) and b(t) appearing in (2) and (3) are not required to satisfy
the nondecreasing condition as some known results [7,8,10].
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(i) Using the generalized Bernoulli inequality [13] to (2)
and (3), we can obtain some simpler formulas to the estimates of
the solutions of (1) as follows (see [17]).

Theorem 8. Let u(t),a(t),b(t), f(t), p = q + € be defined as
in Theorem 6, u(t) satisfy (1). Then for any K > 0 we have
Q) if [a,2a,3a] €1,

€1 20
u(t) < {a(t) + M2ota2a+)+2p(t) lc/l}-m(t) +K? M%“% V() x

1
< t a(a+1)+2 p

1 1 1-2a
fs 1—2a f1—2a(s)b1—2a(s)c/l1(S)Vl(S)dS> ]}, 9)

where M;,A;(t)and V,(t) are defined as in Theorem 6 for
t €ER,;
(ii) if [a,20a,30a] € 11,

14+6& 502 (8g+9) 20 e 16

U(t) < a(t)+M1+4—oct 1+8a b(t) cA1+8a(t)+Kp M1+80c x

1
20

a?(8a+9) 1+ 1+8a
)w1®<fsrm fw(ﬂﬂxﬂwemﬁ )

(1+8a

where M,, A, (t) and V,(t) are defined as in Theorem 6 for
t E R+-
Proof. By the generalized Bernoulli inequality [13], we have
1
(1= V()% < 1= Vi(t)
or

11-1
[1 -1~ Vi(t))q_i] < qVi (1)

for i=1,2, where V;(t) is defined as in Theorem 6.
Substituting the last inequalities into (2) and (3) we can obtain
(9) and (10) respectively.

Corollary 9. Let functions u(t), a(t), b(t) and f(t) be defined
as in Theorem 6. Suppose that

() < a(®) + b(e) [L(t- )" F(s)uls)ds, t € R,. (11)

Then we have

O irae ()
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u(t) <
a(t) +

MZatSa—lb(t) [u‘ll_za(t) +

VI V() ) st fimze (s)biae () ()Va ()], (12)

1-2a
where

4o—1

g _1 _1
Ma=B[15 ] an0= f FTTa(s)aT=7a(s) ds
0

and

40—1

2a
Vi1 (t) = exp | —M] 2 fsl 2a f1- Za(s)bl Za(s)ds
0

for teRy;
(ii) if a € (o,ﬂ
1+6a 1+60

u(t) < a(t) + M1+8a t8ab(t) c/l1+80c(t) + 1+80‘M1+8a\/121(t) x

fotssa f%(s)b%(s)fﬂu(5)V12(5)dsla (13)

where

t
2

8a 1+8a 148«
M].Z =B [1’1 + 6al’ chlZ(t) = ff 2a (S)a 2a (S) ds
0

and

1+6a 14+8a
Vio(t) = exp| —M 2* f 80‘f 7o (s)b 2a (s)ds
0

for te Ry;

Proof: (12) and (13) follow by letting p=a=3a =1 in
Theorem 8 and by simple computation.

Remark 10: Inequality (11) has been studied in [7], but here
we not only have given some new estimates which are not in
complicated power series, but also eliminated the
nondecreasing condition to function b(t) (see[17]).

Letp = 2,p = a = 3a = 1, we can get the following interesting
Henry—-Ou-lang type singular integral inequality. About Ou-lang
type inequalities and their applications we refer to [4].
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Corollary 11. Let functions u(t), a(t),b(t) and f(t) be defined
as in Theorem 6. Suppose that
w2(0) < a(®) + b [{(t-s)"" T fOuls)ds, t R, (14)
Then forany K >0 we have
(i) if a € (1 1)

: i

u®) < {a(t) + METIh0) [AI 0K 2 10 U (1)
f 515 f()bT5(5) Ay ()i ()]} (15)
where
1 t 1

An(t) = (% K%)H“ f 7 (s) (? + 1)m ds,

0

_ M2 1-2a ¢ 4q-1
V@ =ewp |- ) [ SEEG)TRG)TE(S) ds
Kz 5

and M., is defined as in Corollary 9 fort e R,;
(ii) if a € (o,ﬂ,

20( 1 1+6

c/l1+80c(t)K M1+8a (1"'80‘) V12 (t) x

1+60 16a2
u(t) < {a(t) + Mj7% tirsab(t)

< X e fra (s)b 2a (s)dqlz(s)vlz(s)ds>l+8a]} (16)
where
1 1+80c t 1+80c a(s)
() = (K2) f a6 (%
1+8a

2a
+ 1> (s) ds,

(133)



Sudan Journal of Basic Sciences

1

- 1r6a)\2a 1602 148« 148«
Vip(t) = exp |- | —455q fs1+2af 2a (s)b 2a (s)ds
Kz /

and M., is defined as in Corollary 9 fort e R,;
Proof: Inequalities (15) and (16) follow by letting p = 2,p =
a = 3a = 1in Theorem 8 and by simple computation.

Applications:

We will indicate the usefulness of the results of [17] in the
study of the boundedness of certain fractional differential
equations with Riemann-Liouville (R-L) fractional operator and
Erdélyi-Kober (E-K) operator.

Riemann-Liouville derivative and integral, and Erdélyi-
Kober (E-K) operator are defined as below, respectively:

Definition 12: (See [14].) The fractional derivative of order
0 < a < 1ofafunction f(x) € C(R+,R) is given by

1 “ 4
(R f(x—t) F(O)dt

provided that the right side is pomtwise defined on R, .
Definition 13. (See [14].) The fractional primitive of order
a > 0 of afunction f : R, = R is given by
X

Df(x) =

() = oy 3= [ G- 0" e
I['(a) dx
0
provided the right side is pointwise defined on R, .

Definition 14. (See [15,16].) The Erdélyi—-Kober fractional
integral of a continuous f R, — R is defined by

—80:

I'(a)

with real a > 0, prowded the right side is pointwise defined
OnR,.

17 (x) =

f(XZa tZa)a 1t6a f(t) d(tZa)

(NConsider the following initial value problem of Podlubny
[14] in terms of the Riemann-Liouville fractional derivatives:

Déy(t) = f(t,y(®)), 17)
(134)
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D* y(®)|¢=0 =1, (18)
where 0<a<1l 0<t<T <+o,f: [0,T)XR—-R; and
D% denotes R-L derivative operator.
From the problem (17)-(18) we can get a fractional
integral equation

y(©) = st o [[E =D f(1y®) dr, (19)
which is equivalent to the initial value problem (17)—(18) (cf.

14]).
[ 'Ilzleorem 15: Let 0<a <1 and f be continuous and satisfy
the condition
I (&7 < g®lylPrer, (20)
where O0<p+¢ < 1 is a constant, g(t) is nonnegative
continuous function for 0 <t < T < +oo. Then for any solutions
y(t) of the initial value problem (17)-(18)

()if a € (1, 1),
ly(@®)] < il ——t*1

F( ) Vi 2 1 1747
M7 2% KPre—iMy
T T(@ [ i(pre(®) - ar@ Vipren®
2a-1 1+4a
(f si-agi- “(5) Uql(p+el)(5)V1(p+el)(S)dS) ] 0<t<TE<
+00, (21)
where
Apye, (8) = —Kl-(?nglnrl(a) t2 1+ (1— (p +€))KPHe,
20 — 1
M11 =B [1 ] ,
1
Arpren () = f g7 ()AL (s)ds
and
1
_ K 1-(pt+eq) Ma 20—
Vip+e,)(t) = exp _<T> fs 1-agi- a(S) ds|;
0
(ii) if « € (O,ﬂ,

(135)



Sudan Journal of Basic Sciences

InI
ly(@®)] <
T(a) )
1+3ax
Ai71+4 4
M “ “ 1+a4a (t)
F(O{) 2(p+e )
1+3a
1{p+61—1ﬂ41+4a(1 4QQ,V
2_( +e )(t)
al'(a) p
1+aa -~ a
x (fotSAag « (s) qu(p+el)(5)V2(p+el)(5)d5)1+4 ] , 0<t<T<
+00, (22)
where
i, = 5|1 2%
277171+ 3a
1+4a
Asprep () = f g @ ()AL (s)ds
and

1+3«x t

_ Kp+61 a ~1+3a 1+4q
Vaoprey) () = exp —< N(a) > M fS‘w‘g a (s)ds]|.
0

Proof: From (19) and (20) we have
t

) 1 )
O < 15t + 1 f (t =% |f(z.y(@) |dz
In| a- a— +e;
et )f( - D @Iy [P

An application of Theorem 8 (with a(t) = Fl("l)t“ Lb(t) =
ﬁ,f ()= gt),p=1l,a=3,a=1landa=0) to the last

inequality yields the desired estimations (21) and (22).

(1) Consider the following Volterra type integral
equations of second kind, involving an E-K fractional integral
with parameters «, 3a and 2«,
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_Tza)“_

yo(e) - a6 [T ety (a(e) = £(0),(23)

which arises very often in various problems. When (23) is a
linear equation, i.e., p = 1, the other parameters satisfy some
conditions and y(t) belong to a space of weighted continuous
functions, Al-Sagabi and Kiryakova [16] have found the
solutions of (23) in the explicit form with convolutional type
integral involving Mittag-Leffler function. Here we give the
explicit bound of the solutions of nonlinear equation (23) under
some suitable conditions (see[17]).

Theorem 16: Let y(t),f (t) € C[0,+x), p=q+e>0 be
constants and y(t) satisfy (23). Then for any constant K > 0 we
have
@) if [a,2a,2a(1 +3a)] €1,

7 _ €1 va
O < {IF @) + R eeCard=1 [ aie(o) + kr A
1

I'(a) (1-a)(a)

¢ aa+)-1 _ _ 1-a\p
x ( [ e (s) c/ll(s)Vl(s)ds) 0>t (24)
where
7 = 1 B 3a(a+1) -1 2a? -1
17 2a 2a? '« ’

_ €1 € €1
Ar) = (1+%)1<v 1=K,

_ ] _ 1
A, () f AT (s)ds
0

and
—€1 1
_ (1 - a)kr(-a) (MF|A[\1-@ 2a* |
V,(t) =exp|— s @) ti-a |:
(i) if [a,2a,2a(1 + 3a)] € 11,
ly(@®)] <

1+3a

ltaa @
|f(t)| + |Alllzz) t40_’(56+2)—1 |:c/lé+4a(t) + K

€1 14+3a
P M4 (1+4a) 2]
all'(a)

x V(1) (fot s2a(46+1D)-1(5) A, (s)V, (s)ds)1+4“l}p 0>t, (25)
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where
t

i 1 5 20(12a+7)+1 4a? 400 f 1+4a Y
_- 0_'
275, 2(1 +4a) '1+3a?|’ 2 (s)ds

0

zind
V,(t)

€,(1+4a) 143« 1+4a

i a Y

= exp _K e Mz |){| * tZa(1+4a) .

2a(1 +4a) \I'(a)
Proof. From (23) we have
lyIP(t)
< |f(t)| + Fl( l) t~ —6a? f(tZa Za)a 1 2a(3a+1) 1|y|p+61(T)d(T)

An application of Theorem 8 (witha(t) =f(t),b(t) =

1M —6a? a=0and a=1
I'(a) 6

to the last inequality yields the desired estimations (24) and
25).
( R)>emark 17: Obviously, the boundedness of the solutions of
(17)—(18) and (23) cannot be derived by the known results in
[5-8,10].

Letting p = 1in Theorem 16, we can obtain an interesting

result as follows.

Corollary 18. Let y(t),f (t) € C[0,+o0) and y(t) satisfy the
equation

y(0) - 2o [ ety (a@) = £, (26)
Then we have
Q) if [a,2a,2a(1 + 3a)] €1,

AlME 41— AlM Vi
|y(t)| < |f(t)|+|rl( )1ta(2a+1) 1[(/111 a(t) | |)F1( ) 1 1(t)

x ( (L ) (s)V*(s)ds)l_al 0>t @7)
0 1 1 '

where
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_ 1 [3aa+1)—1 2a%-1
M B

_ ‘ 1
,ﬂﬂﬂ=ﬁﬂmes
0

125 2a2 "«
and
_ 1
_. 1—a (M2 \1-¢ 2a%
Vi(t) = exp "2 \ T @ T-a |,

(ii) if [@,2a,2a(1 +3a)] €11,

iltaa e
|y(t)| S |f(t)| + |/1|M2 ta(13a+4) |:c/l21+4-a(t) +

14+3a
My (1+4a)|A|

al'(a)

I'(a)

X vz*_l(t) (fot Sza(4a+1)—1(s) cfiz (S)VZ*(S)dS)HW

l , t=>0, (28)

where

_ 1 [2a(12a+7)+1 4a?
27 2a 2(L+4a) '1+3a?
t

_ 1+4a
ﬂﬂﬂfV@NT*@Ms
and ’

V3 (t)
1+3a 1+4a

=exp|— Mz ¢ |){| * t 2a(1+4a)
2a(1+ 4a) \I'(a) '
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