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Lie Group invariant-solution for
minimal surface equation

Abubaker A. M Ali,® Mohammed Ali Bashir®® and Emaddadean
A. Abdurahim®

Abstract:

One of the typical applications of Lie symmetry methods in
the study of differential equations is the searching for
symmetry-invariant solutions. We will present a review of some
of the principal techniques related to this idea to obtain
invariant solution of nonlinear second order PDE, and we will
focus on minimal surface equation (MSE).

Keywords: group invariant solution, Lie group method of
transformations, minimal surface equation, optimal
system.

1 Introduction:

One of the most important discoveries of Sophus Lie, in
differential equations is to show that, it is possible to transform
non-linear conditions in a system, to linear conditions, by
infinitesimal invariants, corresponding to the symmetry group
generators, of the system [1].

The most powerful tools for studying differential equations
(DEs), either ordinary or partial, is provided by the theory of
symmetries (see Refs. [2, 3,4, 5, 6,7, 8,9, 10, 11, 12, 13, 14, 15,
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16]). Symmetries of DEs are (finite or infinitesimal)
transformations of the independent and dependent variables
and derivatives of the latter with respect to the former, with the
further property of sending solutions into solutions.

In fact, the original purpose of what we now call Lie group
symmetry was to use continuous groups to solve differential
equations (ordinary and partial).

The history of minimal surfaces begins with J. L. Lagrange.
Lagrange developed his algorithm for the calculus of variations,
an algorithm which is also applicable in higher dimensions and
which leads to what is known today as the Euler-Lagrange
differential equation.

2 Lie point symmetry of MSE:

Minimal surfaces are defined as surfaces with zero mean
curvature. Consider the following nonlinear second order PDE
as MSE

(1 + ud)uy, — 2u,uyu,, + (1 +ud)u,, = 0 D
which will be written in the form:
Fx, t,u®) = (1 +ud)uy, — 2uuy,u,, + (1 +u?)u,, &)

Equation (2) has Jacobian matrix with maximal rank one of
the form:

Jr =
(0,0,0, 2,1y, — 2UyUyy, 2Uy Uy — 2Udlyy, 1+ U3, —2u,u, 1+
uz). ®)

Now we will have the following symmetry condition
M*(2u,uy,, — 2uyu,,) + Y (2uyu,, — 2uu,,) + (1 +u2) +
MY (-2u,u,) + MY(1+u2) =0 4)

where MSE (1) hold

After substituting the expressions I* ,I17 , I1** , I*Y and MY

into (4), this becomes

(nx + (nu - fx)ux — P Uy — Puux Uy — fuuyzc)(zuxuyy - Zuyuxy)
+

(ny + (nu - (Py)uy — Uy fy - fuuy Uy — <Puu§) (Zuyuxx - Zuxuxy)
+

(nxx + (anu - fxx)ux + (nu - fo)uxx + (nuu - fou)uyzc -

PxxUy — Z(quuy Uy — PulyUyy — Pyyy uyzc - fuuuysc - Z(quyx -
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2(puux Uyy — 3€uux Upx )(1 + uf,) +(nxy + (nuy - fxy)ux +
(nux - (ny)uy - fuyuyzc + (nuu - fux - (Puy)ux Uy — (Puxugf -
fyuxx + (nu — Py — fx)uxy_(pxuyy - fuuy Uyy — 2(puuy Uyy —
quux Uyy — PyulUxUyy — fuuuyzcuy — Puulx u?/)(_zuxuy) +
(Myy + 2Ny — @yy )y + (1 — 200y Juyy + (uu — 2000y U5 —
fyyux - zfuyux u, — fuux Uyy — fuuux uf, - (puuu; - zfyuxy -
28Uy Uyy — 3Quuy Uy, )(1+uz) =0 (5)
by rearrange (5), and using MSE (1) when it is necessary we
get the following polynomial equation in the variables
u, ,uy,u,zc uf,
Max + Nyy + (anu - fxx - fyy)ux + (Znuy — Pyy — (Pxx)uy
+(nuu+nyy - fou)uyzc + (nxx T Nuu — Z(Puy)ugf
—Z(ny TPyt fuy)uy Uy — (fyy + fuu)ui - ((pxx + (puu)u;
+(2(ny - fxx - fuu)ux uf, + (foy — Pyy — (Puu)uy uyzc
+ 2((Py - nu)uxx
+2(€x - nu)uyy - 2((px + fy)uxy + Z(ny + (pu)uy Unx
+2(1y + EDU Uy, — 2(1y + @)Uy Uy, — 2(y + DUy Uy, =0
6
which all coefficients should be equal to zero. Thereft()r)e, we
have the following linear system of partial differential equations
for functions &, and ¢ of the infinitesimal operator, called the
determining equations for the symmetry group of the given
equation:
Table 1: determining equations of MSE

znxu - fxx - fyy =0 Myx + Nyy = 0 znuy T QPyy — Prx = 0
Nuu*tNyy — 2§, =0 Pxxt Py =0 Nyy T Qxu + fuy =0
Z(ny_fxx_fuuzo $x—Mu=0 fyy"'fuu:O
283y = Pyy =~ Puu =0 Py —Mu =0 @x+$y =0
nxx+nuu_2¢uy:0 ny+(Pu:0 Nx+$u=0

solving the system of PDEs in Table 1, we will have the
following general solution

§(x,y,u) = c4x—c1y + csu+ ¢, (7)
o(x,y,u) = c1x+cyy + cau+c3, 3)
n(x,y,u) = —csx — ¢y + cqu + ¢y, 9)
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where c; € R ,i =1,...,7 are arbitrary constants. Then the Lie
algebra of infinitesimal generators of MSE (1) is spanned by the
seven vector fields

_a _a _a d d
17 ax’ 27 9y 37 ou’ 4_x6y Yox

S RV NSNS N IR ST RO
V5—u£—x£,V6—ua—y You V7—xax+yay+uau(10)

These vector fields represent a basis for the 7-parameter
symmetry vector field. And they produce a Lie algebra space &
with the following commutator( Lie bracket) Table:

Table 2: the commutator table

viv)] Vi Vv, Vs Vs Vs Ve v,
vy 0 0 0 Vv, —V; 0 v,
Vv, 0 0 0 -V, 0 —V; Vv,
Vs 0 0 0 0 vy Vv, Vs
V, -V, vy 0 0 —V, Vs 0
Vs V3 0 -V, Ve 0 —V, 0
Ve 0 Vs -V, —Vs A 0 0
Vv, -V, -V, -V 0 0 0 0

3 Transformation for group invariant solutions of
MSE

To obtain the group transformation which is generated by the
infinitesimal generators V; fori = 1,...,7 we need to solve the
three systems of first order ordinary differential equations

(29 = g(x(s), ¥(s). 1(s)), %(0) = x
= @i(X(s), ¥(s), u(s)), y(0) =yi=1,..7 (11)

ay(s)
as
ou N N _
29 = (7). 3(5). 14(s)). w(0) = u
By solving this system of ODEs, the one parameter group of
G;(s):M - M generated by V; fori = 1,...,7 is obtained.

For instance consider V; = % its associated system is given
by

x'(s)=1, y'(s) =0, u'(s)=0 (12)
Now by integrating this system we get
x(s)=s+A, y(s) = B, u(is)=c (13)
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where A,B,C are constants. Using initial condition
x, t,u)|s=o = (x,t,u)wefindAd=x, B=y, C=u then

(x,y,u)=(s+x,y,u) (14)
Take another example, for instance V4 = xaiy — y% where
x'(s) = -y, y'(s) =% u'(s)=0 (15)

differentiating x'(s) = —y with respect to s and substitute
y'(s) = xon it, we get

x'(s)+x(s)=0 (16)
then integrating it, we find
X = A cos(s) + Bsin(s) an

where A, B are constants, using initial data condition x(0) =
x, one can get A=x, and to get B, differentiate (17) with
respect to s and substitute x'(s) = —y we find B = —y, then
substituting A4, B into (17) we obtain

X = x cos(s) — y sin(s), (18)
similarly
y =ycos(s)+xsin(s), u=u (19)

thus form (18) and (19) we have the transformation
(x,y,u) = (x cos(s) — ysin(s),y cos(s) + xsin(s) ,u) (20)
which is a transformation of the original variables that
preserves the equation, and so on.
All the calculations are summarized as following.
Gl: (x!y’u) i (x + s’y’u)
G2 (x,y,u) » (x,y +s,u)
G3: (x!y’u) g (x’y!u + S)
Gy (x,y,u) » (x coss —ysins,ycoss+ xsins,u)
Gs.(x,y,u) » (usins—xcoss,y,ucoss+ysins) (21)
Ge:(x,y,u) » (x,ycoss—usins ,ucoss+ ysins)
G, (x,y,u) » (xe’,ye’, ue)
now, if u= f(x,y) is one solution of MSE (1), then the
following functions that have been produced through acting
G;(s) onu = f(x,y) will also be the solution of MSE (1).
Gi(s) - f(x,y) =f(x—s,y)
GZ(S) f(an’) = f(x’y _S)
G3(S) f(an’) = f(an’) +s
Gu(s) f(x,y) =f(xcoss—ysins,y cos s+ xsins) (22)
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(Gs(s) - f(x,y)) coss+ysins=f ((GS(S) f(x,y)) sins —

X COS S,y )

(Go(s) - f(x,y)) cos s +ysins = f(x,y cos s — (Gg(s) -
f(x,y))sins)

G7(s) - f(x,y) = e’f(xe™*, ye™) (23)

4 Optimal system of one-dimensional subalgebras of
MSE

Given a nonzero vector

V= a1V1 + a2V2 + a3V3 + a4V4 + a5V5 + a6V6 + a7V7
(23)

which depends on the seven arbitrary constants a4, ...,a; € R;

to construct an optimal system of one-dimensional
subalgebras of the Lie

algebra g we follow the method used by Olver [14] in adjoint
representation

2 3
Ad(eVyv; =v; = s[v, v + S |vi [V vyl - 5 [Vi’ valve Vi]]] "
(24)
where the commutator of V; and V; is defined in Table 2. For
illustration we show calculations in the following examples:

Ad ((eSV4))
—s[Vy Vil +3 [V4, [V4,V1]] — [V4 [Va, [V4,V1]]]
—V1+SV2_—V1 V2+ V1+ VZ

S4 33 S5
=vi(1-5+5-- )+V2(S_§+E_'")
=V, cos(s) + V,sin(s) (25)
Ad (V) V, =
S2 33
Va = sV, Vol + 5 [V, V4 V1] - S Vs, [V, [V7,V2]]] +o =V, +
S2 33 . S4 33 S4
SV + SV + SV, + SV, —V2(1+s+2.+;+z+---)=
Vzes (26)

and so on.
All the calculations are summarized in Table 3.
Table 3: adjoint representation
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Ad vy v, Vs
Vy Vy £ V3
v, Vq V, V3
V3 Vq V, V3
V 2 V1 cos(s) + V,sin(s) V,cos(s) — Vysin(s) V3
V5 Vicos(s) — Vssin(s) ]/'2 V3cos(s) + Vysin(s)
V6 vV, V,cos(s) — Vysin(s) V3cos(s) + V,sin(s)
V7 Vl e’ V2 e’ V3 e’

Ad Vs Vs Ve v,
V1 V4, — SV2 V5 + SV3 V6 V7 — SVl
VZ V4, + SVl V5 V6 + SV3 V7 — SV2
V3 V4, V5 — SVl V6 — SV2 V7 — SV3
V, V, Vscos(s) + Vgsin(s) Vecos(s) — Vgsin(s) vV,

Vs V,cos(s) — Vgsin(s) Vs Vecos(s) + Vysin(s) vV,
Ve Vicos(s) +Vgsin(s)  Vscos(s) — Vysin(s) Ve vV,
V7 Vy Vs Ve vy

It remains to use the adjoint table to simplify as much as
possible the

constants in equation (23). If V is given as in (23), and assume
a; = 1 then

V=Y7_,a;V;= Ad(exp(aV,)) - Ad(exp(BVs))V (27)
This means referring to Table 3, we firstly act on (23) by
Ad(exp(aVy,)) to obtain

V = (ajcos(a) — aysin(a))V, + (aysin(a) + aycos(a))V, +
azV
+3;l43i/4 + (ascos(a) — agsin(a) Vs + (assin(a) + agcos(a))Vq +
vV, (28)
acting on (28) by Ad(exp(BVs)) we obtain
V= (cos(ﬁ)(alcos(a) — aysin(a)) + a3sin(ﬁ)) V,+
(aisin(a) + azcos(a))V, + (—sin(ﬁ)(alcos(a) — azsin(a)) +
a3cos(ﬁ)) V3 +
(a4cos(ﬁ) + sin(B)(assin(a) + a6cos(a))) Vy+ (ascos(a) —
agsin(a))Vs + cos(B)(@s)Ve + a;V, (29)
This has the coefficients
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a, = (cos(ﬁ)(alcos(a) — azsin(a)) + a3sin(3))

a; = (aysin(a) + azcos(a)) (30)
d, = cos(B)(assin(a) + agcos(a))
if we assume cos(B) = 0 and cos(a) = — alsm(“), This implies

a, = dg = 0 and a; # 0. We can now suppose d; = 1, thus, V
is equivalent to the vector
V=V +a3Vs+a,Vy+asVs+V, (31)
acting on (31) by Ad(exp(sV)) we obtain
V=V, +dzcos(s)V; + (dycos(s) — dssin(s))V, + (Aysin(s) +

dscos(s))Vs + V5 (32)
Let cos(s) = 0 then V3 in ¥V vanish. We get
f/ = V1 + E4V4 + 55V5 + V7 (33)

Continuous acting on (33) by the group generated by Vsand
V4 we have

V4 and Vg in V vanish. No further simplifications are
possible, as such V is equivalent to V{ + V. If we now suppose
a; = a; = 0, we have

V= a2V2 + a3V3 + a4V4 + a5V5 + a6V6 (34)
We can now assume ag # 0 and suppose ag = 1. This gives
V=a,V,+azVz+a,Vy+azVs+Vg (35)

Acting on V by adjoint maps generated by V, and V3. Namely
Ad(exp(—a3V,)) and Ad(exp(a,V3)) assuch V3 and V, in
V vanish. So that

V= ﬁ4V4 + ﬁ5V5 + V6 (36)
By acting on ¥ by the group generated by V, we obtain
V =a,V, + (@ cos(s) — sin(s))Vs + Vg (37)

Let d5cos(s) = sin(s) then Vy vanish. We find that V is
equivalent to a

multiple of V¢ + aV,, a € R. If we now take ag = 0 in (34) we
have

V= a2V2 + a3V3 + a4V4 + a5V5 (38)
We can now assume as # 0 and suppose as = 1. This gives
V= a2V2 + a3V3 + a4V4 + V5 (39)

Acting on V by adjoint maps generated by V;. i.e.
Ad(exp(—a3V4)) as such V3 in V vanish. So that
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V=a,V, +a,V,+ Vs (40)
Acting on V by Ad <exp (Z—2V1)> therefore V, vanish.
4

Continuous acting on
V by Ad(exp(sVs)) we have
V = (a4 cos(s) — sin(s))V, + Vs (41)
Let @, cos(s) =sin(s) then V, vanish. This means V is
equivalent to Vs.
If we now take as = 0 in (37) we have

V=a,V,+a3V;+a,V, (42)
We can now assume a4 # 0 and suppose a4 = 1. This gives
V= a2V2 + a3V3 + V4_ (43)

Acting on V by adjoint maps generated by V;. i.e.
Ad(exp(a,V,)) as such V, in V vanish, and acting on V by
Ad(exp(sV;)) we obtain V = aze’V; +V,. Depending on the
sign of a3, we can make the coefficient of V; to be either
+1,1 or 0. Therefore V is equivalentto V4 + V3, V4, — V3 or V,. If
we now take a4, = 0 in (42) we have

V= a2V2 + a3V3 (44)
We can now assume a3 # 0 and suppose a; = 1. This gives
V= a2V2 + V3 (45)

Acting on V Dby adjoint maps generated by V;. i.e.
Ad(exp(a,V,)) as such V, in ¥ vanish. Therefore V is equivalent
to V.

The only remaining case is if a3 =0. This means V is
equivalent to V.

The set of one-dimensional optimal system for (10) is given
by following vector fields:

V1+V7, V6+aV4, V5,V4+V3, V4_V3, V4,V2,aER (46)

Note: we can get more examples of optimal system by
different calculations

5 Construction of invariant solutions for MSE

In this section we begin by discussing the classical notion
of a group-invariant solution, which includes many of the
common special solutions to partial differential equations,
such as similarity solutions, travelling wave solutions, etc.
we focus on similarity solution for MSE.
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Now we will begin illustrating the construction of invariant
solutions corresponding to the symmetry generators.

The symmetry variables are found by solving the invariant
surface condition

—v=¢l il _n=
¢=V—fax+(pay n 0 (47)
or the corresponding characterstic equations
dx dy _du
@d_y_du 48
§ o 1 (48)
1. Invariance under The operator:
a
Va=35, (49)
This operator has the characteristic system
dx _dy _ du
o 1 o (50)

There are two linear equations that can be formed from the
above charac-
teristic system. The first equation is

dx _ dy
o1 1)

Integrating the above equation yields x = C; where C4 is a
constant of inte-gration. Hence, one of the invariants is

T=Xx (52)
If we check for the invariant T we have
_ ay ox _
V() =3 == (53)

This operator satisfies the invariant condition.
Similarly, the integration of the equation

dy _ du
T 0 (54)

yields u=C, where C, is the constant of integration.
Therefore the second

invariant is
J=u (55)
Similarly, check for the invariant J we have
a
V()= =5=0 (56)

which also satisfied the invariant condition. Designating one
of the invariants as a function of the other, that is

J=1z(z) (57)
we obtain
u=z(x) (58)
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Taking derivative of equation (58) with respect to x and y we
obtain

Uy =2, Uy, =2", Uy =0 u,=0 u,,=0 (59)
Setting the above derivatives into the MSE (1) we obtain
"o d*z —

which is a second order ordinary differential equation,
where a prime denotes differentiation with respect to the
similarity variable t.

with a solution given by

z(t) = at + b, a, b are constant (61)
and consequently the group invariant solution is given by
u(x,y)=ax+5»b (62)
Invariance under the operator:
_ d d d
VitV =@+ o+y+u (63)

This operator has the characteristic system
dx _dy _ du
x+1 y T u (64)

There are two linear equations that can be formed from the
above charac-

teristic system. The first equation is
dx _dy (65)
x+1 y

Integrating the above equation yields x—;l = €4 Where €4 is

constant of inte-gration. Hence, one of the invariants is

= "_;1 (66)
If we check for the invariant J; we have
] ] ] 9(*7)
Wy +V)@) =+ DL +yd +usl=(x+1) -2
o), . 5 1 1
y Yy —_ — — —_ =
+y P +u—> —(x+1)y (x+1)y+0 0 (67)

This operator satisfies the invariant condition.Similarly, the

integration of the equation

dy _ du
Y= (68)

yields u = C,y where C, is the constant of integration.

Therefore the second
invariant is

(121)



Sudan Journal of Basic Sciences

J=3 (69)
Similarly, check for the invariant J we have
u a u
Wi+ V() =+ DPZ+y v ull=(x+1) - i ) +y 2 ( ).
P
u%= —’;‘+’;‘:0 (70)

which also satisfied the invariant condition. Designating one
of the invariants as a function of the other, that is

J =z(7) (71)
we obtain
g =z(ty) = u = yz(7) (72)

Taking derivative of equation (71) with respect to x and y we
obtain

" TZ”

U, =2z, Uy, = T Uy =T Uy S —tZ' +2, Uy, = e
Setting the above derivatives into the MSE (1) we obtain

1
}%(1 + (—tz' +2)?)z" + i 2tz (—12' + 2)z"" + ;12(1 +2'%)z" =0

i[(l + (—12' + 2)?) + 217/ (~t2' + 2) +2(1+2'%)]z" =0

[1+22 +7%2]2'=0 > 2z'=0 = (t)=atr+b,a,be R(74)
and consequently the group invariant solution is given by

§=a(x—;1)+b = u(x,y) =a(x+ 1)+ by (75)
and

1+ z? +12:0=1+(§)2 +(%1)2:0='

yr+u? +(x+1)2=0 (76)

also solution which satisfies MSE (1).
By this form we can get all invariant solutions of optimal
system in (46).

6 Conclusions:

In this paper, we have studied MSE by investigating a
nonlinear PDE using the Lie symmetry group method. We
derived the Lie point symmetry generators of the nonlinear
MSE. By classifying the Lie point symmetry generators, then we
obtained the optimal system of one-dimensional subalgebras of
the Lie symmetry algebra of the MSE. Next we used them to
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reduce the underlying MSE to a system of ODEs. group-
invariant solutions of MSE are constructed from the reduced
ODEs.

As the complexity of the equations under investigation
increased, so recently the most amounts of the calculations
involved are made by a computer algebra system employed for
that task.
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