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Abstract: 
One of the typical applications of Lie symmetry methods in 

the study of differential equations is the searching for 
symmetry-invariant solutions. We will present a review of some 
of the principal techniques related to this idea to obtain 
invariant solution of nonlinear second order PDE, and we will 
focus on minimal surface equation (MSE). 
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1 Introduction: 
One of the most important discoveries of Sophus Lie, in 

differential equations is to show that, it is possible to transform 
non-linear conditions in a system, to linear conditions, by 
infinitesimal invariants, corresponding to the symmetry group 
generators, of the system [1].  

The most powerful tools for studying differential equations 
(DEs), either ordinary or partial, is provided by the theory of 
symmetries (see Refs. [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 , 15, 
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16]). Symmetries of DEs are (finite or infinitesimal) 
transformations of the independent and dependent variables 
and derivatives of the latter with respect to the former, with the 
further property of sending solutions into solutions.  

In fact, the original purpose of what we now call Lie group 
symmetry was to use continuous groups to solve differential 
equations (ordinary and partial). 

The history of minimal surfaces begins with J. L. Lagrange. 
Lagrange developed his algorithm for the calculus of variations, 
an algorithm which is also applicable in higher dimensions and 
which leads to what is known today as the Euler-Lagrange 
differential equation. 

2 Lie point symmetry of MSE: 
Minimal surfaces are defined as surfaces with zero mean 

curvature. Consider the following nonlinear second order PDE 
as MSE 
൫૚ + ࢛࢟૛൯࢛࢞࢞ − ૛࢛࢛࢛࢞࢟࢞࢟ + ൫૚ + ࢛࢞૛൯࢛࢟࢟ = ૙  (1) 

which will be written in the form: 
,൫࢞ࡲ ࢚,࢛(૛)൯ = ൫૚ + ࢛࢟૛൯࢛࢞࢞ − ૛࢛࢛࢛࢞࢟࢞࢟ + ൫૚ + ࢛࢞૛൯࢛࢟࢟  (2) 

Equation (2) has Jacobian matrix with maximal rank one of 
the form: 
ࡲࡶ =
൫૙,૙,૙,૛࢛࢛࢞࢟࢟ − ૛࢛࢛࢟࢞࢟,૛࢛࢛࢟࢞࢞ − ૛࢛࢛࢞࢞࢟,૚ + ࢛࢟૛,−૛࢛࢛࢞࢟,૚ +
࢛࢞૛൯.  (3) 

 Now we will have the following symmetry condition 
મܠ൫૛࢛࢛࢞࢟࢟ − ૛࢛࢛࢟࢞࢟൯ + મܡ൫૛࢛࢛࢟࢞࢞ − ૛࢛࢛࢞࢞࢟൯+ મܠܠ൫૚ + ࢛࢟૛൯+
મܡܠ൫−૛࢛࢛࢞࢟൯+ મܡܡ൫૚ + ࢛࢞૛൯ = ૙ (4) 

 where MSE (1) hold                                          
After substituting the expressions મ࢞ ,મ࢟ ,મ࢞࢞ ,  મ࢞࢟ and મ࢟࢟ 

into (4), this becomes 
൫ܠࣁ + ܝࣁ) − − ࢛࢞(࢞ࣈ ࣐࢛࢞࢟ − ࣐࢛࢛࢞ ࢛  ࢟ − ૛൯൫૛࢛࢛࢛࢛࢞࢟࢟࢞ࣈ − ૛࢛࢛࢟࢞࢟൯

+ 
൫ܡࣁ + ൫ܝࣁ −࣐࢟൯࢛࢟ − ࢟ࣈ ࢛࢞ − − ࢛࢞ ࢛࢛࢟ࣈ ࣐࢛࢛࢟૛൯൫૛࢛࢛࢟࢞࢞ − ૛࢛࢛࢞࢞࢟൯

+ 
൫࢞࢞ࣁ + (૛࢛࢞ࣁ − + ࢛࢞(࢞࢞ࣈ ࢛ࣁ) − ૛࢞ࣈ)࢛࢞࢞ + ࢛࢛ࣁ) − ૛࢛࢞ࣈ)࢛࢞૛ −
࣐࢛࢞࢞࢟ − ૛࣐࢛࢛࢞࢟ ࢛࢞ −࣐࢛࢛࢟ ࢛࢞࢞ − ࣐࢛࢛࢛࢟ ࢛࢞૛ − ૜࢛࢛࢛࢞ࣈ − ૛࣐࢛࢞࢟࢞ −
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૛࣐࢛࢛࢞ ࢛࢟  ࢞ − ૜࢛࢛࢞ࣈ ࢛࢞࢞ ൯൫૚ + ࢛࢟૛൯ +൫࢟࢞ࣁ + ൫ܡܝࣁ − + ൯࢛࢞࢟࢞ࣈ
൫࢛࢞ࣁ − ࣐࢞࢟൯࢛࢟ − ૛࢛࢛࢞࢟ࣈ + ൫࢛࢛ࣁ − ࢛࢞ࣈ − ࢛࢟ ൯࢛࢞ܡܝ࣐ − ࣐࢛࢛࢞࢟૛ −
+ ࢛࢞࢞࢟ࣈ ൫࢛ࣁ − ࣐࢟ − − ࢛࣐࢟࢟࢞– ൯࢛࢞࢟ܠࣈ − ࢛࢞࢞ ࢛࢛࢟ࣈ ૛࣐࢛࢛࢟ ࢛࢞  ࢟ −
૛࢛࢛࢞ࣈ ࢛࢞࢟ −࣐࢛࢛࢞ ࢛࢟࢟ − ૛࢛࢛࢛࢛࢞ࣈ  ࢟ − ࣐࢛࢛࢛࢞ ࢛࢟૛൯൫−૛࢛࢛࢞࢟൯+
൫࢟࢟ࣁ + ൫૛࢛࢟ࣁ −࣐࢟࢟൯࢛࢟ + ൫࢛ࣁ − ૛࣐࢟൯࢛࢟࢟ + ൫࢛࢛ࣁ − ૛࣐࢛࢟൯࢛࢟૛ −
࢛࢞࢟࢟ࣈ − ૛࢛࢛࢞࢟ࣈ ࢛࢟ − − ࢛࢟࢟ ࢛࢛࢞ࣈ ૛࢛࢟ ࢛࢛࢛࢞ࣈ − ࣐࢛࢛࢛࢟૜− ૛࢛࢟࢞࢟ࣈ −
૛࢛࢛࢟ࣈ ࢛࢞࢟ − ૜࣐࢛࢛࢟ ࢛࢟࢟ ൯൫૚ + ࢛࢞૛൯ = ૙   (5) 

 by rearrange (5), and using MSE (1) when it is necessary we 
get the following polynomial equation in the variables 
࢛࢞  ,࢛࢟ ,࢛࢞૛ ,࢛࢟૛ , …, 

࢞࢞ࣁ + ࢟࢟ࣁ + ൫૛࢛࢞ࣁ − ࢞࢞ࣈ − + ൯࢛࢞࢟࢟ࣈ ൫૛࢛࢟ࣁ − ࣐࢟࢟ −࣐࢞࢞൯࢛࢟  
+൫࢟࢟ࣁ+࢛࢛ࣁ − ૛࢛࢞ࣈ൯࢛࢞૛ + ൫࢞࢞ࣁ + ࢛࢛ࣁ − ૛࣐࢛࢟൯࢛࢟૛ 

−૛൫࢟࢞ࣁ + ࣐࢛࢞ + ࢛ ൯࢛࢛࢟࢟ࣈ  ࢞– ൫࢟࢟ࣈ + ൯࢛࢞૜࢛࢛ࣈ − (࣐࢞࢞ + ࣐࢛࢛)࢛࢟૜ 
+൫૛࣐࢞࢟ − ࢞࢞ࣈ − ൯࢛࢞ ࢛࢟૛࢛࢛ࣈ + ൫૛࢟࢞ࣈ −࣐࢟࢟ − ࣐࢛࢛൯࢛࢟ ࢛࢞૛

+ ૛൫࣐࢟ −   ൯࢛࢛࢞࢞ࣁ
+૛(࢞ࣈ − ࢛࢟(࢛ࣁ  ࢟ − ૛൫࣐࢞ + + ൯࢛࢞࢟࢟ࣈ ૛൫ܡࣁ + ࣐࢛൯࢛࢟ ࢛࢞  ࢞     

+૛(ܠࣁ + − ࢛࢟࢟ ࢛࢞(࢛ࣈ ૛൫ܡࣁ + ࣐࢛൯࢛࢞ ࢛࢟࢞ − ૛(ܠࣁ + = ࢛࢟࢞ ࢛࢟(࢛ࣈ ૙   
 (6) 

which all coefficients should be equal to zero. Therefore, we 
have the following linear system of partial differential equations 
for functions ࣁ,ࣈ and ࣐ of the infinitesimal operator, called the 
determining equations for the symmetry group of the given 
equation: 

Table 1: determining equations of MSE 
 
૛࢛࢞ࣁ − ࢞࢞ࣈ − ࢟࢟ࣈ = ૙ 
࢟࢟ࣁ+࢛࢛ࣁ − ૛࢛࢞ࣈ = ૙ 
૛࣐࢞࢟ − ࢞࢞ࣈ − ࢛࢛ࣈ = ૙ 
૛࢟࢞ࣈ − ࣐࢟࢟ −࣐࢛࢛ = ૙ 
࢞࢞ࣁ + ࢛࢛ࣁ − ૛࣐࢛࢟ = ૙ 

࢞࢞ࣁ + ࢟࢟ࣁ = ૙ 
࣐࢞࢞ + ࣐࢛࢛ = ૙        
࢞ࣈ − ࢛ࣁ = ૙ 
࣐࢟ − ࢛ࣁ = ૙ 
ܡࣁ + ࣐࢛ = ૙ 

૛࢛࢟ࣁ −࣐࢟࢟ − ࣐࢞࢞ = ૙ 
࢟࢞ࣁ + ࣐࢛࢞ + ࢛࢟ࣈ = ૙ 
࢟࢟ࣈ            + ࢛࢛ࣈ = ૙ 

࣐࢞ + ࢟ࣈ = ૙ 
ܠࣁ + ࢛ࣈ = ૙ 

solving the system of PDEs in Table 1, we will have the 
following general solution 
(࢛,࢟,࢞)ࣈ  = ૝࢞ࢉ  − + ૚࢟ࢉ ૞࢛ࢉ  +  ૟,  (7)ࢉ
 ࣐(࢞,࢟,࢛) = +૚࢞ࢉ  + ૝࢟ࢉ +૛࢛ࢉ   ૜,  (8)ࢉ
(࢛,࢟,࢞)ࣁ = −૞࢞ࢉ− +૛࢟ࢉ + ૝࢛ࢉ   ૠ,  (9)ࢉ 
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where ࢏ࢉ ∈ ℝ ,࢏ = ૚, … ,ૠ are arbitrary constants. Then the Lie 
algebra of infinitesimal generators of MSE (1) is spanned by the 
seven vector fields  

૚ࢂ =
ࣔ
ࣔ࢞

, ૛ࢂ =
ࣔ
ࣔ࢟

, ૜ࢂ =
ࣔ
࢛ࣔ

, ૝ࢂ = ࢞
ࣔ
ࣔ࢟

− ࢟
ࣔ
ࣔ࢞

,  

૞ࢂ = ࢛ ࣔ
ࣔ࢞
− ࢞ ࣔ

࢛ࣔ
, ૟ࢂ  = ࢛ ࣔ

ࣔ࢟
− ࢟ ࣔ

࢛ࣔ
ૠࢂ    , = ࢞ ࣔ

ࣔ࢞
+ ࢟ ࣔ

ࣔ࢟
+ ࢛ ࣔ

࢛ࣔ
  (10) 

These vector fields represent a basis for the 7-parameter 
symmetry vector field. And they produce a Lie algebra space ℒ 
with the following commutator( Lie bracket) Table: 

Table 2: the commutator table 
 ૠࢂ ૟ࢂ ૞ࢂ ૝ࢂ ૜ࢂ ૛ࢂ ૚ࢂ ࢐൧ࢂ,࢏ࢂൣ
 ૚ࢂ ૜ ૙ࢂ− ૛ࢂ ૚ ૙ ૙ ૙ࢂ
 ૛ࢂ ૜ࢂ− ૚ ૙ࢂ− ૛ ૙ ૙ ૙ࢂ
 ૜ࢂ ૛ࢂ ૚ࢂ ૜ ૙ ૙ ૙ ૙ࢂ
 ૞ ૙ࢂ ૟ࢂ− ૚ ૙ ૙ࢂ ૛ࢂ− ૝ࢂ
 ૝ ૙ࢂ− ૟ ૙ࢂ ૚ࢂ− ૜ ૙ࢂ ૞ࢂ
 ૝ 0 ૙ࢂ ૞ࢂ− ૛ࢂ− ૜ࢂ ૟ ૙ࢂ
 ૜ ૙ ૙ ૙ ૙ࢂ− ૛ࢂ− ૚ࢂ− ૠࢂ
 

3 Transformation for group invariant solutions of 
MSE 

To obtain the group transformation which is generated by the 
infinitesimal generators ࢏ࢂ for ࢏ =  ૚, … ,ૠ we need to solve the 
three systems of first order ordinary differential equations 

⎩
⎪
⎨

⎪
⎧

ࣔഥ࢞(࢙)
࢙ࣔ

= ,(࢙)൫ഥ࢞࢏ࣈ ഥ࢟(࢙), ഥ࢛(࢙)൯, ഥ࢞(૙) = ࢞
ࣔഥ࢟(࢙)
࢙ࣔ

= ,(࢙)൫ഥ࢞࢏࣐  ഥ࢟ (࢙), ഥ࢛(࢙)൯, ഥ࢟(૙) = ࢟
ࣔഥ࢛(࢙)
࢙ࣔ

= ,(࢙)൫ഥ࢞࢏ࣁ ഥ࢟(࢙), ഥ࢛(࢙)൯, ഥ࢛(૙) = ࢛

࢏  = ૚, … , ૠ  (11)                                                                               

By solving this system of ODEs, the one parameter group of 
ࡹ:(࢙)࢏ࡳ → = ࢏ for ࢏ࢂ generated by ࡹ  ૚, … , ૠ is obtained.  

For instance consider ࢂ૚ = ࣔ
ࣔ࢞

 its associated system is given 
by 
ഥ࢞ᇱ(࢙) = ૚,              ഥ࢟ᇱ(࢙) = ૙,               ഥ࢛ᇱ(࢙) = ૙  (12) 

Now by integrating this system we get 
ഥ࢞(࢙) = ࢙ + (࢙)ഥ࢟                  ,࡭ = (࢙)ഥ࢛              ,࡮ =  (13)   ࡯
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where ࡯,࡮,࡭ are constants. Using initial condition 
(ഥ࢞, ࢚̅, ഥ࢛)|࢙ୀ૙ = (࢞, ࢚,࢛) we find ࡭ = ࡮      ,࢞ = ࡯      ,࢟ = ࢛  then  
(ഥ࢞, ഥ࢟, ഥ࢛) = (࢙ + ࢞,࢟,࢛)  (14) 

Take another example, for instance ࢂ૝ = ࢞ ࣔ
ࣔ࢟
− ࢟ ࣔ

ࣔ࢞
 where                                     

ഥ࢞ᇱ(࢙) = −ഥ࢟,               ഥ࢟ᇱ(࢙) = ഥ࢞,           ഥ࢛ᇱ(࢙) = ૙  (15) 
differentiating ഥ࢞ᇱ(࢙) = −ഥ࢟ with respect to ࢙ and substitute 

ഥ࢟ᇱ(࢙) = ഥ࢞ on it, we get 
ഥ࢞ᇱᇱ(࢙) + ഥ࢞(࢙) = ૙  (16) 

then integrating it, we find 
  ഥ࢞ = (࢙)࢙࢕ࢉ ࡭ +  (17)  (࢙)ܖܑܛ࡮

where ࡮,࡭ are constants, using initial data condition ഥ࢞(૙) =
࢞, one can get ࡭ = ࢞, and to get ࡮, differentiate (17) with 
respect to ࢙ and substitute ഥ࢞ᇱ(࢙) = −ഥ࢟ we find ࡮ = −࢟, then 
substituting ࡮,࡭ into (17) we obtain 
ഥ࢞ = (࢙)࢙࢕ࢉ ࢞ −  (18)  ,(࢙)ܖܑܛ࢟

similarly 
ഥ࢟ = (࢙)࢙࢕ࢉ ࢟ + ࢞ ഥ࢛       ,(࢙)ܖܑܛ = ࢛  (19) 

thus form (18) and (19) we have the transformation 
(ഥ࢞, ഥ࢟, ഥ࢛) = −(࢙)࢙࢕ࢉ ࢞) (࢙)ܖܑܛ࢟ , (࢙)࢙࢕ࢉ ࢟ + ࢞ (࢙)ܖܑܛ ,࢛)   (20) 

which is a transformation of the original variables that 
preserves the equation, and so on. 

All the calculations are summarized as following. 
:૚ࡳ (࢞,࢟,࢛) ↦ (࢞ + ࢙,࢟,࢛) 
:૛ࡳ (࢞,࢟,࢛) ↦ (࢞,࢟ + ࢙,࢛) 
:૜ࡳ (࢞,࢟,࢛) ↦ (࢞,࢟,࢛ + ࢙) 

:૝ࡳ (࢞,࢟,࢛) ↦ ࢙ ࢙࢕ࢉ ࢞) − +࢙ ࢙࢕ࢉ ࢟,࢙ ࢔࢏࢙ ࢟ ࢞ ܖܑܛ ࢙ ,࢛)  
:૞ࡳ (࢞,࢟,࢛) ↦ ࢙ ࢔࢏࢙ ࢛) − +࢙ ࢙࢕ࢉ ࢛, ࢟,࢙ ࢙࢕ࢉ ࢞ ܖܑܛ࢟ ࢙)  (21) 

:૟ࡳ (࢞,࢟,࢛) ↦ ࢙ ࢙࢕ࢉ ࢟,࢞) − ࢛ ܖܑܛ ࢙ +࢙ ࢙࢕ࢉ ࢛,  ࢟ ܖܑܛ ࢙) 
:ૠࡳ (࢞,࢟,࢛) ↦  (࢙ࢋ࢛,࢙ࢋ࢟,࢙ࢋ࢞)

now, if ࢛ =  is one solution of MSE (1), then the (࢟,࢞)ࢌ
following functions that have been produced through acting 
࢛ on (࢙)࢏ࡳ =  .will also be the solution of MSE (1) (࢟,࢞)ࢌ

(࢙)૚ࡳ ⋅ (࢟,࢞)ࢌ = ࢞)ࢌ − ࢙,࢟) 
(࢙)૛ࡳ ⋅ (࢟,࢞)ࢌ = ࢟,࢞)ࢌ − ࢙) 
(࢙)૜ࡳ ⋅ (࢟,࢞)ࢌ = (࢟,࢞)ࢌ + ࢙ 

(࢙)૝ࡳ ⋅ (࢟,࢞)ࢌ = ࢙ ࢙࢕ࢉ ࢞)ࢌ − +࢙ ࢙࢕ࢉ ࢟,࢙ ࢔࢏࢙ ࢟ ࢞ ܖܑܛ ࢙) (22) 
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൫ࡳ૞(࢙) ⋅ ,࢞)ࢌ ࢟)൯ ࢙࢕ࢉ ࢙ + ࢟ ܖܑܛ ࢙ = ࢌ ቀ൫ࡳ૞(࢙) ⋅ ࢙ ࢔࢏࢙ ൯(࢟,࢞)ࢌ −

  ቁ ࢟,࢙ ࢙࢕ࢉ ࢞
൫ࡳ૟(࢙) ⋅ ,࢞)ࢌ ࢟)൯ ࢙࢕ࢉ ࢙ + ࢟ ܖܑܛ ࢙ = ࢙ ࢙࢕ࢉ ࢟,൫࢞ࢌ − ൫ࡳ૟(࢙) ⋅
൯(࢟,࢞)ࢌ ܖܑܛ ࢙ ൯  
(࢙)ૠࡳ ⋅ (࢟,࢞)ࢌ =  (23) (࢙ିࢋ࢟,࢙ିࢋ࢞)ࢌ࢙ࢋ
4   Optimal system of one-dimensional subalgebras of 
MSE 

Given a nonzero vector 
ࢂ = ૚ࢂ૚ࢇ + ૛ࢂ૛ࢇ + ૜ࢂ૜ࢇ + ૝ࢂ૝ࢇ + ૞ࢂ૞ࢇ + ૟ࢂ૟ࢇ +              ૠࢂૠࢇ

(23) 
which depends on the seven arbitrary constants ࢇ૚, … ૚ࢇ, ∈ ℝ; 
to construct an optimal system of one-dimensional 

subalgebras of the Lie 
algebra ग़ we follow the method used by Olver [14] in adjoint 

representation   

࢐ࢂ(࢏ࢂ࢙܍)ࢊ࡭ = ࢐ࢂ − ࢐൧ࢂ,࢏ࢂൣ࢙ + ࢙૛

૛!
ቂ࢏ࢂ, ࢐൧ቃࢂ,࢏ࢂൣ −

࢙૜

૜!
൤࢏ࢂ, ቂ࢏ࢂ, ࢐൧ቃ൨ࢂ,࢏ࢂൣ +

⋯  (24) 
where the commutator of ࢏ࢂ and ࢐ࢂ is defined in Table 2. For 

illustration we show calculations in the following examples:                        
ࢊ࡭ ቀ(ࢂ࢙܍૝)ቁ ૚ࢂ =

૚ࢂ − [૚ࢂ,૝ࢂ]࢙ + ࢙૛

૛!
,૝ࢂൣ ൧[૚ࢂ,૝ࢂ] − ࢙૜

૜!
ቂࢂ૝, ,૝ࢂൣ ൧ቃ[૚ࢂ,૝ࢂ] + ⋯  

= ૚ࢂ + ૛ࢂ࢙ −
࢙૛

૛!
૚ࢂ −

࢙૜

૜!
૛ࢂ + ࢙૝

૝!
૚ࢂ + ࢙૞

૞!
૛ࢂ + ⋯  

= ૚ࢂ ቀ૚ −
࢙૛

૛!
+ ࢙૝

૝!
−⋯ቁ + ૛ࢂ ቀ࢙ −

࢙૜

૜!
+ ࢙૞

૞!
−⋯ቁ  

= (࢙)࢙࢕ࢉ૚ࢂ +  (25)  (࢙)࢔࢏૛࢙ࢂ
ࢊ࡭ ቀ(ࢂ࢙܍ૠ)ቁ ૛ࢂ =

૛ࢂ − [૛ࢂ,ૠࢂ]࢙ + ࢙૛

૛!
,ૠࢂൣ ൧[૛ࢂ,ૠࢂ] − ࢙૜

૜!
ቂࢂૠ, ,ૠࢂൣ ൧ቃ[૛ࢂ,ૠࢂ] + ⋯ = ૛ࢂ +

૛ࢂ࢙ + ࢙૛

૛!
૛ࢂ + ࢙૜

૜!
૛ࢂ + ࢙૝

૝!
૛ࢂ + ⋯ = ૛ࢂ ቀ૚ + ࢙ + ࢙૛

૛!
+ ࢙૜

૜!
+ ࢙૝

૝!
+ ⋯ቁ =

 (26)  ࢙ࢋ૛ࢂ
and so on. 
All the calculations are summarized in Table 3. 
Table 3: adjoint representation 
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 ૜ࢂ ૛ࢂ ૚ࢂ ࢊ࡭
 ૜ࢂ ૛ࢂ ૚ࢂ ૚ࢂ
 ૜ࢂ ૛ࢂ ૚ࢂ ૛ࢂ
 ૜ࢂ ૛ࢂ ૚ࢂ ૜ࢂ
(࢙)࢙࢕ࢉ૚ࢂ ૝ࢂ +  ૜ࢂ (࢙)࢔࢏૚࢙ࢂ−(࢙)࢙࢕ࢉ૛ࢂ  (࢙)࢔࢏૛࢙ࢂ
(࢙)࢙࢕ࢉ૜ࢂ ૛ࢂ (࢙)࢔࢏૜࢙ࢂ−(࢙)࢙࢕ࢉ૚ࢂ ૞ࢂ +  (࢙)࢔࢏૚࢙ࢂ

(࢙)࢙࢕ࢉ૜ࢂ (࢙)࢔࢏૜࢙ࢂ−(࢙)࢙࢕ࢉ૛ࢂ ૚ࢂ ૟ࢂ +  (࢙)࢔࢏૛࢙ࢂ

 ࢙ࢋ૜ࢂ ࢙ࢋ૛ࢂ ࢙ࢋ૚ࢂ ૠࢂ

 
 ૠࢂ ૟ࢂ ૞ࢂ ૝ࢂ ࢊ࡭
૝ࢂ ૚ࢂ − ૞ࢂ  ૛ࢂ࢙ + ૠࢂ ૟ࢂ ૜ࢂ࢙ −  ૚ࢂ࢙
૝ࢂ ૛ࢂ + ૟ࢂ ૞ࢂ ૚ࢂ࢙ + ૠࢂ ૜ࢂ࢙ −  ૛ࢂ࢙
૞ࢂ ૝ࢂ ૜ࢂ ૟ࢂ ૚ࢂ࢙− − ૠࢂ ૛ࢂ࢙ −  ૜ࢂ࢙
(࢙)࢙࢕ࢉ૞ࢂ ૝ࢂ ૝ࢂ + −(࢙)࢙࢕ࢉ૟ࢂ (࢙)࢔࢏૟࢙ࢂ  ૠࢂ (࢙)࢔࢏૞࢙ࢂ
(࢙)࢙࢕ࢉ૟ࢂ ૞ࢂ (࢙)࢔࢏૟࢙ࢂ−(࢙)࢙࢕ࢉ૝ࢂ ૞ࢂ +  ૠࢂ (࢙)࢔࢏૝࢙ࢂ
(࢙)࢙࢕ࢉ૝ࢂ ૟ࢂ −(࢙)࢙࢕ࢉ૞ࢂ (࢙)࢔࢏૞࢙ࢂ+  ૠࢂ ૟ࢂ (࢙)࢔࢏૝࢙ࢂ
 ૠࢂ ૟ࢂ ૞ࢂ ૝ࢂ ૠࢂ

 

It remains to use the adjoint table to simplify as much as 
possible the 

constants in equation (23). If ࢂ is given as in (23), and assume 
ૠࢇ = ૚ then 
෩ࢂ = ∑ ૠ࢏෥ࢇ

ୀ૚࢏ ࢏ࢂ = ൯(૝ࢂࢻ)ܘܠ܍൫ࢊ࡭ ∘  (27)  ࢂ൯(૞ࢂࢼ)ܘܠ܍൫ࢊ࡭
This means referring to Table 3, we firstly act on (23) by 

 ൯ to obtain(૝ࢂࢻ)ܘܠ܍൫ࢊ࡭
ሖࢂ = ൫ࢇ૚(ࢻ)࢙࢕ࢉ − ૚ࢂ൯(ࢻ)࢔࢏૛࢙ࢇ + ൫ࢇ૚࢙(ࢻ)࢔࢏ + ૛ࢂ൯(ࢻ)࢙࢕ࢉ૛ࢇ +
  ૜ࢂ૜ࢇ
૝ࢂ૝ࢇ+ + ൫ࢇ૞(ࢻ)࢙࢕ࢉ − ૞ࢂ൯(ࢻ)࢔࢏૟࢙ࢇ + ൫ࢇ૞࢙(ࢻ)࢔࢏ + ૟ࢂ൯(ࢻ)࢙࢕ࢉ૟ࢇ +
 ૠ  (28)ࢂ

acting on (28) by ࢊ࡭൫ܘܠ܍(ࢂࢼ૞)൯ we obtain 

෩ࢂ        = ቀ(ࢼ)࢙࢕ࢉ൫ࢇ૚(ࢻ)࢙࢕ࢉ − +൯(ࢻ)࢔࢏૛࢙ࢇ ૚ࢂቁ(ࢼ)࢔࢏૜࢙ࢇ +

൫ࢇ૚࢙(ࢻ)࢔࢏ + ૛ࢂ൯(ࢻ)࢙࢕ࢉ૛ࢇ + ቀ−࢙(ࢼ)࢔࢏൫ࢇ૚(ࢻ)࢙࢕ࢉ − ൯(ࢻ)࢔࢏૛࢙ࢇ +

૜ࢂቁ(ࢼ)࢙࢕ࢉ૜ࢇ +   

ቀࢇ૝(ࢼ)࢙࢕ࢉ + (ࢻ)࢔࢏૞࢙ࢇ൫(ࢼ)࢔࢏࢙ + ૝ࢂ൯ቁ(ࢻ)࢙࢕ࢉ૟ࢇ + ൫ࢇ૞(ࢻ)࢙࢕ࢉ −
૞ࢂ൯(ࢻ)࢔࢏૟࢙ࢇ + ૟ࢂ(෥૞ࢇ)(ࢼ)࢙࢕ࢉ +                           ૠ   (29)ࢂૠࢇ

    This has the coefficients 
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൞
෥૚ࢇ = ቀ(ࢼ)࢙࢕ࢉ൫ࢇ૚(ࢻ)࢙࢕ࢉ − ൯(ࢻ)࢔࢏૛࢙ࢇ + ቁ(ࢼ)࢔࢏૜࢙ࢇ

෥૛ࢇ = ൫ࢇ૚࢙(ࢻ)࢔࢏ +                                       ൯(ࢻ)࢙࢕ࢉ૛ࢇ
෥૟ࢇ = (ࢻ)࢔࢏૞࢙ࢇ൫(ࢼ)࢙࢕ࢉ +                          ൯(ࢻ)࢙࢕ࢉ૟ࢇ

  (30) 

if  we assume (ࢼ)࢙࢕ࢉ = ૙ and (ࢻ)࢙࢕ࢉ = − (ࢻ)࢔࢏૚࢙ࢇ
૛ࢇ

, This implies 

෥૛ࢇ = ෥૟ࢇ = ૙ and ࢇ෥૚ ≠ ૙. We can now suppose ࢇ෥૚ = ૚, thus, V 
is equivalent to the vector 
෩ࢂ = ૚ࢂ + ૜ࢂ෥૜ࢇ + ૝ࢂ෥૝ࢇ + ૞ࢂ෥૞ࢇ +  ૠ  (31)ࢂ

acting on (31) by ࢊ࡭൫ܘܠ܍(࢙ࢂ૟)൯ we obtain 
෩ࢂ = ૚ࢂ + ૜ࢂ(࢙)࢙࢕ࢉ෥૜ࢇ + −(࢙)࢙࢕ࢉ෥૝ࢇ) ૝ࢂ((࢙) ܖܑܛ෥૞ࢇ + (࢙)࢔࢏෥૝࢙ࢇ) +
૞ࢂ((࢙) ܛܗ܋෥૞ࢇ +  ૠ    (32)ࢂ

Let ࢙࢕ࢉ(࢙) = ૙ then  ࢂ૜ in ࢂ෩ vanish. We get 
ሖ෩ࢂ = ૚ࢂ + ૝ࢂ෥෩૝ࢇ + ૞ࢂ෥෩૞ࢇ +  ૠ  (33)ࢂ

Continuous acting on (33) by the group generated by ࢂ૞and 
 ૝ we haveࢂ

 ሖ෩ vanish. No further simplifications areࢂ ૞ inࢂ ૝ andࢂ  
possible, as such ࢂ is equivalent to ࢂ૚ +  ૠ. If we now supposeࢂ
૚ࢇ = ૠࢇ = ૙, we have 
ࢂ = ૛ࢂ૛ࢇ + ૜ࢂ૜ࢇ + ૝ࢂ૝ࢇ + ૞ࢂ૞ࢇ +  ૟  (34)ࢂ૟ࢇ

We can now assume ࢇ૟ ≠ ૙ and suppose ࢇ૟ = ૚. This gives 
ࢂ = ૛ࢂ૛ࢇ + ૜ࢂ૜ࢇ + ૝ࢂ૝ࢇ + ૞ࢂ૞ࢇ +  ૟  (35)ࢂ

Acting on ࢂ by adjoint maps generated by ࢂ૛ and ࢂ૜. Namely 
 ૛ inࢂ ૜ andࢂ ൯ as such(૜ࢂ૛ࢇ)ܘܠ܍൫ࢊ࡭ ൯ and(૛ࢂ૜ࢇ−)ܘܠ܍൫ࢊ࡭
 vanish. So that ࢂ

෩ࢂ = ૝ࢂ෥૝ࢇ + ૞ࢂ෥૞ࢇ +  ૟  (36)ࢂ
By acting on ࢂ෩ by the group generated by ࢂ૝ we obtain  

෩ࢂ = ૝ࢂ෥૝ࢇ + ෥૞ࢇ) −(࢙)ܛܗ܋ ૞ࢂ((࢙) ܖܑܛ +  ૟  (37)ࢂ
Let ࢇ෥૞ (࢙)ܛܗ܋ =  is ࢂ ૞ vanish. We find thatࢂ then (࢙) ܖܑܛ

equivalent to a 
multiple of ࢂ૟ + ࢇ ,૝ࢂࢇ ∈ ℝ. If we now take ࢇ૟ = ૙ in (34) we 

have 
ࢂ = ૛ࢂ૛ࢇ + ૜ࢂ૜ࢇ + ૝ࢂ૝ࢇ +  ૞  (38)ࢂ૞ࢇ

We can now assume ࢇ૞ ≠ ૙ and suppose ࢇ૞ = ૚. This gives 
ࢂ = ૛ࢂ૛ࢇ + ૜ࢂ૜ࢇ + ૝ࢂ૝ࢇ +  ૞  (39)ࢂ

Acting on ࢂ by adjoint maps generated by ࢂ૚. i.e. 
 vanish. So that ࢂ ૜ inࢂ ൯ as such(૚ࢂ૜ࢇ−)ܘܠ܍൫ࢊ࡭
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෩ࢂ = ૛ࢂ෥૛ࢇ + ૝ࢂ෥૝ࢇ +  ૞  (40)ࢂ

Acting on ࢂ෩ by ࢊ࡭ቆܘܠ܍ቀࢇ෥૛
෥૝ࢇ
 .૛ vanishࢂ ૚ቁቇ, thereforeࢂ

Continuous acting on  
 ൯ we have(૟ࢂ࢙)ܘܠ܍൫ࢊ࡭ ෩ byࢂ

෩ࢂ = ෥૝ࢇ) (࢙)ܛܗ܋ − ૝ࢂ((࢙) ܖܑܛ +  ૞  (41)ࢂ
Let ࢇ෥૝ (࢙)ܛܗ܋ =  is ࢂ ૝ vanish. This meansࢂ then (࢙) ܖܑܛ

equivalent to ࢂ૞. 
If we now take ࢇ૞ = ૙ in (37) we have 

ࢂ = ૛ࢂ૛ࢇ + ૜ࢂ૜ࢇ +  ૝  (42)ࢂ૝ࢇ
We can now assume ࢇ૝ ≠ ૙ and suppose ࢇ૝ = ૚. This gives 

ࢂ = ૛ࢂ૛ࢇ + ૜ࢂ૜ࢇ +  ૝  (43)ࢂ
Acting on ࢂ by adjoint maps generated by ࢂ૚. i.e. 

 by ࢂ vanish, and acting on ࢂ ૛ inࢂ ൯ as such(૚ࢂ૛ࢇ)ܘܠ܍൫ࢊ࡭
෩ࢂ ൯ we obtain(ૠࢂ࢙)ܘܠ܍൫ࢊ࡭ = ૜ࢂ࢙ࢋ૜ࢇ +  ૝. Depending on theࢂ
sign of ࢇ૜, we can make the coefficient of ࢂ૜ to be either 
+૚,૚ ࢘࢕ ૙. Therefore ࢂ is equivalent to ࢂ૝ + ૝ࢂ,૜ࢂ −  ૝. Ifࢂ ࢘࢕ ૜ࢂ
we now take ࢇ૝ = ૙ in (42) we have 
ࢂ = ૛ࢂ૛ࢇ +  ૜  (44)ࢂ૜ࢇ

We can now assume ࢇ૜ ≠ ૙ and suppose ࢇ૜ = ૚. This gives 
ࢂ = ૛ࢂ૛ࢇ +  ૜  (45)ࢂ

Acting on ࢂ by adjoint maps generated by ࢂ૚. i.e. 
 is equivalent ࢂ vanish. Therefore ࢂ ૛ inࢂ ൯ as such(૚ࢂ૛ࢇ)ܘܠ܍൫ࢊ࡭
to ࢂ૜. 

 The only remaining case is if ࢇ૜ = ૙. This means ࢂ is 
equivalent to ࢂ૛.  

The set of one-dimensional optimal system for (10) is given 
by following vector fields: 
૚ࢂ + ,ૠࢂ ૟ࢂ + , ૞ࢂ   ,૝ࢂࢇ ૝ࢂ + ,૜ࢂ ૝ࢂ − , ૝ࢂ   , ૜ࢂ ࢇ ,૛ࢂ ∈ ℝ   (46) 

Note: we can get more examples of optimal system by 
different calculations   

5 Construction of invariant solutions for MSE 
In this section we  begin  by  discussing  the  classical  notion  

of  a  group-invariant  solution,  which  includes many  of  the  
common  special  solutions  to  partial  differential  equations,  
such  as  similarity solutions,  travelling  wave  solutions,  etc. 
we focus on similarity solution for MSE. 
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Now we will begin illustrating the construction of invariant 
solutions corresponding to the symmetry generators. 

The symmetry variables are found by solving the invariant 
surface condition 
઴ ≡ ܄ = ࣈ ࣔ

ࣔ࢞
+ ࣐ ࣔ

ࣔ࢟
− ࣁ = ૙  (47) 

or the corresponding characterstic equations 
࢞ࢊ
ࣈ

= ࢟ࢊ
࣐

= ࢛ࢊ
ࣁ

  (48)                                                  
1. Invariance under The operator: 

૛ࢂ = ࣔ
ࣔ࢟

  (49)  
This operator has the characteristic system 

࢞ࢊ 
૙

= ࢟ࢊ
૚

= ࢛ࢊ
૙

  (50) 
There are two linear equations that can be formed from the 

above charac- 
teristic system. The first equation is 

࢞ࢊ   
૙

= ࢟ࢊ
૚

  (51) 
Integrating the above equation yields ࢞ =  ૚ is a࡯ ૚ where࡯

constant of inte-gration. Hence, one of the invariants is 
࣎ = ࢞  (52) 

If we check for the invariant ࣎ we have 
(࣎)૛ࢂ = ࢽࣔ

ࣔ࢟
= ࣔ࢞

ࣔ࢟
= ૙  (53) 

This operator satisfies the invariant condition. 
Similarly, the integration of the equation 

࢟ࢊ
૚

= ࢛ࢊ
૙

  (54) 
yields ࢛ =  .૛ is the constant of integration࡯ ૛ where࡯

Therefore the second 
invariant is 

ࡶ = ࢛  (55) 
Similarly, check for the invariant ࡶ we have 

(ࡶ)૛ࢂ = ࡶࣔ
ࣔ࢟

= ࢛ࣔ
ࣔ࢟

= ૙  (56) 
which also satisfied the invariant condition. Designating one 

of the invariants as a function of the other, that is 
ࡶ =  (57)  (࣎)ࢠ

we obtain 
࢛ =  (58)  (࢞)ࢠ
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Taking derivative of equation (58) with respect to ࢞ and ࢟ we 
obtain 
࢛࢞ = ࢛࢞࢞    ,ᇱࢠ = ࢛࢟࢞     ,ᇱᇱࢠ = ૙,     ࢛࢟ = ૙,    ࢛࢟࢟ = ૙  (59) 

Setting the above derivatives into the MSE (1) we obtain 

ᇱᇱࢠ = ࢠ૛ࢊ
૛࣎ࢊ

= ૙  (60) 
which is a second order  ordinary differential equation, 

where a prime denotes differentiation with respect to the 
similarity variable ࣎. 

with a solution given by 
(࣎)ࢠ = ࣎ࢇ +  are constant  (61) ࢈,ࢇ                  ,࢈

and consequently the group invariant solution is given by 
࢛(࢞,࢟) = ࢞ࢇ +  (62)  ࢈

Invariance under the operator: 
૚ࢂ + ૠࢂ = (࢞ + ૚) ࣔ

ࣔ࢞
+ ࢟ ࣔ

ࣔ࢟
+ ࢛ ࣔ

࢛ࣔ
  (63) 

This operator has the characteristic system 
࢞ࢊ
࢞ା૚

= ࢟ࢊ
࢟

= ࢛ࢊ
࢛

  (64) 
There are two linear equations that can be formed from the 

above charac- 
teristic system. The first equation is 

࢞ࢊ
࢞ା૚

= ࢟ࢊ
࢟

  (65) 

Integrating the above equation yields 
࢞ା૚
࢟

=  ૚ is࡯ ૚ where࡯

constant of inte-gration. Hence, one of the invariants is 
࣎ = ࢞ା૚

࢟
  (66) 

If we check for the invariant ࡶ૚ we have 

૚ࢂ) + (࣎)(ૠࢂ = (࢞ + ૚) ࢽࣔ
ࣔ࢞

+ ࢟ ࢽࣔ
ࣔ࢟

+ ࢛ ࢽࣔ
࢛ࣔ

= (࢞ + ૚)
ࣔቀ࢞శ૚࢟ ቁ

ࣔ࢞
         

+࢟
ࣔቀ࢞శ૚࢟ ቁ

ࣔ࢟
+ ࢛

ࣔቀ࢞శ૚࢟ ቁ

࢛ࣔ
= (࢞ + ૚) ૚

࢟
− (࢞ + ૚) ૚

࢟
+ ૙ = ૙  (67) 

This operator satisfies the invariant condition.Similarly, the 
integration of the equation 
࢟ࢊ
࢟

= ࢛ࢊ
࢛

   (68) 
yields ࢛ =  .૛ is the constant of integration࡯ ૛࢟ where࡯

Therefore the second 
invariant is 
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ࡶ = ࢛
࢟

  (69) 
Similarly, check for the invariant ࡶ we have 

૚ࢂ) + (ࡶ)(ૠࢂ = (࢞ + ૚) ૛ࡶࣔ
ࣔ࢞

+ ࢟ ૛ࡶࣔ
ࣔ࢟

+ ࢛ ૛ࡶࣔ
࢛ࣔ

= (࢞ + ૚)
ࣔቀ࢛࢟ቁ

ࣔ࢞
+ ࢟

ࣔቀ࢛࢟ቁ

ࣔ࢟
+

࢛
ࣔቀ࢛࢟ቁ

࢛ࣔ
= ૙ − ࢛

࢟
+ ࢛

࢟
= ૙   (70)                       

which also satisfied the invariant condition. Designating one 
of the invariants as a function of the other, that is 
ࡶ =  (71)  (࣎)ࢠ

we obtain 
࢛
࢟

= (ࢽ࣎)ࢠ ⟹ ࢛ =  (72)  (࣎)ࢠ࢟
Taking derivative of equation (71) with respect to ࢞ and ࢟ we 

obtain 

࢛࢞ = ࢛࢞࢞   ,ᇱࢠ = ᇲᇲࢠ

࢟
,   ࢛࢞࢟ = − ᇲᇲࢠ࣎

࢟
,    ࢛࢟ = ᇱࢠ࣎− + ࢛࢟࢟   ,ࢠ = ࣎૛ࢠᇲᇲ

࢟
 (73) 

Setting the above derivatives into the MSE (1) we obtain 
૚
࢟
൫૚ + ᇱࢠ࣎−) + ᇱᇱࢠ૛൯(ࢠ + ૚

࢟
૛࣎ࢠᇱ(−࣎ࢠᇱ + ᇱᇱࢠ(ࢠ + ૚

࢟
࣎૛൫૚+ ᇱᇱࢠᇱ૛൯ࢠ = ૙  

૚
࢟
ൣ൫૚ + ᇱࢠ࣎−) + ૛൯(ࢠ  + ૛࣎ࢠᇱ(−࣎ࢠᇱ + (ࢠ  + ࣎૛൫૚+ ᇱᇱࢠᇱ૛൯൧ࢠ = ૙  

[૚ + ૛ࢠ   + ࣎૛]ࢠᇱᇱ = ૙  ⟹  ࢠᇱᇱ = ૙   ⟹ (࣎) = ࣎ࢇ + ࢈,ࢇ , ࢈ ∈  ℝ (74) 
and consequently the group invariant solution is given by 

࢛
࢟

= ࢇ ቀ࢞ା૚
࢟
ቁ+ (࢟,࢞)࢛   ⟹   ࢈ = ࢞)ࢇ + ૚) +  (75)  ࢟࢈

and 

૚ + ૛ࢠ   + ࣎૛ = ૙ ⟹ ૚ + ቀ࢛
࢟
ቁ
૛

  + ቀ࢞ା૚
࢟
ቁ
૛

= ૙ ⟹   
࢟૛ + ࢛૛   + (࢞ + ૚)૛ = ૙  (76) 

also solution which satisfies MSE (1).  
By this form we can get all invariant solutions of optimal 

system in (46). 

6 Conclusions: 
In this paper, we have studied MSE by investigating a 

nonlinear PDE using the Lie symmetry group method. We 
derived the Lie point symmetry generators of the nonlinear 
MSE. By classifying the Lie point symmetry generators, then we 
obtained the optimal system of one-dimensional subalgebras of 
the Lie symmetry algebra of the MSE. Next we used them to 
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reduce the underlying MSE to a system of ODEs. group-
invariant solutions of MSE are constructed from the reduced 
ODEs.  

As the complexity of the equations under investigation 
increased, so recently the most amounts of the calculations 
involved are made by a computer algebra system employed for 
that task. 
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