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Various Properties of Hilbert
Transform
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Abstract:

In this paper we show basic properties of Hilbert transform
that follows directly from the various definitions. We also show
that any property comes directly from the fact that the Hilbert

transform is the output of it's system.
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Introduction:

Clearly the Hilbert transform of a time-domain g(t) is another
time-domain signal g'(t). If g(t) real-valued then so is "g(¢t)[1].In
this paper we look at some properties of the Hilbert transform.
We assume that F(w) does not contain any impulses for
f(w) =0 and that f(t) is the real valued function. Some of
formulas are to be interpreted in a distributional sense.

1. Linearity

The Hilbert transform that is a Cauchy principle-valued
function, is expressed on the form [2]
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If we write the function f(t) as c,f,(t) + cpt1fns1(t) Where the
Hilbert transform of f,,(t) and f,,,1(t) exists then for e; >0

Hf(t) = Ht(cpfu(t)) + cne1fn+1(t))

s 1 (Cnfn(t - 51)) + Cn+1fn+1(t - 51)
= lim— d(t —¢&)
e-0TT |x—t|>£ 81
1 t 1 t
=c1|im—f Jn )d(t—51)+cn+1lim—f fn+1()d(t
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= cpHf(t) + Cpp1Hfnya (2)
This is the linearity property of the Hilbert transform.

2. Multiple Hilbert transform and their inverses

The Hilbert transform used twice on a real function but with

altered sign
H? = —],

withl as identity operator. The Hilbert transform used original
function back
H?H? = H* = 1. (21)

A more interesting property of multiple Hilbert transforms
arises if we use the Hilbert transform 3 times

Thus
H3H=1=>H'=H3 (2.2)

This tells us that it is possible to use multiple Hilbert
transform to calculate the inverse Hilbert transform.

As we seen before Hilbert transform can be applied in the
time domain by using the definition of Hilbert transform.[1,2]

By multiplying the Hilbert transform operator by itself we get
an easy method to do multiple Hilbert transform, that is

F
H"f(t) © (=i sgn(w)") F(w),
where n is the number of Hilbert transform.[1,2]
Example 2.1.[3] We want to calculate the inverse Hilbert

transform of the function f(t) by using multiple Hilbert
transform in the frequency domain . First we take to Fourier
transform of the function f(t)

F(w) = foof(t)e_iwtdt,
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And then use the Hilbert transform three times in the
frequency domain, that is

H3 = (—isgn(w)?) .

Finally we use the inverse Fourier transform

o)

Hf(t) = %f ooH3F(ou)ei“)t(a))da).

From above we see that we only have to calculate two infinite
integrals in the frequency domain compared to three infinite
integrals in the time domain.

Another advantage in the frequency domain is that we
formally can choose the number of timesthat we want to use in
the Hilbert transform.

3.Drivatives of the Hilbert transform

Theorem 3.1 : [3] The Hilbert transform of the derivative of a
function is equivalent to the derivative of the Hilbert transform
of function, that is

FOSErO 3.1

proof. From Definition (1) we have that f°(t)

fy=2p 7,52 a(e - &)
fore; >0
f©) =2p 7 B4 - )

—o &
and then if we apply the derivative of (t) on both sides we get
d .~ 1 oo f'(t-g;)
W@ = p [ - &)
And the relation in (3.1) is valid .
From the proof above we conclude that the relation can be
used repeatedly. Let us look at an example where we also use
of multiple Hilbert transforms,

Example 3.2.

By (3.1) we may calculate the Hilbert transform of the delta
function 6(t) and its derivatives. At the same time we get the
Hilbert transform representation of the delta function. Consider
the Hilbert transform of the delta function
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1
2H6(t) = E

The derivative of the delta function is calculated to be
1

HS'(t) = — — (3.2)

mt2

And if we apply the Hilbert transform on both sides then we
get

§(t) = H ( ! )
0 \me?

The derivative of (3.1) is

2
H6''(t) = —3
And when we apply the Hilbert transform on both sides we
get
2
H8"(¢) = H( )

- mt?

This procedure can be continued.

4. Orthogonally properties

A symmetry about the Fourier transform F(w) of a real
function f(t) leads us to the following definition[4,6]

Definition 4.1: A complex function is called Hermitian if its
real part is even and its imaginary part is odd.

From this we have that the Fourier transform F(w)of a real
function f(t)is Hermitian.

Theorem 4.2: If f(t)is a real function that can be represented
by inverse Fourier transform then we have the following
relationship in the time domain

o)

1 .
FO=F+@=5 | F@edw)

_ f " P (@)e @t d(w)
= fooF*(—a))e"i‘”td(a))
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Theorem 4.3 : A real function f(t) and its Hilbert transform
f°(t) are orthogonal if f,f" and F belonged to L'(R) or if
f and f~ belong to L2(R).

Proof From the Theorem (4.2) we have that

[ee] 1 [ee]
[ roroe =5 [ Fe)(-isg@r@)d
= éf_ sgn(w) F(w)F*(w)d(w)

_ é f sgn(@)|F(w)|? do,

Where sgn(w) is an odd function and the fact that F(w) is
Hermitian gives us that |F(w)|? is an even function. We
conclude that

| ror@da=o
and a real function and its Hilbert transform are orthogonal.

5. Energy aspects of Hilbert transform

The energy of a function f(t) is closely related to the energy
of its Fourier transform F(w).The definitionof the energy[5,6] of
f(t) and F(w) is

1 o0
B= [ Irord= o[ FPd). 6

Here it is natural to assume that f € L?(R) which means that
Ef is finite. The same theorem is used to define the energy of
Hilbert transform of f(t) and F(w) that is

Ep- f:v‘(t)v dt = o f_0;|—i sng(@)F @)|*dw, (5.2)

Where | —isgn(w)|?> = 1 except for w = 0. But since F(w)
does not contain any impulses at the origin we get Es_ Ef.

A consequence of (5.1) is that f € L2(R) induces that f" €
L?(R). The accuracy of the approximated Hilbert transform
operator can be measured by comparing the energy in (5.1)
and (5.2). However, a minor difference in energy always exists
in real applications due unavoidable truncation errors.
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6. The Hilbert transform of strong analytic signal

Now we have that the Hilbert transform of strong analytic

signal z(t) is
Hz(t) = H(f (1) + if (t)) = f(&) — if (t) = —iz(t) (6.1)

We can show the result of the Hilbert transform of general
multipliedstrong analytic signals induced from (6.1)[7]

Theorem 6.1: The product of H(z,(t)z,,(t))is identical with
the product of z,(t)H(z,.,(t)) if z,(t)and z,,,(t) are strong
analytic signals.

Proof: Since z,(t) and z,,,(t) are strong analytic signals then

H(2n())Zn41(8) = (fa () = ifn(0)) (frs1 () + ifnsa (1)) (6.2)

= _i(fn(t) + ifn(t))(fn+1(t) + fn+1(t))
. = _iZn(At)Zn+1(t)

= (@) + if , () (fos1 (1) = ifn11(8))(6.3)

= zn(O)H(Zn41(8)),  (6.4)

Where we make use of (6.1) in (6.2) and (6.3).

Theorem 6.2: The product of z,(t)z,,1(t) are identical with
the product

iH(Zn(t))Zn+1(t) = izp(£)H (Zp11(t)) if Zn41(t) and z,(t)
are strong analytic signals.

Proof: Since z,(t)and z,.,(t)are strong analytic signals then

Zn(t)Zp41(t) = (fn(t) + ifn(t))(fn+1(t) + ifn+1(t))
= i(fu(8) = ifa () (frs1 (1) + ifns1 (1))
= iH (2, (6) 241 (t) = iz () H(zp41(2)),

And the theorem follows.

The Hilbert transform of the product of two strong analytic
signals gives us the same result as in (6.4). To prove this we first
need to show that the product of two strong analytic signals is
strong analytic.

Theorem 6.3: [8,10] H(z,,(£)2,,(t)) = iz, (£)Zn41(t)

if z,(t) and z,,,(t) are strong analytic signals.

Proof: Since z,(t)and z,.,(t) are strong analytic signals then

H(Zn(t)Zn+1(t)) = H(fn(t) + ifAn(t))(an(t) + ifAn+1(t))
= H(fn(t)fn+1(t) - fAn(t)fAn+1(t))
(O f 1 () + () frne1 (@)
= O f 1@ + (@) frsa (®)

(108)



Series M. Mathematical Sciences

~i(fu (O frs 1 (8) = if () F s (£) (6.5)
= _i(fn(t)fn+1(t) + ifAn(t)fAn+1(t)
+ifAn (t)fn+1(t) - fAn(t)fAn+1(t))
= _i(fn(t) + ifAn+1(t))(fn(t) + ifAn+1(t))
= =iz, (6)Zp11(0),
Where we make use of (6.3) in(6.5)

Consequently it is possible to apply the Hilbert transform on
product of two strong analytic signals in several different ways,
thus

H (2, () 2341 (1)) = H (21,()) 2341 (£) = 12, (£) 211 (£) 23041 (1))

= =iz, (t)Zp41(t)

It does not matter on which strong analytic signal we apply
the Hilbert transform. We conclude that the Hilbert transform of
the product of m strong analytic signals from the equation

Hz™(t) = H(z(t))z™ 1(t) = —iz(£)z™ () = —iz™(t)

7. Analytic signals in the time domain

The Hilbert transform can be used to create an analytic signal
from areal signal. Instead of studying the signal in frequency to
look at a rotating vector with an instantaneous phase ¢(t) and
an instantaneous amplitude A(t) in time domain, that is[9]

z(t) = () +if (£) = e'*®,

This notation is usually called the polar notation where

A(t) = /fz(t)fz(t),

/(@)
@(t) = arctan <f(t)>
If we express the phase with Taylor series then
p(t) = p(t + &) + ()9 (t + &) +R,
Where R is small if £, > 0. The analytic signal becomes
2(t) = A(t)ei(p(t) — A(t)ei(q’(t'i'gz)—(t"'gz)(l"(f+€2))eit(p'(t+£2)eiR.

And we see that ¢'(t + ;) has the role of frequency ifR is
neglected. This makes it natural to introduce the notation of
instantaneous frequency, that is

do(t)

dt

And

w(t) =

(109)
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Example 10: [10] We have a real signal and its Hilbert
transform
f(t) = cos(w,t),
f (&) = sin(w,t),
Together they form an analytic signal where the
instantaneous amplitude is
A(t) = \/cos?(wpt) + sin?(wyt) = 1.
The instantaneous frequency is easy to calculate form the
phase ¢(t) = wyt, that is

w(t) = w,
We see that in this particular case the instantaneous
frequency is the same as the real frequency.
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