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Some Properties of Sequences of
Symmeteric Meixner -Pollaczek
Polynomials
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Abstract:

The sequence of the symmetric Meixner-Pollaczek

polynomials Pn(’”)for ﬂ‘r >0 and )‘r <0 are considered. These

are polynomials orthogonal and respectively not orthogonal on
the real line. We define a non-standard inner product with

sequence of polynomials P,fr, for 4, < 0Oshared by A, =0, for

which it becomes a sequence of orthonormal polynomials.

Keywords: Meixner -Pollaczek polynomial, Orthogonal
polynomial, Orthonormal polynomial. Polynomial
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Introduction:

The Meixner-Pollaczek Polynomials were first invented by
Meixiner [1]. Some of the main properties of these polynomials
are presented in Pollaczek[2]. Erdélyi et al [3],Chihara [4],
Askey and Wilson [5], and in the report by Koekoek and
Swarttouw [6] with applications in the works of Rahman [7],
Atakishiyen and Suslov[8], Bender et al. [9],Koornwinder [10],
Li and Wong [11] and the improvements of Tsehaye K. Araaya
[12]. We mainly consider the work of Tsehaye K. Araaya [12]
and derive some properties of the modified sequence of the

o)

symmetric Meixner-Pollaczek Polynomials,{P,fr} :
nr=0
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We denote the monic forms of these polynomials Pn(AT) (x) =
(Ar)
n! B, (x).
The monic forms of the symmetric Meixner-Pollaczek

polynomials are completely described by the recurrence
formula [6].

P_(ir) (x) =0, Po(lr) (x) =1 where 4, >0, forr=123,..(1)
and
xPM) (x) = P9 () + n(n — 1+ 22,)PM) (x), n,r =123,

n+1
sincel, >0 in the recurrence relation (1), the coefficient
n(n—1+24,) in (1) is strictly positive for each n > 1. Thus
according to Favard’s condition [13] there exists a positive real
measure p such that these polynomials are orthogonal with

respect to the inner product
2?‘0:1 (Prf/'lr) ,Prfl/‘lr)) — J‘Rz;o'ozlpé/‘lr) P;l(/‘lr) d# (2)
For these polynomials a modified measure is known and is
given by the following weight functions.
(3%, ,+=
oge, 0 =TS 5 o ®

What happens if };2; 4. <0, from the mentioned Favard’s
condition[12], there is no positive real measure u, such that (2)
yields an orthogonal system.

Duran [14], and Marcellan and Alvarez-Nodarse [15] tried to
generalize Favard’sTheorem to include a wider class of
polynomials satisfying certain recurrence relations. Tsehaye K.
Araaya [12] find a general inner product, such that the
sequence of polynomials with the deficient recurrence
condition becomes an orthogonal system with respect to this
inner product.

Inner-products other than the standard one are often used,
particularly when a non-standard inner-product is more
natural. Orthogonal polynomials with respect to such inner
products can also be considered. For example, Sobolev type
orthogonal polynomial appear in the works of Milovanovi¢ [16],
Marcellan and Alvarez-Nodarse [15]. In general, the Sobolev
type inner-product is defined by

(f.9) = Zio o f P9 P ) dpe(2), (4)

(10)
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Where du,(t),k =0,1,..,m, are given positive measures
onR.

Lately the main contribution in [12] was to show that the
limiting case of the symmetric Meixner-P ollaczek
ponnomiaIs,Pn(O)(x) = limy_ o+ P,l(l)(x), is an orthogonal
polynomial system on the strip S={z.-1<3(z)<1}. In
another  contribution [17], the whole class of
ponnomiaIsP,l(A)(x)for/le]R, was discussed in [18],[19],[20].

Besides the close relationship between the polynomials Pn(l)(x),
for A, <0 and the Meixner-Pollaczek polynomials was

exploited, and it was shown that for each fixed 1, € R,P,flr)(x) is

sheffer relative to the system Pn(o) (x).

Motivated by [21] and by the Sobolev type orthogonal
polynomials [15],[16] corresponding to the Sobolev type inner
product 4, Tsehaye K. Araaya [12]
considerP = {{Pn(’m (x)}

nr=

define an inner product with respect to which the system

‘A € ]R{}, and for every A, €R,
0

{Pn(’”)(x)} becomes orthogonal.ForA >0 these inner
nr=0

products coincide with the standard inner products for the
Meixner-Pollaczek polynomials.

Inner product is defined, and orthogonality of the system of
polynomials with respect to this inner product are proved.We
examine some of the major properties of these systems of
polynomials share in common with the Meixner-Pollaczek
polynomials.

Notations:
Nis the set of positive integers,Z~ is the set negative
integers,Zy = Z~ U {0}, G, _(x,t.)denote the generating function

of the sequence of polynomials {Pn(’”) (x)} O,f denote the
nr=

complex conjugate of the variablex, f* is the complex conjugate
of the functionf.

(11)
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Definitionl. For eachA, € R the sequence of symmetric
ponnomiaIs{P,flr) (x)} are defined by the following

n,r=0
recurrence relation [6]

P )y=0 PM(x)=1r=123..

And
(n +1)PYD (x) — xPM () + (n — 1+ 22,) P (x) =0, n,r =
1,2,3,. ()

where the monic forms are as described in (5). This sequence
of polynomials has a generating function [6]
extan™lty o o A,
Gy (x,t,) = m = Yire0 2in=0 Prf )(?C)f«';1 (6)
The system has a hypergeometric representation, in
particular if 24, € R\Zg, itis given by

A,) @A)n . in -n, A, +Z
B (x) = - oF; - 212 ). (7
T

Consider the operatorsR and ] defined in [17], [21]
respectively, by

Rf(x) = f(x+l)42-f(x ) (8)
Jf(x) = M 9)
Such that

242 =1 (10)
where [ is the identity operator and

RxiDNf(x) =flxxi) (11)

The following modified Proposition was proved in [17] in
different setting.
Proposition 2.Given any 4, € R, the following relations hold

true:
A (Ar+3)
RP™ (x) = P, 2()(12)

( rt
IR () = PP () (13)
The actlon of the operator Ras in [21] is described as follows:

(12)
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R(fg*) = fx+Dg e+ +f(x-)g" (x=1) _ fxAD)gx+)+f(r-D)g(x—1) _

2 2
flx—DRg(x) + i f (x)g(x —1). (14)
) For any positive integer n, R"*1f = R[R"f]. Where
Rf = ¥R (Z) fx +i(n — 2k)). (15)
If r =n+ 1, then R"A, = R [R""14,] (16)
R, = Zr% e (r ; 1) A

For any real numberi,.<0 we can define,N;lT:{n:ne

Nand A, + % > O}, then the following statement in [21]is always

true.
Lemma3.Ny~ ; .hasaleast element, where =234,....

We denote the associated element in Lemma 3 by my= _; ,
. 0 n
where mye 3 = Minyey {n: Yo Ay + 2> O}.
Note that 22, (Ar + m’”) € (Oﬂ Now we define the associate

2
series of inner products as follows:

(. D= .0 = oo f9 (P 2.0()) = [0 R™4r(fg7) + wyy, +
—"?r (x)dx (17)
where

mya. ix)?
mya, _ [FO+—2"T+7]
(l)z/'[r+ P 2; 2 (18)

Are the weight function associated with the polynomials

m
YA
rt—5

P

n
1

Ps;. o(x) =1, then we can deduce that ||fll;,., = (fIf1*)z , and

R™z4 is equivalent to an identity operator while the weight

functions Y72, (‘“/’lr 4+ My (x)) =1lforanyr =12, ..

2
Result:

The following modified Theorem shown by [21].
Theorem4.For each 4, <0, the associated inner product

defined in (17) is well defined, and the corresponding

in the symmetric Mexiner-Pollaczek polynomials if

(13)
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polynomial system pi (x) , Is an orthogonal polynomial
n n

=0
system with respect to this inner product.
Proof.For suitable real function f, g, or Ay = g* series of inner

productin (17) is equivalent to

(F1 D35, 1,0 = Joo Z20R™(fg") +ay, + m;r (x)dx

—_— © o 1 m T mlr ’ *

= o Zrzoymr; kjo( K ) X f(x +i(m, — 2"))9 (x -

. my, v 1 my,. m;tr %)

i(my, — Zk)) wy, + =7 ()dx = T2 o X, 20 ( K ) x| of (x +

i(m;tr — Zk)) g (x - i(mlr - Zk)) wy, + mZM (x)dx (29)
Interchanging the order of summation and integration is

permissible because my, isfinite. Thus, it is easy to see that the

inner product is well defined. Now we use the sequence of

generating functions of the corresponding polynomials.

Suppose G, (x,)is the sequence of generating functions

corresponding tol,., then (see [12]).
|E20 271 6, G, o = D0 T8 inmo || B || (20)
Which can also be equivalently described by )
(2?:0 Y001, (X, tg)  Xie0 Xa=0Ga, (x, Sa)) =
N0 B [, R (Gy, (x,t0), G, (x,5,) ) wz, +

Now we give our following results.
1(2xtan”'ty
2\ In(1+t2)

m;r (x)dx (21)

Corollary 5.Show that 1, = + 1) ,r=123..

Proof. From [21] we have

N 1 1
R™r(Gy,, G} ) = ——1——7 (L + t454)
(1+t2)2 (1+452)2

Thus
My ox(tan™Ltg+tan™15sy)
ler(G/‘lr’ G/{r) = (1+ta5a) e - +mlr (22)
T2

A2
(1+t2)7 2 (1+82)

If t, =S, we can deduce respectively that
1

R™ (G2, (0., 65, (x.t0)) = (+e3)
and

R™(Gy, .G} ) ==
T )

2xtan”1t,

(14)
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on dividing we have

2xtan™1t, Wi =1

(1+t§)“r
ertan‘lta =1+ té)zilr—l
2xtan™'t, = (24, — 1) In(1 + t2)

__ 2xtan~lt,

2 —1= In(1+t2)
Hence

__1{2xtan"1t, _
){r - E(m"' 1) , ¥ = 1,2,3

Lemma 6. For the minimum n corresponding to m; we have
to show that

- _ <2xtan'1 ta 1)
n In(1+t3)

Proof. For
A +2>0

We canfind , forn € N, that

<2xtan'1 to )

n>—(——==2+1

In(1+t3)
Now from (21) and (22), [12] with a modification shows that

(1+t4Sy)™r ex(tan"ltg+tan™154)

e

[ee]
(62, (. t). G, (0. S0)), = [, @4,
y my Ar+—5T
(1+e2)"7 72 (1452)
% (x)dx =
(1+tgSa)"Ar f°° ex(tan~'tot+tan~ts,) 0o 4 MAr (x)dx
1 ma, J—oo Ar 2
Ay ™2
(1+e2)72 (1452)
1—2(/1 +%)
_ L+t Sy) " Ar 2 "2 (200 +my,)

- =
/lr+# cos?ArTma, (tan~1to+tan—15,)

A +%
1+t2)7 2 (1+S2
a
(1+tgSy) ™ r 21_(2’1T+m/1r)1‘(21r+m,1r)
lr+mlr %(1_1_-“5“)211”'”"11”

mj 2 1 1
(1+62)"7 2 (1452) (1+£3)2(1+53)2

mlr
oy 2 A an)r (20, 4+ m )

(15)
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21—(2/'lr+mlr)1-‘(2/’{r+
n m
my,) Ziteo(2e + my, ), S g (T (150K =

21 (Zilr+m,1r) Zn Ozmlr 1—\(2/’{ + m/’[ + n) ( /11”) (tasa)n+k _

n!

2t i By () @ g, = ) G

— er+mlr)['(2/‘[ +my +n k)

ml ( r -
=% o< (") 2 e >(tasa)” 23)

Finally, comparing the coefficients of the powers of t, and S,
(21) and (23) we observe that

(er+ml ) _
) Ay _ m,lr my, )1 (2A,+my, +n-k)
(19 ), =t ity (") 2

Where 6, is the Kronecker delta function.

Remark 7.The above result can also be seen from the
expansion of the expression in the right-hand side of (22).
(1+ta5a)mlrex(tan_1ta+tan_15a) _

mlr
2

(24)

A+

(1+t2) 2 (1+52)

my. MAr

(1 + tasa) 27(35,’7':01:’75)L )(x) tn Zmr OP( )(X)S;:n =

m,lr
k=0

D L ed )P;f“TT)(x)PS”TT)(x)ty"s;r+’<=

o my, m;tr /'lr+ Ar
Simr=o| Zhcs () )Pn( ) pl ) g |ens
Tsehaye K. Araaya [12]. Shows the following result.
Proposition8.For eachi, € R, the corresponding orthogonal
polynomial system with respect to the associated inner product
satisfies the following relation.
n (m/‘tr) 21720 (n—k+2p)
(Ar) (Ar) _ ) ekr=0\ g (n—k)!
(Pn (). By (x))/‘tr,o - my, \ 2172#T(n—k+2p)
Zkr 0( ) (n—-k)!

yifn<my

yifnzmy

Where u = A, +%
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Proof: Using the relation (24) where m = n, we obtain

(P07 0.5 () =

Ar0

(- (")) (2 ),pm;((x)) Cifn<m
i 71::;0 (n;{ )( p® (x),P,f#L(x))#'O, ifn=my

n (m/‘Lr) 21720 (n—k+2u)
kr=0\ k (n—k)!
my. (M) N\ 21720 (n-k+2y) .
k,r=0( k ) or Sz

Since(P,f‘_‘?c(x),P(“l(x)) =0, whenever k >n > 0, and

21 2#r( +24)
<Prfﬂ)(x), P,»E#)(X)) — |71 u
1,0 n!

Remark 9.I1f 1,, > 0, the result in Theorem 4 and Proposition 8
hold true, for thenm; =0.

Corollary10.In the case when 24, < 0 is an integer, we have
the following result:

m;.N .
7I;L,rzo( )’ lfn < m/’lr
p@r) (x) pr) (x) — k
n n /1 0 . m/‘lr _ ml i
o |zt () =2 iz m,
We give our following results.

Corollary 11.I1f 4, = O,N; has a least element equal to zero,
where r =1,2,3, ..., then we have

0)

cifn<my

21 2T (n + 21,)

Ar
P .
n
(i) {Pn( r) (x)} is orthonormal and T'(n + 22,)
n!
= m, Hence

nl!
F(n):? for neN
(iii) ||z;°=022°=161r(x,ta)llz oS

—22rr(n+21,.)
Za OZr 12m O—r”tgl”/lr,o

(17)
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Proof:
(1) For u =4, +2% and when my_ =0, we have u= 4,
then ”Pn = <Pn(’1r) (x),P,f’lT) (x)) =
270
217221 (n+221,)
n
(i) 1f my_ =0 Corollary 10, implies that ”Pn(AT) (x) =
0
ma,\ —
7I;L,7'=O( k )_ 1
and (i) gives that
!
and for 1, =0 then I'(n) = %
(iii) We can show that |Zooz0 X521 Gy (x, 1:0()||/,L .=

S e [P Goe ”

2,
ZZZM@@LWWM
m=

a=0r=1
co 00

21 2lrr(n +2X)
<> ez, o

a=0r=1m=0

Now we conclude that (ii) above determined orthonormality
of Pn(’”) (x), at the least mimimum element.
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