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 Some Properties of Sequences of 
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Polynomials 
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Abstract: 
The sequence of the symmetric Meixner-Pollaczek 

polynomials ௡ܲ
(ఒೝ)for 0r   and 0r   are considered. These 

are polynomials orthogonal and respectively not orthogonal on 
the real line. We define a non-standard inner product with 
sequence of polynomials ௡ܲ

ఒೝ , for ߣ௥ ≤ 0 shared by ߣ௥ ≥ 0, for 
which it becomes a sequence of orthonormal polynomials. 
Keywords: Meixner -Pollaczek polynomial, Orthogonal 

polynomial, Orthonormal polynomial. Polynomial 
operator, Non-standard inner product, 

Introduction: 
The Meixner-Pollaczek Polynomials were first invented by 

Meixiner [1]. Some of the main properties of these polynomials 
are presented in Pollaczek[2].  Erdélyi et al [3],Chihara [4], 
Askey and Wilson [5], and in the report by Koekoek and 
Swarttouw [6] with applications in the works of Rahman [7], 
Atakishiyen and Suslov[8], Bender et al. [9],Koornwinder [10], 
Li and Wong [11] and the improvements of Tsehaye K. Araaya 
[12]. We mainly consider the work of Tsehaye K. Araaya [12] 
and derive some properties of the modified sequence of the 

symmetric Meixner-Pollaczek Polynomials,ቄ ௡ܲ
ఒೝቅ

௡,௥ୀ଴

ஶ
. 
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We denote the monic forms of these polynomials ௡ܲ
(ఒೝ) (ݔ) =

݊! ௡ܲ
(ఒೝ)(ݔ).  

The monic forms of the symmetric Meixner-Pollaczek 
polynomials are completely described by the recurrence 
formula [6]. 
ܲି ଵ

(ఒೝ) (ݔ) = 0, ଴ܲ
(ఒೝ) (ݔ) = ௥ߣ   ݁ݎℎ݁ݓ   1 > 0, ݎ ݎ݋݂ = 1,2,3, …(1) 

and 
ݔ ௡ܲ

(ఒೝ) (ݔ) = ௡ܲାଵ
(ఒೝ) (ݔ) + ݊(݊ − 1 + (௥ߣ2 ௡ܲିଵ

(ఒೝ) (ݔ), ݊, ݎ = 1,2,3, …  
sinceߣ௥ > 0 in the recurrence relation (1), the coefficient 

݊(݊ − 1 + ݊ ௥) in (1) is strictly positive for eachߣ2 ≥ 1. Thus 
according to Favard’s condition [13] there exists a positive real 
measure ߤ such that these polynomials are orthogonal with 
respect to the inner product 
∑ ቀ ௡ܲ

(ఒೝ) , ௠ܲ
(ఒೝ) ቁஶ

௥ୀଵ = ∫ ∑ ௡ܲ
(ఒೝ) 

௠ܲ
∗(ఒೝ) ݀ߤஶ

௥ୀଵℝ  (2) 
For these polynomials a modified measure is known and is 

given by the following weight functions. 

߱∑ ఒೝಮ
ೝసభ

(ݔ) =
ቚ௰ቀ∑ ఒೝಮ

ೝసభ ା೔ೣమ ቁቚ

ଶగ
, ௥ߣ > 0 (3) 

What happens if ∑ ௥ஶߣ
௥ୀଵ ≤ 0, from the mentioned Favard’s 

condition[12], there is no positive  real measure ߤ, such that (2) 
yields an orthogonal system.  

Duran [14], and Marcellán and Álvarez-Nodarse [15] tried to 
generalize Favard’sTheorem to include a wider class of 
polynomials satisfying certain recurrence relations. Tsehaye K. 
Araaya [12] find a general inner product, such that the 
sequence of polynomials with the deficient recurrence 
condition becomes an orthogonal system with respect to this 
inner product. 

Inner-products other than the standard one are often used, 
particularly when a non-standard inner-product is more  
natural. Orthogonal polynomials with respect to such inner 
products can also be considered. For example, Sobolev type 
orthogonal polynomial appear in the works of Milovanović [16], 
Marcellán and Álvarez-Nodarse [15]. In general, the Sobolev 
type inner-product is defined by 
(݂ ,݃) = ∑ ∫ ݂(௞)(ݐ)݃(௞)(ݐ)݀ߤ௞(ݐ)ℝ ,௠

௞ୀ଴  (4) 
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Where  ݀ߤ௞(ݐ),݇ = 0,1, … ,݉, are given positive measures 
onℝ.  

Lately the main contribution in [12] was to show that the 
limiting case of the symmetric Meixner-P ollaczek 
polynomials, ௡ܲ

(଴)(ݔ) = limఒ→଴శ ௡ܲ
(ఒ)(ݔ), is an orthogonal 

polynomial system on the strip  ܵ = 1−:ݖ} ≤ (ݖ)ॅ ≤ 1}. In 
another contribution [17], the whole class of 
polynomials ௡ܲ

(ఒ)(ݔ)forߣ ∈ ℝ, was discussed in [18],[19],[20]. 
Besides the close relationship between the polynomials ௡ܲ

(ఒ)(ݔ), 
for  ߣ௥ < 0  and  the Meixner-Pollaczek polynomials was 
exploited, and it was shown that for each fixed  ߣ௥ ∈ ℝ, ௡ܲ

(ఒೝ)(ݔ) is 
sheffer relative to the system ௡ܲ

(଴)(ݔ). 
Motivated by [21] and by the Sobolev type orthogonal 

polynomials [15],[16] corresponding to the Sobolev type inner 
product (4), Tsehaye K. Araaya [12] 

considerℙ = ൜ቄ ௡ܲ
(ఒೝ)(ݔ)ቅ

௡,௥ ୀ଴

ஶ
: ௥ߣ ∈ ℝൠ, and for every ߣ௥ ∈ ℝ, 

define an inner product with respect to which the system 

ቄ ௡ܲ
(ఒೝ)(ݔ)ቅ

௡,௥ୀ଴

ஶ
 becomes orthogonal.Forߣ > 0 these inner 

products coincide with the standard inner products for the 
Meixner-Pollaczek polynomials. 

Inner product is defined, and orthogonality of the system of 
polynomials with respect to this inner product are proved.We 
examine some of the major properties of these systems of 
polynomials share in common with the Meixner-Pollaczek 
polynomials. 

Notations: 
ℕ is the set of positive integers,ℤି is the set negative 

integers,ℤ଴ି ≡ ℤି ∪ ,ݔ)ఒೝܩ,{0}  ௥)denote the generating functionݐ

of the sequence of polynomials ቄ ௡ܲ
(ఒೝ) (ݔ)ቅ

௡,௥ୀ଴
,  denote the ݔ̅

complex conjugate of the variableݔ,݂∗ is the complex conjugate 
of the function݂. 
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Definition1. For eachߣ௥ ∈ ℝ the sequence of symmetric 

polynomialsቄ ௡ܲ
(ఒೝ) (ݔ)ቅ

௡,௥ୀ଴
 are defined by the following 

recurrence relation [6] 
ܲି ଵ

(ఒೝ) (ݔ) = 0, ଴ܲ
(ఒೝ) (ݔ) = 1, ݎ = 1,2,3, …  

And 
(݊ + 1) ௡ܲାଵ

(ఒೝ) (ݔ)− ݔ ௡ܲ
(ఒೝ) (ݔ) + (݊ − 1 + (௥ߣ2 ௡ܲିଵ

(ఒೝ) (ݔ) = 0, ݊, ݎ =
1,2,3, … (5) 

where the monic forms are as described in (5). This sequence 
of polynomials has a generating function [6] 

,ݔ)ఒೝܩ (௥ݐ = ௘ೣ೟ೌ೙
షభ ೟ೝ

൫ଵା௧ೝమ൯ఒೝ
= ∑ ∑ ௡ܲ

(ఒೝ) (ݔ)ݐ௥௡ஶ
௡ୀ଴

ஶ
௥ୀ଴   (6) 

The system has a hypergeometric representation, in 
particular if 2ߣ௥ ∈ ℝ\ℤ଴ି, it is given by  

௡ܲ
(ఒೝ) (ݔ) = (ଶఒೝ)೙

௡!
݅௡ ଵଶܨ ቆ−݊, ௥ߣ + ௜௫

ଶ
௥ߣ2

ቤ2ቇ.  (7) 

 
Consider the operatorsܴ and ܬ defined in [17], [21] 

respectively, by  

(ݔ)݂ܴ = ௙(௫ା௜)ା௙(௫ି௜)
ଶ

 (8) 
 

(ݔ)݂ܬ = ௙(௫ା௜)ି௙(௫ି௜)
ଶ௜

 (9) 
Such that 

 
ܴଶ + ଶܬ =  (10) ܫ
where ܫ is the identity operator and 
 (ܴ ± (ݔ)݂(ܬ݅ = ݔ)݂ ± ݅) (11) 

The following modified Proposition was proved in [17] in 
different setting. 

Proposition 2.Given any ߣ௥ ∈ ℝ, the following relations hold 
true: 

ܴ ௡ܲ
(ఒೝ) (ݔ) = ௡ܲ

(ఒೝା
భ
మ) 

 (12) (ݔ)

ܬ ௡ܲ
(ఒೝ) (ݔ) = ௡ܲିଵ

(ఒೝା
భ
మ) 

 (13) (ݔ)
The action of the operator ܴas in [21] is described as follows: 
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ܴ(݂݃∗) = ௙(௫ା௜)௚∗(௫ା௜)ା௙(௫ି௜)௚∗(௫ି௜)
ଶ

= ௙(௫ା௜)௚(௫ାప)തതതതതതതതതതା௙(௫ି௜)௚(௫ିప)തതതതതതതതതത

ଶ
=

ݔ)݂ − (ݔ)ܴ݃(݅ + ݔ)݃(ݔ)݂ܬ݅ − ݅). (14) 
(i) For any positive integer ݊,ܴ௡ାଵ݂ = ܴ[ܴ௡݂]. Where  

ܴ௡݂ = ଵ
ଶ೙
∑ ቀ݊݇ቁ
௡
௞ୀ଴ ݂൫ݔ + ݅(݊ − 2݇)൯. (15) 

If ݎ = ݊ + 1, then  ܴ௥ߣ௥ = ܴ [ܴ௥ିଵߣ௥] (16)  
ܴ௥ିଵߣ௥ = ଵ

ଶೝషభ
∑ ቀݎ − 1

݇ ቁ௥ିଵ
௞ୀ଴ ௥ߣ   

For any real number ߣ௥ ≤ 0 we can define,ℕఒೝ = ቄ݊:݊ ∈

ℕ and ߣ௥ + ௡
ଶ

> 0ቅ, then the following statement in [21]is always 

true. 
Lemma3.ℕ∑ ఒೝಮ

ೝసమ
.has a least element, where = 2,3,4, …. 

We denote the associated element in Lemma 3 by ݉∑ ఒೝಮ
ೝసమ

, 

where ݉∑ ఒೝಮ
ೝసమ

= min௡∈ℕ ቄ݊: ∑ ௥ஶߣ
௥ୀଶ + ௡

ଶ
> 0ቅ. 

Note that ∑ ቀߣ௥ + ௠ഊೝ
ଶ
ቁ ∈ ቀ0, ଵ

ଶ
ቃஶ

௥ୀଵ . Now we define the associate 

series of inner products as follows: 
 (݂, ݃)∑ ఒೝ,଴ಮ

ೝసబ
= ∫ ݂݃∗(ܲ∑ ఒೝ,଴ಮ

ೝసబ
ஶ((ݔ)

ିஶ =  ∫ ܴ௠∑ഊೝ(݂݃∗) +ஶ
ିஶ ߱∑ఒೝ +

௠∑ഊೝ
ଶ

 (17)  ݔ݀(ݔ)
where 

 

߱∑ఒೝ + ௠∑ഊೝ
ଶ

=
ቚ௰(ఒೝା

೘∑ഊೝ
మ ା೔ೣమ ቚ

మ

ଶగ
  (18) 

Are the weight function associated with the polynomials 

௡ܲ
ఒೝା

೘∑ഊೝ
మ  in the symmetric Mexiner-Pollaczek polynomials if 

∑ܲఒೝ,଴(ݔ) = then we can deduce that ‖݂‖ఒೝ,଴ ,ܫ = (∫|݂|ଶ)
భ
మ , and 

ܴ௠∑ഊೝ  is equivalent to an identity operator while the weight 

functions ∑ ቀ߱ఒೝ + ௠ഊೝ
ଶ

ቁஶ(ݔ)
௥ୀଵ ≡ 1 for any ݎ = 1,2, …. 

Result: 
The following modified Theorem shown by [21]. 
Theorem4.For each ߣ௥ ≤ 0, the associated inner product 

defined in (17) is well defined, and the corresponding 
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polynomial systemቄ ௡ܲ
(ఒೝ) (ݔ)ቅ

௡,௥ୀ଴
, is an orthogonal polynomial 

system with respect to this inner product. 
Proof.For suitable real function ݂,݃, or ߣ௥∗ = ݃∗ series of inner 

product in (17) is equivalent to 
(݂ ,݃)∑ ఒೝ,଴ೝ 

=  ∫ ∑ ܴ௠ഊೝ(݂݃∗)ஶ
௥ୀ଴ +ஶ

ିஶ ߱ఒೝ + ௠ഊೝ
ଶ

  ݔ݀(ݔ)

= ∫ ∑ ଵ
ଶ೘ഊೝ

ஶ
௥ୀ଴

ஶ
ିஶ ∑ ቀ

݉ఒೝ
݇ ቁ× ݂ ቀݔ + ݅൫݉ఒೝ − 2݇൯ቁ݃∗ ቀݔ −௠ഊೝ

௞ୀ଴

݅൫݉ఒೝ − 2݇൯ቁ߱ఒೝ + ௠ഊೝ
ଶ

ݔ݀(ݔ) = ∑ ଵ
ଶ೘ഊೝ

ஶ
௥ୀ଴ ∑ ቀ

݉ఒೝ
݇ ቁ×

௠ഊೝ
௞ୀ଴ ∫ ݂ ቀݔ +ஶ

ିஶ

݅൫݉ఒೝ − 2݇൯ቁ݃ ቀݔ − ݅൫݉ఒೝ − 2݇൯ቁ߱ఒೝ + ௠ഊೝ
ଶ

 (19)  ݔ݀(ݔ)
Interchanging the order of summation and integration is 

permissible because ݉∑ఒೝ is finite. Thus, it is easy to see that the 
inner product is well defined.  Now we use the sequence of 
generating functions of the corresponding polynomials. 
Suppose ܩఒೝ(ݔ,⋅)is the sequence of generating functions 
corresponding toߣ௥, then (see [12]). 
ฮ∑ ∑ ,ݔ)ఒೝܩ ఈ)ஶݐ

௥ୀଵ
ஶ
ఈୀ଴ ฮ

ఒೝ,଴
= ∑ ∑ ∑ ቛ ௡ܲ

(ఒೝ) (ݔ)ݐఈ௠ቛ
ఒೝ,଴

ஶ
௠ୀ଴

ஶ
௥ୀଵ

ஶ
ఈୀ଴  (20) 

Which can also be equivalently described by 
  ൫∑ ∑ ,ݔ)ఒೝܩ ఈ)ஶݐ

ఈୀ଴
ஶ
௥ୀ଴ ,∑ ∑ ,ݔ)ఒೝܩ ܵఈ)ஶ

ఈୀ଴
ஶ
௥ୀ଴ ൯ =

∑ ∑ ∫ ܴ௠ഊೝ ቀܩఒೝ(ݔ, ఒೝܩ,(ఈݐ
∗ ,ݔ) ܵఈ)ቁஶ

ିஶ
ஶ
ఈୀ଴

ஶ
௥ୀ଴ ߱ఒೝ + ௠ഊೝ

ଶ
 (21)  ݔ݀(ݔ)

Now we give our following results. 

Corollary 5.Show that ߣ௥ = ଵ
ଶ
൬ଶ௫ ୲ୟ୬

షభ ௧ഀ
୪୬൫ଵା௧ഀమ൯

+ 1൰ , ݎ = 1,2,3 … 

Proof. From [21] we have 
ܴ௠ഊೝ൫ܩఒೝ ఒೝܩ,

∗ ൯ = ଵ

൫ଵା௧ഀమ൯
భ
మ

ଵ

൫ଵାௌഀమ൯
భ
మ

(1 +   (ఈܵఈݐ

Thus  

ܴ௠ഊೝ൫ܩఒೝ ఒೝܩ,
∗ ൯ = (ଵା௧ഀௌഀ)೘ഊೝ௘ೣ൫೟ೌ೙

షభ ೟ഀశ೟ೌ೙షభ ೄഀ൯

൫ଵା௧ഀమ൯
ഊೝశ

೘ഊೝ
మ ൫ଵାௌഀమ൯

ഊೝశ
೘ഊೝ
మ

 (22) 

If ݐఈ = ܵఈ we can deduce respectively that 
ܴ௠ഊೝ ቀܩఒೝ(ݔ , ఒೝܩ,(ఈݐ

∗ ,ݔ) ఈ)ቁݐ = ଵ
൫ଵା௧ഀమ൯

  

and 

ܴ௠ഊೝ൫ܩఒೝ ఒೝܩ,
∗ ൯ = ௘మೣ೟ೌ೙

షభ೟ഀ

൫ଵା௧ഀమ൯
ഊೝ
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on dividing we have  

݁ଶ௫௧௔௡షభ௧ഀ ൫ଵା௧ഀమ൯

൫ଵା௧ഀమ൯
మഊೝ

= 1  

݁ଶ௫௧௔௡షభ௧ഀ = (1 +   ఈଶ)ଶఒೝିଵݐ
ఈݐଵି݊ܽݐݔ2 = ௥ߣ2) − 1) ln(1 +   (ఈଶݐ

௥ߣ2 − 1 = ଶ௫௧௔௡షభ௧ഀ
୪୬൫ଵା௧ഀమ൯

  

Hence 

௥ߣ = ଵ
ଶ
൬ଶ௫ ୲ୟ୬

షభ ௧ഀ
୪୬൫ଵା௧ഀమ൯

+ 1൰ , ݎ = 1,2,3 …  

Lemma 6. For the minimum ݊ corresponding to ݉ఒೝ we have 
to show that   
݊ > −൬ଶ௫ ୲ୟ୬

షభ ௧ഀ
୪୬൫ଵା௧ഀమ൯

+ 1൰  

Proof. For  
௥ߣ + ௡

ଶ
> 0  

We can find , for ݊ ∈ ܰ, that  

݊ > −൬ଶ௫ ୲ୟ୬
షభ ௧ഀ

୪୬൫ଵା௧ഀమ൯
+ 1൰  

Now from (21) and (22), [12] with a modification shows that 

ቀܩఒೝ(ݔ, ,ݔ)ఒೝܩ,(ఈݐ ܵఈ)ቁ
ఒೝ,଴

 = ∫
(ଵା௧ഀௌഀ)೘ഊೝ௘ೣ൫౪౗౤

షభ ೟ഀశ౪౗౤షభ ೄഀ൯

൫ଵା௧ഀమ൯
ഊೝశ

೘ഊೝ
మ ൫ଵାௌഀమ൯

ഊೝశ
೘ഊೝ
మ

ஶ
ିஶ ߱ఒೝ +

௠ഊೝ
ଶ

ݔ݀(ݔ) =
(ଵା௧ഀௌഀ)೘ഊೝ

൫ଵା௧ഀమ൯
ഊೝశ

೘ഊೝ
మ ൫ଵାௌഀమ൯

ഊೝశ
೘ഊೝ
మ
∫ ݁௫൫୲ୟ୬షభ ௧ഀା୲ୟ୬షభ ௌഀ൯ஶ
ିஶ ߱ఒೝ + ௠ഊೝ

ଶ
  ݔ݀(ݔ)

= (ଵା௧ഀௌഀ)೘ഊೝ

൫ଵା௧ഀమ൯
ഊೝశ

೘ഊೝ
మ ൫ଵାௌഀమ൯

ഊೝశ
೘ഊೝ
మ

ଶ
భషమ൬ഊೝశ

೘ഊೝ
మ ൰

୻൫ଶఒೝା௠ഊೝ൯

ୡ୭ୱమഊೝశ೘ഊೝ (୲ୟ୬షభ ௧ഀା୲ୟ୬షభ ௌഀ)
=

(ଵା௧ഀௌഀ)೘ഊೝ

൫ଵା௧ഀమ൯
ഊೝశ

೘ഊೝ
మ ൫ଵାௌഀమ൯

ഊೝశ
೘ഊೝ
మ

ଶభషቀమഊೝశ೘ഊೝቁ୻൫ଶఒೝା௠ഊೝ൯
భ

൫భశ೟మഀ ൯
భ
మ

భ

൫భశೄమഀ ൯
భ
మ

(ଵି௧ഀௌഀ)మഊೝశ೘ഊೝ
=

(ଵା௧ഀௌഀ)೘ഊೝ

(ଵି௧ഀௌഀ)మഊೝశ೘ഊೝ
2ଵି൫ଶఒೝା௠ഊೝ൯Γ൫2ߣ௥ + ݉ఒೝ൯  
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=
2ଵି൫ଶఒೝା௠ഊೝ൯Γ൫2ߣ௥ +

݉ఒೝ൯∑ ൫2ߣ௥ + ݉ఒೝ൯௡
ஶ
௡ୀ଴

(௧ഀௌഀ)೙

௡!
∑ ቀ

݉ఒೝ
݇ ቁ

௠ഊೝ
௞ୀ଴ ௞(ఈܵఈݐ) =

2ଵି൫ଶఒೝା௠ഊೝ൯∑ ∑ Γ൫2ߣ௥ + ݉ఒೝ + ݊൯ ቀ
݉ఒೝ
݇ ቁ

௠ഊೝ
௞ୀ଴

(௧ഀௌഀ)೙శೖ

௡!
ஶ
௡ୀ଴ =

2ଵି൫ଶఒೝା௠ഊೝ൯∑ ∑ ቀ
݉ఒೝ
݇ ቁ Γ൫2ߣ௥ + ݉ఒೝ + ݊ − ݇൯

௠ഊೝ
௞ୀ଴

(௧ഀௌഀ)೙

(௡ି௞)!
ஶ
௡ୀ଴   

= ∑ ቆ∑ ቀ
݉ఒೝ
݇ ቁ

௠ഊೝ
௞ୀ଴

ଶభషቀమഊೝశ೘ഊೝቁ௰൫ଶఒೝା௠ഊೝା௡ି௞൯
(௡ି௞)!

ቇ ௡ஶ(ఈܵఈݐ)
௡ୀ଴   (23) 

Finally, comparing the coefficients of the powers of ݐఈ and ܵఈ 
(21) and (23) we observe that  

ቀ ௡ܲ
(ఒೝ) , ௠ܲ

(ఒೝ) ቁ
ఒೝ,଴

= ௡௠ߜ ∑ ቀ
݉ఒೝ
݇ ቁ

௠ഊೝ
௞ୀ଴

ଶభషቀమഊೝశ೘ഊೝቁ௰൫ଶఒೝା௠ഊೝା௡ି௞൯
(௡ି௞)!

 (24) 

Where ߜ௡௠ is the Kronecker delta function. 
Remark 7.The above result can also be seen from the 

expansion of the expression in the right-hand side of (22). 
(ଵା௧ഀௌഀ)೘ഊೝ௘ೣ൫౪౗౤

షభ ೟ഀశ౪౗౤షభ ೄഀ൯

൫ଵା௧ഀమ൯
ഊೝశ

೘ഊೝ
మ ൫ଵାௌഀమ൯

ഊೝశ
೘ഊೝ
మ

=

(1 + ∑(ఈܵఈݐ ௡ܲ
ቀఒೝା

೘ഊೝ
మ ቁ

ஶ(ݔ)
௡,௥ୀ଴ ఈ௡ݐ ∑ ௠ܲ

ቀఒೝା
೘ഊೝ
మ ቁ

ஶ(ݔ)
௠,௥ୀ଴ ܵఈ௠ =

∑௠ഊೝ
௞ୀ଴   

 

∑ஶ௥ୀ଴ ∑ ∑ ∑ ቀ
݉ఒೝ
݇ ቁ

௠ഊೝ
௞ୀ଴ ௡ܲ

ቀఒೝା
೘ഊೝ
మ ቁ

(ݔ) ௠ܲ
ቀఒೝା

೘ഊೝ
మ ቁ

ఈ௡ା௞ஶݐ(ݔ)
௠ୀ଴ ܵఈ௠ା௞ஶ

௡ୀ଴ =

∑ ቌ∑ ቀ
݉ఒೝ
݇ ቁ௠ഊೝ

௞ୀ଴ ௡ܲି௞
ቀఒೝା

೘ഊೝ
మ ቁ

(ݔ) ௠ܲି௞
ቀఒೝା

೘ഊೝ
మ ቁ

ቍஶ(ݔ)
௡,௠,௥ୀ଴   ఈ௡ܵఈ௠ݐ

Tsehaye K. Araaya [12]. Shows the following result. 
Proposition8.For eachߣ௥ ∈ ℝ, the  corresponding orthogonal 

polynomial system with respect to the associated inner product 
satisfies the following relation. 

ቀ ௡ܲ
(ఒೝ) (ݔ), ௡ܲ

(ఒೝ) (ݔ)ቁ
ఒೝ,଴

= ቐ
∑ ቀ

݉ఒೝ
݇ ቁ௡

௞,௥ୀ଴
ଶభషమഋ୻(௡ି௞ାଶఓ)

(௡ି௞)!
, ݂݅ ݊ < ݉ఒೝ

∑ ቀ
݉ఒೝ
݇ ቁ

௠ഊೝ
௞,௥ୀ଴

ଶభషమഋ୻(௡ି௞ାଶఓ)
(௡ି௞)!

, ݂݅ ݊ ≥ ݉ఒೝ

  

Where ߤ = ௥ߣ + ௠ഊೝ
ଶ

. 
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Proof: Using the relation (24) where ݉ = ݊ , we obtain  

൬ ௡ܲ
(ఒೝ) (ݔ), ௡ܲ

(ఒೝ) (ݔ)൰
ఒೝ,଴

=

⎩
⎨

⎧∑ ቀ
݉ఒೝ
݇ ቁ൬ ௡ܲି௞

(ఓ) ,(ݔ) ௡ܲି௞
(ఓ) ൰(ݔ)

ఓ,଴

௡
௞,௥ୀ଴ , ݂݅ ݊ < ݉ఒೝ

∑ ቀ
݉ఒೝ
݇ ቁ൬ ௡ܲି௞

(ఓ) ,(ݔ) ௡ܲି௞
(ఓ) ൰(ݔ)

ఓ,଴

௠ഊೝ
௞,௥ୀ଴ , ݂݅ ݊ ≥ ݉ఒೝ

  

= ቐ
∑ ቀ

݉ఒೝ
݇ ቁ௡

௞,௥ୀ଴
ଶభషమഋ୻(௡ି௞ାଶఓ)

(௡ି௞)!
, ݂݅ ݊ < ݉ఒೝ

∑ ቀ
݉ఒೝ
݇ ቁ

௠ഊೝ
௞,௥ୀ଴

ଶభషమഋ୻(௡ି௞ାଶఓ)
(௡ି௞)!

, ݂݅ ݊ ≥ ݉ఒೝ

  

Since൬ ௡ܲି௞
(ఓ) ,(ݔ) ௡ܲି௞

(ఓ) ൰(ݔ)
ఓ ,଴

= 0, whenever ݇ > ݊ > 0, and  

൬ ௡ܲ
(ఓ)(ݔ), ௡ܲ

(ఓ)(ݔ)൰
ఓ,଴

= ଶభషమഋ୻(௡ାଶఓ)
௡!

  

Remark 9.If ߣ௥ > 0, the result in Theorem 4 and Proposition 8 
hold true, for then ݉ఒೝ = 0. 

Corollary10.In the case when 2ߣ௥ ≤ 0 is an integer, we have 
the following result: 

൬ ௡ܲ
(ఒೝ) (ݔ), ௡ܲ

(ఒೝ) (ݔ)൰
ఒೝ,଴

= ቐ
∑ ቀ

݉ఒೝ
݇ ቁ௡

௞,௥ୀ଴ , ݂݅ ݊ < ݉ఒೝ

∑ ቀ
݉ఒೝ
݇ ቁ = 2௠ഊೝஶ

௞,௥ୀ଴ , ݂݅ ݊ ≥ ݉ఒೝ

  

We give our following results. 
Corollary 11.If ߣ௥ ≥ 0,ℕఒೝ has a least element equal to zero, 

where ݎ = 1,2,3, …, then we have 
(i) 

ቛ ௡ܲ
(ఒೝ) (ݔ)ቛ

ఒೝ,଴

ଶ
=

2ଵିଶఒೝΓ(݊ + (௥ߣ2
݊!

 

(ii) ቄ ௡ܲ
(ఒೝ) (ݔ)ቅ  is orthonormal and  Γ(݊ + (௥ߣ2

=
݊!

2ଵିଶఒೝ
, Hence 

Γ(݊) =
݊!
2

  for   ݊ ∈ ℕ 

(iii) ฮ∑ ∑ ,ݔ)ఒೝܩ ఈ)ஶݐ
௥ୀଵ

ஶ
ఈୀ଴ ฮ

ఒೝ,଴
≤

∑ ∑ ∑ ଶభషమഊೝ୻(௡ାଶఒೝ)
௡!

ஶ
௠ୀ଴

ஶ
௥ୀଵ

ஶ
ఈୀ଴   ఈ௠‖ఒೝ,଴ݐ‖
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Proof: 
(i) For ߤ = ௥ߣ + ௠ഊೝ

ଶ
 and when ݉ఒೝ = 0, we have ߤ =  ௥ߣ

then ቛ ௡ܲ
(ఒೝ) (ݔ)ቛ

ఒೝ,଴

ଶ
= ൬ ௡ܲ

(ఒೝ) (ݔ), ௡ܲ
(ఒೝ) (ݔ)൰

ఒೝ,଴
=

ଶభషమഊೝ୻(௡ାଶఒೝ)
௡!

  

(ii) If ݉ఒೝ = 0 Corollary 10, implies that ቛ ௡ܲ
(ఒೝ) (ݔ)ቛ

ఒೝ,଴
=

∑ ቀ
݉ఒೝ
݇ ቁ௡

௞,௥ୀ଴ = 1 

  and (i) gives that 
Γ(݊ + (௥ߣ2 = ௡!

ଶభషమഊೝ
,  

and for ߣ௥ = 0  then Γ(݊) = ௡!
ଶ

. 

(iii) We can show that  ฮ∑ ∑ ,ݔ)ఒೝܩ ఈ)ஶݐ
௥ୀଵ

ஶ
ఈୀ଴ ฮ

ఒೝ,଴
=

∑ ∑ ∑ ቛ ௡ܲ
(ఒೝ) (ݔ)ݐఈ௠ቛఒೝ ,଴

ஶ
௠ୀ଴

ஶ
௥ୀଵ

ஶ
ఈୀ଴  

≤ ෍෍ ෍ ቛ ௡ܲ
(ఒೝ) (ݔ)ቛ

ఒೝ,଴

ஶ

௠ୀ଴

ஶ

௥ୀଵ

ஶ

ఈୀ଴

 ఈ௠‖ఒೝ,଴ݐ‖

≤ ෍෍ ෍
2ଵିଶఒೝΓ(݊ + (௥ߣ2

݊!

ஶ

௠ୀ଴

ஶ

௥ୀଵ

ஶ

ఈୀ଴

 .ఈ௠‖ఒೝ,଴ݐ‖

Now we conclude that   (ii) above determined orthonormality 
of ௡ܲ

(ఒೝ) (ݔ), at the least mimimum element. 
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