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Abstract:

We investigate the twistorial derivations of self-dual string
equation, the Maxwell equation and the Bogomolny equation via
dimensional reductions of the equations of motion of the six-
dimensional self-dual three-form field strength H = dB.

1. Introduction:

The complexified space-time C* is used to replace Minkowski
space-time R'? by the space of projective light cones in this
space, R'? x S2 which is diffeomorphic to the open subset
P3 = P3/IP, called Twistor Space. This is due to Penrose who
further used the above correspondence to construct penrose
transform by which we can describe solution of zero-rest mass
fields by complex analytic data (cohomology groups).
Moreover, holomorphic vector bundles over the Twistor space
may also be used to describe Yang-Mills instantons on C*. Then
a twistorial description of chiral theories is demonstrated by a
twistor space P° that enables a description of chiral zero-rest-
mass fields on six-dimensional space-time and certain
cohomology groups on P°. This construction generalizes
Penrose-ward transform to PS.

In this review paper we introduce the dimensional reductions
of the six-dimensional spinor fields to four and three space-time
dimensions. The twistor space P® would contain the ambitwistor
space that describes Maxwell and Yang-Mills equations, the
hyper-plane twistor space that describes the self-dual string
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equation and the minitwistor space for monopole construction.
In this paper we only describe Maxwell and Yang-Mills fields in
addition to self-dual strings. So we consider the reduction of P®
to ambitwistor and hyper-plane twistor spaces.

2.Reduction of M® to M*:

To dimensionally reduce M® to M* we split the 6=
4n4representation of so(6, C) = sl(4,C) into the bi-fundamental
representation (2, 2) of sl(2,C)® sl(2,C) = so(4,C) plus twice
the trivial representation to obtain
xAB - (x®B e®Bx+ ¢4Bx), (1)

wherea, B, ..., &, B,... = 1,2. The symplectic forms £*f and £%F
of sl(2,C€)&@ sl(2,C) can be used to raise and lower sli(2,C)
spinor indices. Four-dimensional space-time M* is then given
by the quotient M* := M®/D,,s with the distribution D,e := (9.).

A general three-form H = dB in six dimensions is given by a
pair of symmetric bi-spinors H,z = d.(aBg)¢ and H"® = 9c“B.®
via a (traceless) two-form potential Bz?. Self-duality of H is
equivalent to saying that H4B) = 0.

A two-form potential in six dimensions Bj reduces then to
Bp" = (A%4 Aza Bap = Blapy Bap = B(ajp) = ©) )

and represents in four dimensions two one-form potentials
Ase, @ two-form potential (B Bsjz) and a scalar field @.
Correspondingly, gauge transformations of Bz,

Bg® - Bg" + 04CAcg — DA, 3)
where Ay = —Ag,, reduce in four dimensions to Ayp —
(Age, AT, A7) with
Age P Age + 0aah™,
Bap P Bap + gaﬂa(ad/\ﬂ)ﬁ, (4)
Bup = Bap + €90, Agpy

0.

Furthermore, the (first-order) self-duality equation H48 =
a¢“B ) reduces to
Hea = €P¥0 4By — €7V 0paBay = 00a® (5-2)

and
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fap(A*) =0 and fz(A7) =0, (5-b)
where f,p and f; are the self-dual and anti-self-dual parts of

the curvature of a potential Ay, i.€.

faB(A) = Eaﬂa(adAB)B and f(xﬁ(A) = Eaﬂaa('aAﬁﬁ) (5-¢)
Note that under this decomposition,

Hyp > (faB(AJf),faB(A‘), 0449). Equation (5-a) is the self-dual

string equation H = *, d@ in spinor notation, while (5-b) says

that the curvature of AT (respectively, A7) is self-dual

(respectively, anti-self-dual).

3. Maxwell Equation:

The Maxwell equation for a gauge potential A,, In spinor
notation is given by:

P70 fuy + PY Opafay = O, (6-a)
. And the Bianchi identity is given by:
e#70, 4 faiy — €V 0pafay = O, (6-b)

so that the equations for f,z and f; decouple as
Eﬁyaaﬁf(x}'/ =0= Eﬁyaﬁdfay-

The general Maxwell field A, is expressed as A,, = A}; +
A, where A7, reflects the degrees of freedom.

4. Bogomolny Equation (in three dimensions):

To further reduce to three dimensions, we splitthe (2, 2)  of
sl(2,0)@ sl(2,C) into the 3 @ 1 ofsl(2,C): x* - (x*F =
x (@) x[12) we then have M3 := M*/D,: with DM4:=(ﬁ).
Here, the field strength of a gauge potential reduces directly
according to:
aaBAVS - aySAaB = anfBS + EBSfaya (7)

and the BPS subsector of the reduced Maxwell equation is
described by the Abelian Bogomolny equation F =x3d@® ,
which reads in spinor notation as
fap = 0ap® (8)

This equation can be obtained from the self-dual string
equation by defining = %JH . In spinor notation, this amounts
to defining  f,p = Hyp and (5-a) reduces to (8).
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5. Ambitwistor space:

Recall that three-dimensional totally null-planes in M®, which
are in one-to-one correspondence with points in P8, are given
by
xAB = x643 + gABCD Y A 9)

where p,is defined modulo terms proportional to 4,. In view
of the splitting si(4,C) into sl(2,C) @ sl(2,C) used in reducing
M® to M*, we now split the spinors 1, and paccording to
g = (U Ag) and  py = (K4,V,) (10)

Correspondingly, upon wusing (1), the equation (9)
decomposes as
xaB — xg—’B
(11)

where we have raised spinor indices with £*# and &%F,
respectively. Next we impose x* = O=x0i to dimensionally
reduce to four dimensions. Hence, v,A* =0 and k,u® =0.
There are essentially three cases emerging from these
equations:

i. Ug =0 but 4; # 0 and k,arbitrary and v, « 4; so that

the first equation (11) reduces to
x0& = xF¢ — %), (12)

This equation parametrises anti-self-dual two-planes in four

dimensions (so-called a-planes).
. u, #0buti, =0andk, «< u, and v, arbitrary so
that
xaa = x(t)xd + Hav(x, (13)
which parametrises self-dual two-planes in four dimensions
(so-called B-planes).
iii.  we can have both u, # 0 and A, # Otogether with
K, X g and v, o« A,. This gives
x4 = x8% + ou%A% for g € C, (14)
which are the null-lines in four dimensions arising from
intersecting a-planes and B-planes.

Choosing the a - or S-planes will lead to either Penrose’s
twistor space or Penrose’s dual twistor space which are the
twistor spaces parametrising such null-planes. In the following,

+ v — K¥A% xt = x§ + v A% and xT = x5 + Kqu©,
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we shall work with the null-lines obtained from intersections of
a - and B-planes. This yields the ambitwistor space P° which is
the twistor space parametrising such null-lines. As we shall
show momentarily, the ambitwistor space P°> as well as the
correspondence space F°® can be obtained by factoring out
certain distributions. The quadric equation defining P® in the
open subset PJof P’ will reduce to the quadric equation
defining P° in the open subset P? x P3 of P3 x P3.

We now decompose all the twistor coordinates (z4,1,) on P®
according to the splitting of sl(4,C) into si(2,C) @ sl(2,C) to
obtain
(24 4) = (2% —0% g, Aa)- (15)

Let us first consider the base space P3? of the fibration
P% - P3. To reduce P3with homogeneous coordinates 1, to
P! x P! with homogeneous coordinates(u,, A;), we consider the
corresponding reduction of the structure sheaf Opsof P3. Local

sections f of Ops fulfil the equation Yf =0, where ¥ = AA% is
A

the Euler vector field on P3.
This reflects the invariance under re-scalingsil, — tiy,

witht € C*. Local sections f of Opiypifulfil ua£f=o and

Aa aaTdf =0 . Therefore, the
quotient of P~3 by the distribution
D_(P"3)=(ua d/(@p_o)-roa d/(0\ a )) (16)
can be identified with PA1xP"1.

Analogously, one reduces P77 with homogeneous
coordinates (z"A,A_A ) to P"3xP"3. Since we are interested in
non-compact versions, let us directly remove the P*3 defined
by z*A#0 and A_A=0 from P”7 to obtain the ambient space
P_0"7=P~7/P"3 =0O_(P"3) (1) C" of the twistor space P6. The
quotient of P_0"7 by the distribution
D_(P_.ON7 ):=(z"a d/(0z"a )+A o d/(0A_a  )-0™o  d/(0w™ o )-uo
d/(@p ) 17)

can be identified with P? x P?, where P3and P? are each bi-
holomorphic to the total space of the bundleOp1(1) @ C2. The
quadric condition z41, = 0, which defines P® — P}, descends to
the quadric equation
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Z%4 — w%Ay =0, (18)
which defines the ambitwistor space P> - P3xP3 as a
quadric hypersurface of P3 x P?. Note that P? is Penrose’s
twistor-space of four-dimensional space time while P? is the
dual twistor space.
The correspondence space F° is obtained as the quotient of
F® = C® x P3 by the distribution
Dpo = (25 1" 5oz = A o) (19)
and we have F®:=F%/Dpo = C*x P! x Pl Altogether, we
arrive at the following double fibration:

F6
77 g
P 4 (20)
where m, is the trivial projection and
131 (2%, A i) = (2% 0%, g A) = (%00, X%t g, A (21)
Note that the twistor distribution in this case is of rank one
and generated by the vector field u,1,0%%, ie. PS> =

F®/{uyAe0%%) with
9 .= gaf gap pwTE

Geometrically, a point x in four-dimensional space-time M*
corresponds to a holo-morphic embedding of £ := 3 (x; ' (x)) =
P! x P! - P>, On the other hand, a point p in ambitwistor space
P® corresponds to a null line m,(x31(x)) » M* given by
X% = x84+ ou%A% witho € C, (22)

in agreement with our initial choice of null-space.

Moreover, if we introduce the two projections pry ,: P! x P! -
P! to the first and second copy of P!, respectively, and in
addition
Opixpt(k, 1) = prOp1(k) & pryOp1(l), (23)
Qﬂzlxpl(k, )= QH’;W (ry Op1(k) ® pry Op1(l))

for k,l € Z, we get the following sequence for the ambitwistor
space

k
O i P5 i O]Plx]:pl(l,o) @ O]P1><]Pl (0,1) ® (CZ - O]P1><]Pl (1,1) i O (24)
(76)




Series M. Mathematical Sciences

Here, k:(z% w% g, As) = 2%, — ©*24. Upon dualising and
twisting by Op1,p1(1,1) the Euler sequence forP! x P!, we find
0- Q;lxpl(lal) - P> Opixpt(1,1). (25)

This implies that P° can be identified with the bundle of first-
order jets Jet! Op1,p1(1,1) of Op1,p1(1,1) as a consequence of the
jet-sequence

0- 03(S) - JetlS>S -0 (26)
for an Abelian sheaf S on a complex manifold X (see e.g.
[12]).

The above constructions show that we have a factorisation of
the tangent bundle T+ into the two bundles of undotted and
dotted chiral spinors. We shall denote these bundles by S and $§
and therefore, T)+ = S ® 0,5, which is the reduction of the
corresponding factorisation in six dimensions. Note that such a
factorisation amounts to choosing a holomorphic conformal
structure. re, we shall make use of the following notation
(fork,l €Z):

6. Penrose—Ward Transforms:

Let us consider an open set U ¢ M* and define U :=
ny(n;1(U)) < P° with covering U={U,}. We start from
holomorphic line bundles over U which are holomorphically
trivial on any £=P!xP!-{U. Such line bundles are
characterised by Cech one-cocycles f = {f,,} € H'(U,0p). The
pull-back of f to the correspondence space can be split
holomorphically,  f, =nif,, = h, —h},. Since f,, gets
annihilated by the twistor distribution, we find A’ == u,A,0%*h),
which is globally defined. Hence A’ must be of the form
A" = u,2,A“%, where A,, depends only on space-time. Since
the twistor distribution is one-dimensional, we do not obtain
any spacetime field equations for A,;. Moreover, since the
splitting f,, = h;, — h;, is not unique, we can always consider
hl, ~ hl, + @', where ¢’ is defined globally on U’ := n;*(U) c P°.
Therefore, ¢’ can only depend on space-time (since the Ps are
compact) and thus, it corresponds to transformations of the form
Ay P Ay +0%%@’. In summary, this shows that H'(U,0p) can
be identified with the Maxwell potentials on U modulo gauge
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transformations. Notice that this construction also applies to the
non-Abelian setting, that is, to Yang-Mills potentials.

As is well-known, in order to construct self-dual (or anti-self-
dual) solutions to the Maxwell/Yang-Mills equations, one
employs Ward’s construction [5] starting from holomorphic
vector bundles over Penrose’s twistor space P? (or the dual
twistor space P?) subject to certain triviality conditions.
Because ambitwistor space incorporates both twistors and dual
twistors, it can be used to give a twistor interpretation of the
Maxwell/Yang- Mills equations. As we have seen above,
however, the ambitwistor space itself is not quite sufficient to
recover these equations. To resolve this problem, one needs to
thicken the ambitwistor space into its ambient space P3 x P3 to
a certain order.

Theorem 2. ([8,9]) Let U be an open subset of M* such that any
null line intersects U in a convex set. Then there is a one-to-one
correspondence between gauge equivalence classes of complex
holomorphic solutions to the Yang-Mills equations on U and
equivalence classes of holomorphic vector bundles which are
holomorphically trivial on any £ = P! x P! - P> for all x € U and
which admit an extension to a 3-rd order thickening P[53] of P° in
P3 x P3.

Note that if the holomorphic vector bundle can be extended
to a finite neighbourhood within the ambient space P3 x P?,
then the space-time gauge field constructed from this vector
bundle is either self-dual, anti-self-dual or Abelian. Thus, if one
is only interested in the Maxwell equation (as we are in the
present case) one may work with holomorphic line bundles on
the ambient space P? x P? which are holomorphically trivial on
P! x P - P? x P2, Since F° is Penrose’s twistor space while P?
its dual, one finds a self-dual and an anti-self dual field strength.
Both can be linearly superposed to obtain a solution to the
Maxwell equation. This is possible as the equations for the two
helicities decouple.

7. Hyperplane Twistors and Self-Dual Strings:

In this section, we introduce a new twistor space P3. We shall
see below, this twistor space underlies a Penrose-Ward
transform mapping a certain cohomology group on P23 to
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solutions to the self-dual string equation on M* in a bijective
manner.

While ambitwistor space describes the intersection of a¢- and
B-planes, the hyperplane twistor space will describe the span of
the union of both types of intersecting null-planes. Because
these two kinds of planes intersect along a null-line, the span
describes a three-dimensional hyperplane in M* hence the
name hyperplane twistor space.

In the corresponding double fibration, space-time obviously
remains the same. Recall that the two spheres in the
correspondence space F® = C* x P! x P! specify the choice of
an a- and a B-plane. Because we need the same data in the
definition of a hyperplane twistor, the correspondence space
remains the same, too. The equivalence relation between
points, however, is different: while two points in the
correspondence space are equivalent if they correspond to the
same null-line in the case of ambitwistors, in the case of
hyperplane twistors, two points in the correspondence space
are considered equivalent if they correspond to the same
hyperplane. Therefore the twistor distribution for the
hyperplane twistor space contains that of the ambitwistor space,
but it is strictly larger, and the hyperplane twistor space is a
subspace of the ambitwistor space.

Explicitly, the hyperplane twistor space P3 can be obtained
by quotenting P° by the distribution

a d
DPS = <Ha@,/’{a w) (27)

It is rather straightforward to see that P3 := P%/Dp5 is bi-
holomorphic to the total space of the holomorphic line bundle

Opixp1(1,1) » P x P1. Altogether, we may write down the

following double fibration:
F6
”’V Ki
p3 M*

where ¢ is the trivial projection and
Ty. (xaaaﬂaa/ld) i (Zaﬂaa/ld) = (xaaﬂalixaﬂaald) (29)

(28)
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Note that the twistor distribution .is of rank.three and
generated by the vector fields u,0%% and 1,0%%, i.e. P® =

F*/{uq0%%, 1,0%%), with 9%% := EaﬁgdBaan as before.

The geometric twistor correspondence here is as follows. By
virtue of the incidence relation z = x**u,1,, a point x € M*
corresponds to a holomorphic embedding of % := (g 1(x)) =
P! x P - P3, while a point p € P2 corresponds to a hyperplane
ne(ms1(p)) » M* in space-time. To see this, note that the
incidence relation z = x%*pu,A, can be solved for fixed p =
(z,u, ) € P2 by
XX = x(()xd + Hav(x — g & (30)

Here, x$% is a particular solution and «, and v,, are arbitrary,
which parametrise translations of x&* along totally null two-
planes (the a- and S-planes). The apparent four parameters in
the spinors v* and x“ are reduced to three, because the shifts
K* - k% +ou, and vy vy + 01, forpeC (31)

leave the solution (32) invariant.

Remark:

The above constructions show again that we have a
factorisation of the tangent bundle T,,+ into the two bundles of
undotted and dotted chiral spinors. As before, we shall denote
these bundles by S and § and therefore, T)+ = S ® 0,25 . We
introduce
O0p3(k,1) :== pr*Opixpir(k,l) for k,lE€Z, (32)

where pr is the bundle projection pr:P? - P! x P! and
Op1xpt(k, ) was defined in (23).
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