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Abstract: 
We investigate the twistorial derivations of self-dual string 

equation, the Maxwell equation and the Bogomolny equation via 
dimensional reductions of the equations of motion of the six-
dimensional self-dual three-form field strength H = dB. 

1. Introduction: 
The complexified space-time ℂସ is used to replace Minkowski 

space-time ℝଵ,ଷ by the space of projective light cones in this 
space, ℝଵ,ଷ × ܵଶ which is diffeomorphic to the open subset 
ℙ଴ଷ ≡ ℙଷ ℙଵ⁄  called Twistor Space. This is due to Penrose who 
further used the above correspondence to construct penrose 
transform by which we can describe solution of zero-rest mass 
fields by complex analytic data (cohomology groups). 
Moreover, holomorphic vector bundles over the Twistor space 
may also be used to describe Yang-Mills instantons on ℂସ. Then 
a twistorial description of chiral theories is demonstrated by a 
twistor space ܲ଺ that enables a description of chiral zero-rest-
mass fields on six-dimensional space-time and certain 
cohomology groups on ܲ଺. This construction generalizes 
Penrose-ward transform to ܲ଺. 

In this review paper we introduce the dimensional reductions 
of the six-dimensional spinor fields to four and three space-time 
dimensions. The twistor space ܲ଺ would contain the ambitwistor 
space that describes Maxwell and  Yang-Mills equations, the 
hyper-plane twistor space that describes the self-dual string 
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equation and the minitwistor space for monopole construction. 
In this paper we only describe Maxwell and Yang-Mills fields in 
addition to self-dual strings. So we consider the reduction of ܲ଺ 
to ambitwistor and hyper-plane twistor spaces. 

2.Reduction of ࡹ૟ to ࡹ૝:    
To dimensionally reduce M6 to M4, we split the 6 ≅

4˄4representation of 6)݋ݏ, ℂ) ≅ ,4)݈ݏ ℂ) into the bi-fundamental 
representation (2, 2) of ݈ݏ(2,ℂ)⊕ ݈ݏ(2,ℂ) ≅  plus twice (ℂ,4)݋ݏ
the trivial representation to obtain 
஺஻ݔ → ఈఉ̇ݔ) , ,ାݔఈఉߝ  (1) ,(ିݔఈ̇ఉ̇ߝ

whereߙ, ,ߚ … , ,ߙ̇ ,ߚ̇ … = 1,2. The symplectic forms ߝఈఉ and ߝఈ̇ఉ̇ 
of ݈ݏ(2,ℂ)⊕ ݈ݏ(2,ℂ) can be used to raise and lower ݈ݏ(2,ℂ) 
spinor indices. Four-dimensional space-time M4 is then given 
by the quotient M4 := M6/ܦெల with the distribution  ܦெల ≔ 〈߲±〉. 

A general three-form H = dB in six dimensions is given by a 
pair of symmetric bi-spinors ܪ஺஻ = ߲஼(ABB)C and HAB = ߲C(ABC

B) 
via a (traceless) two-form potential ܤ஻஺. Self-duality of ܪ is 
equivalent to saying that ܪ(஺஻) = 0.  

A two-form potential in six dimensions ܤ஻஺ reduces then to 
஻஺ܤ → ఈఈ̇ାܣ) ఈఈ̇ିܣ, ఈఉܤ, = ఈ̇ఉ̇ܤ,(ఈఉ)ܤ = ൫ఈ̇ఉ̇൯ܤ = ∅)  (2) 

and represents in four dimensions two one-form potentials 
ఈఈ̇ܣ

± , a two-form potential (ܤఈఉ,ܤఈ̇ఉ̇) and a scalar field ∅. 

Correspondingly, gauge transformations of ܤ஻஺, 
஻஺ܤ → ஻஺ܤ + ߲஺஼Ʌ஼஻ − ߲஻஼Ʌ஼஺, (3) 

where Ʌ஺஻ = −Ʌ஻஺, reduce in four dimensions to Ʌ஺஻ →
(Ʌఈఈ̇ ,Ʌା,Ʌି) with 

ఈఈ̇ܣ                                         
± ↦ ఈఈ̇ܣ

± + ߲ఈఈ̇Ʌ±,     
ఈఉܤ ↦ ఈఉܤ + ߝ ఈ̇ఉ߲̇ Ʌఉ)(ఈఈ̇ ఉ̇ , (4) 

ఈ̇ఉ̇ܤ  ↦ ఈ̇ఉ̇ܤ + ఈఉ߲ߝ Ʌఉఉ̇)ఈ(ఈ̇   
     ∅ ↦ ∅ . 

Furthermore, the (first-order) self-duality equation ܪ஺஻ =
߲஼ ஼஻)(஺ܤ  reduces to 

ఈఈ̇ܪ ≔ ఈ̇ఊ̇ߚఉ̇ఊ߲̇ఈఉ̇ߝ − ఉఊߝ ఉ߲ఈ̇ܤఈఊ = ߲ఈఈ̇∅  (5-a) 
and 
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݂ఈ̇ఉ̇(ܣା) = 0    and    ఈ݂ఉ(ିܣ) = 0, (5-b) 
where ఈ݂ఉ and ݂ఈ̇ఉ̇ are the self-dual and anti-self-dual parts of 

the curvature of a potential ܣఈఈ̇, i.e. 

ఈ݂ఉ(ܣ) ≔ ఈ̇ఉ߲̇ߝ Ʌఉ)(ఈఈ̇ ఉ̇    and    ݂ఈ̇ఉ̇(ܣ) ≔ ఈఉ߲ߝ Ʌఉఉ̇)ఈ(ఈ̇  (5-c) 

Note that under this decomposition, 
஺஻ܪ → ( ఈ݂ఉ(ܣା),݂ఈ̇ఉ̇(ିܣ),߲ఈఈ̇∅). Equation (5-a) is the self-dual 

string equation ܪ = ⋆ସ ݀∅ in spinor notation, while (5-b) says 
that the curvature of ܣା(respectively, ିܣ) is self-dual 
(respectively, anti-self-dual).  

3. Maxwell Equation: 
The Maxwell equation for a gauge potential ܣఈఈ̇ in spinor 

notation is given by: 
ఉ̇ఊ߲̇ఈఉ̇ߝ ఈ݂̇ఊ̇ + ఉఊߝ ఉ߲ఈ̇ ఈ݂ఊ = 0, (6-a) 

And the Bianchi identity is given by: 
ఉ̇ఊ߲̇ఈఉ̇ߝ ఈ݂̇ఊ̇ − ఉఊߝ ఉ߲ఈ̇ ఈ݂ఊ = 0, (6-b) 

so that the equations for ఈ݂ఉ and ݂ఈ̇ఉ̇ decouple as 

ఉ̇ఊ߲̇ఈఉ̇ߝ ఈ݂̇ఊ̇ = 0 = ఉఊߝ  ఉ߲ఈ̇ ఈ݂ఊ. 
The general Maxwell field ܣఈఈ̇ is expressed as ܣఈఈ̇ = ఈఈ̇ାܣ +

ఈఈ̇ିܣ , where ܣఈఈ̇
±  reflects the degrees of freedom. 

4. Bogomolny Equation (in three dimensions): 
To further reduce to three dimensions, we split the (2, 2) of 

ఈఈ̇ݔ :(ℂ,2)݈ݏ into the 3 ⊕ 1 of (ℂ,2)݈ݏ ⊕(ℂ,2)݈ݏ → ఈఉݔ) =
ଷܯ We then have .([ଵଶ]ݔ,(ఈఉ)ݔ ≔ ସܯ ⁄ெరܦ  with ܦெర: = 〈 డ

డ௫[భమ]〉. 
Here, the field strength of a gauge potential reduces directly 
according to: 
߲ఈఉܣఊఋ − ߲ఊఋܣఈఉ = ఈఊߝ ఉ݂ఋ + ఉఋߝ ఈ݂ఊ, (7) 

and the BPS subsector of the reduced Maxwell equation is 
described by the Abelian Bogomolny equation  ܨ = ⋆ଷ ݀∅ , 
which reads in spinor notation as 
ఈ݂ఉ = ߲ఈఉ∅ (8) 

This equation can be obtained from the self-dual string 
equation by defining = డ

డ௫[భమ]  In spinor notation, this amounts . ܪ˼
to defining       ఈ݂ఉ =  .ఈఉ and (5-a) reduces to (8)ܪ
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5. Ambitwistor space: 
Recall that three-dimensional totally null-planes in M6, which 

are in one-to-one correspondence with points in P6, are given 
by 
஺஻ݔ = ଴஺஻ݔ +  ஽, (9)ߣ஼ߤ஺஻஼஽ߝ

where ߤ஺is defined modulo terms proportional to ߣ஺. In view 
of the splitting ݈ݏ(4,ℂ) into ݈ݏ(2,ℂ) ⊕ ݈ݏ(2,ℂ) used in reducing 
M6 to M4, we now split the spinors ߣ஺ and ߤ஺according to 
஺ߣ → ఈߤ) ஺ߤ    ఈ̇)   andߣ, → (қ஺,ݒ஺). (10)  

Correspondingly, upon using (1), the equation (9) 
decomposes as 
ఈఉ̇ݔ = ଴ݔ

ఈఉ̇ + ఈ̇ݒఈߤ − қఈߣఈ̇, ାݔ = ଴ାݔ + ఈ̇ߣఈ̇ݒ ିݔ ݀݊ܽ, = ଴ିݔ + қఈߤఈ, 
(11) 

where we have raised spinor indices with ߝఈఉ and ߝ ఈ̇ఉ̇, 
respectively. Next we impose ݔ± = 0 = ଴ݔ

± to dimensionally 
reduce to four dimensions. Hence, ݒఈ̇ߣఈ̇ = 0 and қఈߤఈ = 0. 
There are essentially three cases emerging from these 
equations: 

i. ߤఈ = 0 but ߣఈ̇ ≠ 0 and қఈarbitrary and ݒఈ̇ ∝  ఈ̇ so thatߣ
the first equation (11) reduces to 

ఈఈ̇ݔ = ଴ఈఈ̇ݔ − қఈߣఈ̇. (12) 
This equation parametrises anti-self-dual two-planes in four 

dimensions   (so-called ߙ-planes). 
ii. ߤఈ ≠ 0 but ߣఈ̇ = 0 and қఈ ∝ ఈ̇ݒ ఈ  andߤ  arbitrary so 

that 
ఈఈ̇ݔ = ଴ఈఈ̇ݔ +  ఈ̇, (13)ݒఈߤ

which parametrises self-dual two-planes in four dimensions 
(so-called ߚ-planes).  
iii. we can have both ߤఈ ≠ 0 and ߣఈ̇ ≠ 0together with 

қఈ ∝ ఈ̇ݒ ఈ andߤ ∝ ఈ̇ߣ . This gives 
ఈఈ̇ݔ = ଴ఈఈ̇ݔ + ߷ ݎ݋݂   ఈ̇ߣఈߤ߷ ∈ ℂ, (14) 

which are the null-lines in four dimensions arising from 
intersecting ߙ-planes and ߚ-planes. 

Choosing the ߙ - or ߚ-planes will lead to either Penrose’s 
twistor space or Penrose’s dual twistor space which are the 
twistor spaces parametrising such null-planes. In the following, 
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we shall work with the null-lines obtained from intersections of 
 planes. This yields the ambitwistor space P5 which is-ߚ and - ߙ
the twistor space parametrising such null-lines. As we shall 
show momentarily, the ambitwistor space P5 as well as the 
correspondence space F6 can be obtained by factoring out 
certain distributions. The quadric equation defining P6 in the 
open subset ℙ଴଻of ℙ଻ will reduce to the quadric equation 
defining P5 in the open subset ℙ°

ଷ × ℙ°
ଷ of ℙଷ × ℙଷ. 

We now decompose all the twistor coordinates (ݖ஺,  ஺) on P6ߣ
according to the splitting of 4)݈ݏ, ℂ) into ݈ݏ(2,ℂ) ⊕ ݈ݏ(2,ℂ) to 
obtain 
,஺ݖ) (஺ߣ → ఈ,−߱ఈ̇ݖ) ,ఈߤ,  ఈ̇). (15)ߣ

Let us first consider the base space ℙଷ of the fibration 
ܲ଺ → ℙଷ. To reduce ℙଷwith homogeneous coordinates ߣ஺ to 
ℙଵ × ℙଵ with homogeneous coordinates(ߤఈ ,  ఈ̇), we consider theߣ
corresponding reduction of the structure sheaf ࣩℙయof ℙଷ. Local 

sections ݂ of ࣩℙయ  fulfil the equation ݂ߓ = 0, where ߓ ≔ ஺ߣ
డ
డఒಲ

  is 

the Euler vector field on ℙଷ.  
This reflects the invariance under re-scalings ߣ஺ →  ,஺ߣݐ

withݐ ∈ ℂ⋆. Local sections ݂ of ࣩℙభ×ℙభfulfil ߤఈ
డ
డఓഀ

݂ = 0 and 

ఈ̇ߣ
డ
డఒഀ̇

݂ = 0  . Therefore, the  

quotient of  P^3 by the distribution 
D_(P^3 )≔〈μ_α  ∂/(∂μ_α )-λ_α ̇   ∂/(∂λ_α ̇  )〉 (16) 

can be identified with P^1×P^1. 
Analogously, one reduces P^7 with homogeneous 

coordinates (z^A,λ_A ) to P^3×P^3. Since we are interested in 
non-compact versions, let us directly remove the P^3 defined 
by z^A≠0 and λ_A=0 from P^7 to obtain the ambient space 
P_0^7=P^7⁄P^3 ≅O_(P^3 ) (1)⊕C^4 of the twistor space P6. The 
quotient of  P_0^7 by the distribution 
D_(P_0^7 )≔〈z^α  ∂/(∂z^α )+λ_α ̇   ∂/(∂λ_α ̇  )-ω^α ̇   ∂/(∂ω^α ̇  )-μ^α  
∂/(∂μ^α )〉 (17) 

can be identified with ℙ°
ଷ × ℙሗ °

ଷ, where ℙ°
ଷand ℙሗ °

ଷ are each bi-
holomorphic to the total space of the bundleࣩℙభ(1) ⊕ℂଶ. The 
quadric condition ݖ஺ߣ஺ = 0, which defines ܲ଺ → ℙ଴଻, descends to 
the quadric equation 
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ఈߤఈݖ − ߱ఈ̇ߣఈ̇ = 0,  (18) 

which defines the ambitwistor space ܲହ → ℙ°
ଷ × ℙሗ °

ଷ as a 
quadric hypersurface of ℙ°

ଷ × ℙሗ °
ଷ. Note that ℙ°

ଷ is Penrose’s 
twistor-space of four-dimensional space time while ℙሗ °

ଷ is the 
dual twistor space. 

The correspondence space F6 is obtained as the quotient of  
଺ܨ ≅ ℂ଺ × ℙଷ  by the distribution 
ிవܦ ≔ 〈 డ

డ௫± ఈߤ, డ
డఓഀ

− ఈ̇ߣ
డ
డఒഀ̇

〉,  (19) 
and we have  ܨ଺ ≔ ଽܨ ⁄ிవܦ ≅ ℂସ × ℙଵ × ℙଵ. Altogether, we 

arrive at the following double fibration: 
 ଺ܨ                                                          

 ସߨ          ଷߨ                                                          
 

                                                               ܲହ                 ܯସ  (20) 
 

where  ߨସ is the trivial projection and 
:ଷߨ ൫ݔఈఈ̇ ఈ̇ߣ, ఈ൯ߤ, ↦ ൫ݖఈ,߱ఈ̇ ఈߤ, ఈ̇൯ߣ, = ,ఈ̇ߣఈఈ̇ݔ) ఈߤఈఈ̇ݔ ఈߤ,  ఈ̇). (21)ߣ,

Note that the twistor distribution in this case is of rank one 
and generated by the vector field ߤఈߣఈ߲̇ఈఈ̇, i.e. ܲହ ≅
଺ܨ ⁄〈ఈ߲̇ఈఈ̇ߣఈߤ〉  with 
߲ఈఈ̇ ≔ ఈ̇ఉ̇ߝఈఉߝ డ

డ௫ഁഁ̇
. 

Geometrically, a point ݔ in four-dimensional space-time ܯସ 
corresponds to a holo-morphic embedding of ݔො ≔ ((ݔ)ସିଵݔ)ଷߨ ≅
ℙଵ × ℙଵ → ܲହ. On the other hand, a point ݌ in ambitwistor space 
ܲହ corresponds to a null line ߨସ(ݔଷିଵ(ݔ)) →  ସ given byܯ
ఈఈ̇ݔ = ଴ఈఈ̇ݔ + ߷ ℎݐ݅ݓ   ఈ̇ߣఈߤ߷ ∈ ℂ, (22) 

in agreement with our initial choice of null-space. 
Moreover, if we introduce the two projections ݎ݌ଵ,ଶ:ℙଵ × ℙଵ →

ℙଵ to the first and second copy of ℙଵ, respectively, and in 
addition 
ࣩℙభ×ℙభ(݇, ݈) ≔ (݇)ଵ∗ࣩℙభݎ݌ ⊗  ଶ∗ࣩℙభ(݈) ,  (23)ݎ݌
ℙభ×ℙభߗ
௣ (݇, ݈) ≔ ℙభ×ℙభߗ

௣ (݇)ଵ∗ࣩℙభݎ) ⊗  ((݈)ଶ∗ࣩℙభݎ݌
for ݇, ݈ ∈ ℤ, we get the following sequence for the ambitwistor 

space 

0 → ܲହ → ࣩℙభ×ℙభ(1,0)⊕ࣩℙభ×ℙభ(0,1)⊗ℂଶ
௞
→ࣩℙభ×ℙభ(1,1) → 0. (24) 
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Here, ݇: ൫ݖఈ,߱ఈ̇ ఈߤ, ఈ̇൯ߣ, ↦ ఈߤఈݖ −߱ఈ̇ߣఈ̇. Upon dualising and 
twisting by ࣩℙభ×ℙభ(1,1) the Euler sequence forℙଵ × ℙଵ, we find 
0 → ℙభ×ℙభߗ

௣ (1,1) → ܲହ → ࣩℙభ×ℙభ(1,1). (25) 
This implies that P5 can be identified with the bundle of first-

order jets Jet1 ࣩℙభ×ℙభ(1,1) of ࣩℙభ×ℙభ(1,1) as a consequence of the 
jet-sequence 
0 → (ܵ)௑ଵߗ → ଵܵݐ݁ܬ → ܵ → 0  (26) 

for an Abelian sheaf ܵ on a complex manifold X (see e.g. 
[12]). 

The above constructions show that we have a factorisation of 
the tangent bundle ܶெర into the two bundles of undotted and 
dotted chiral spinors. We shall denote these bundles by S and ሚܵ 
and therefore, ܶெర ≅ ܵ ⊗ࣩெర ሚܵ, which is the reduction of the 
corresponding factorisation in six dimensions. Note that such a 
factorisation amounts to choosing a holomorphic conformal 
structure. re, we shall make use of the following notation 
,݇ ݎ݋݂) ݈ ∈ ℤ): 

6. Penrose—Ward Transforms: 
Let us consider an open set U ⊂ M4 and define ෡ܷ := 

P5 with covering ॏ෡ ⊃ ((ܷ)ସିଵߨ)ଷߨ = { ෡ܷ௔}. We start from 
holomorphic line bundles over ෡ܷ which are holomorphically 
trivial on any ݔො ≅ ℙଵ × ℙଵ → ෡ܷ. Such line bundles are 
characterised by Cech one-cocycles መ݂ = { መ݂௔௕} ∈ )ଵܪ ෡ܷ,ࣩ௎෡). The 
pull-back of መ݂ to the correspondence space can be split 
holomorphically, ௔݂௕

ᇱ = ∗ଷߨ መ݂௔௕ = ℎ௔ᇱ − ℎ௕ᇱ . Since መ݂௔௕ gets 
annihilated by the twistor distribution, we find ܣᇱ ≔ ఈ߲̇ఈఈ̇ℎ௔ᇱߣఈߤ  
which is globally defined. Hence ܣᇱ must be of the form 
ᇱܣ ≔  ఈఈ̇ depends only on space-time. Sinceܣ ఈఈ̇, whereܣఈ̇ߣఈߤ
the twistor distribution is one-dimensional, we do not obtain 
any spacetime field equations for ܣఈఈ̇. Moreover, since the 
splitting ௔݂௕

ᇱ = ℎ௔ᇱ − ℎ௕ᇱ  is not unique, we can always consider 
ℎ௔ᇱ ↦ ℎ௔ᇱ + ߮ᇱ, where ߮ᇱ is defined globally on ෡ܷᇱ := ߨସିଵ(ܷ) ⊂ P5. 
Therefore, ߮ᇱ can only depend on space-time (since the ℙଵs are 
compact) and thus, it corresponds to transformations of the form 
ఈఈ̇ܣ ↦ ఈఈ̇ܣ + ߲ఈఈ̇߮ᇱ. In summary, this shows that ܪଵ( ෡ܷ,ࣩ௎෡) can 
be identified with the Maxwell potentials on U modulo gauge 
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transformations. Notice that this construction also applies to the 
non-Abelian setting, that is, to Yang-Mills potentials. 

As is well-known, in order to construct self-dual (or anti-self-
dual) solutions to the Maxwell/Yang-Mills equations, one 
employs Ward’s construction [5] starting from holomorphic 
vector bundles over Penrose’s twistor space ℙ°

ଷ (or the dual 
twistor space ℙ෩°

ଷ) subject to certain triviality conditions. 
Because ambitwistor space incorporates both twistors and dual 
twistors, it can be used to give a twistor interpretation of the 
Maxwell/Yang- Mills equations. As we have seen above, 
however, the ambitwistor space itself is not quite sufficient to 
recover these equations. To resolve this problem, one needs to 
thicken the ambitwistor space into its ambient space ℙ°

ଷ × ℙ෩°
ଷ to 

a certain order.  
Theorem 2. ([8,9]) Let U be an open subset of M4  such that any 

null line intersects U in a convex set. Then there is a one-to-one 
correspondence between gauge equivalence classes of complex 
holomorphic solutions to the Yang-Mills equations on U and 
equivalence classes of holomorphic vector bundles which are 
holomorphically trivial on any ݔො ≅ ℙଵ × ℙଵ → ܲହ  for all ݔ ∈ ܷ and 
which admit an extension to a 3-rd order thickening [ܲଷ]

ହ  of ܲହ in 
ℙ°
ଷ × ℙ෩°

ଷ. 
Note that if the holomorphic vector bundle can be extended 

to a finite neighbourhood within the ambient space ℙ°
ଷ × ℙ෩°

ଷ, 
then the space-time gauge field constructed from this vector 
bundle is either self-dual, anti-self-dual or Abelian. Thus, if one 
is only interested in the Maxwell equation (as we are in the 
present case) one may work with holomorphic line bundles on 
the ambient space ℙ°

ଷ × ℙ෩°
ଷ which are holomorphically trivial on 

ℙଵ × ℙଵ → ℙ°
ଷ × ℙ෩°

ଷ. Since F3 is Penrose’s twistor space while ℙ෩°
ଷ 

its dual, one finds a self-dual and an anti-self dual field strength. 
Both can be linearly superposed to obtain a solution to the 
Maxwell equation. This is possible as the equations for the two 
helicities decouple. 

7. Hyperplane Twistors and Self-Dual Strings: 
In this section, we introduce a new twistor space P3. We shall 

see below, this twistor space underlies a Penrose-Ward 
transform mapping a certain cohomology group on P3 to 
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solutions to the self-dual string equation on M4 in a bijective 
manner. 

While ambitwistor space describes the intersection of ߙ- and 
 planes, the hyperplane twistor space will describe the span of-ߚ
the union of both types of intersecting null-planes. Because 
these two kinds of planes intersect along a null-line, the span 
describes a three-dimensional hyperplane in M4, hence the 
name hyperplane twistor space. 

In the corresponding double fibration, space-time obviously 
remains the same. Recall that the two spheres in the 
correspondence space ܨ଺ ≅ ℂସ × ℙଵ × ℙଵ specify the choice of 
an ߙ- and a ߚ-plane. Because we need the same data in the 
definition of a hyperplane twistor, the correspondence space 
remains the same, too. The equivalence relation between 
points, however, is different: while two points in the 
correspondence space are equivalent if they correspond to the 
same null-line in the case of ambitwistors, in the case of 
hyperplane twistors, two points in the correspondence space 
are considered equivalent if they correspond to the same 
hyperplane. Therefore the twistor distribution for the 
hyperplane twistor space contains that of the ambitwistor space, 
but it is strictly larger, and the hyperplane twistor space is a 
subspace of the ambitwistor space. 

Explicitly, the hyperplane twistor space P3 can be obtained 
by quotenting P5 by the distribution 
௉ఱܦ ≔ ఈߤ〉 డ

డ௭ഀ
, ఈ̇ߣ డ

డఠങ̇
〉  (27) 

It is rather straightforward to see that P3 := P5/DP5 is bi-
holomorphic to the total space of the holomorphic line bundle 
ࣩℙభ×ℙభ(1,1) → ℙଵ × ℙଵ. Altogether, we may write down the 
following double fibration: 
 ଺ܨ                                                            
 ଺ߨ          ହߨ                                                          

 
                                                ܲଷ                 ܯସ                    (28) 

 where ߨ଺ is the trivial projection and 
:ସߨ ൫ݔఈఈ̇ ,ఈߤ, ఈ̇൯ߣ ↦ ఈߤ,ݖ) (ఈ̇ߣ, = ఈߤ,ఈ̇ߣఈߤఈఈ̇ݔ) ,  ఈ̇)  (29)ߣ
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Note that the twistor distribution is of rank three and 
generated by the vector fields ߤఈ߲ఈఈ̇ and ߣఈ߲̇ఈఈ̇, i.e. ܲ଺ ≅
ସܨ ఈ߲ఈఈ̇ߤ〉 , ⁄〈ఈ߲̇ఈఈ̇ߣ , with ߲ఈఈ̇ ≔ ఈ̇ఉ̇ߝఈఉߝ డ

డ௫ഁഁ̇
 as before. 

The geometric twistor correspondence here is as follows. By 
virtue of the incidence relation ݖ = ݔ ఈ̇, a pointߣఈߤఈఈ̇ݔ ∈  ସܯ
corresponds to a holomorphic embedding of ݔො ≔ ((ݔ)଺ିଵߨ)ହߨ ≅
ℙଵ × ℙଵ → ܲଷ, while a point ݌ ∈ ܲଷ corresponds to a hyperplane 
((݌)ହିଵߨ)଺ߨ →  ସ in space-time. To see this, note that theܯ
incidence relation ݖ = ݌ ఈ̇ can be solved for fixedߣఈߤఈఈ̇ݔ =
,ߤ,ݖ) (ߣ ∈ ܲଷ by 
଴ఈఈ̇ݔ = ఈఈ̇ݔ + ఈ̇ݒఈߤ −  ఈ̇  (30)ߣఈߢ

Here, ݔ଴ఈఈ̇ is a particular solution and ߢఈ and ݒఈ̇ are arbitrary, 
which parametrise translations of ݔ଴ఈఈ̇ along totally null two-
planes (the ߙ- and ߚ-planes). The apparent four parameters in 
the spinors ݒ ఈ̇ and ߢఈ are reduced to three, because the shifts 
ఈߢ ↦ ఈߢ + ఈ̇ݒ   ఈ   andߤ߷ ↦ ఈ̇ݒ + ߷ ఈ̇    forߣ߷ ∈ ℂ  (31) 

leave the solution (32) invariant. 

Remark: 
The above constructions show again that we have a 

factorisation of the tangent bundle ܶெర into the two bundles of 
undotted and dotted chiral spinors. As before, we shall denote 
these bundles by ܵ and ሚܵ and therefore, ܶெర ≅ ܵ ⊗ ࣩெర ሚܵ . We 
introduce 
ࣩ௉య(݇, ݈) ≔ ,݇)ℙభ×ℙభࣩ∗ݎ݌ ,݇   ݎ݋݂   (݈ ݈ ∈ ℤ, (32) 

where ݎ݌ is the bundle projection pr:ܲଷ → ℙଵ × ℙଵ and 
ࣩℙభ×ℙభ(݇, ݈) was defined in (23). 
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