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The Geometrical interpretation
of Dirac equation.

R. M. Ibrahim® and Mohamed A. B®

Abstract:

In this paper we consider the spin complex. The study leads
to the treatment of Dirac wave function as a spinor field or a
cross-section of the spin bundle. Then we utilize Atiyah-Singer
index theorem to evaluate the index of the spin complex.

Introduction

The elliptic complexes had been studied by several authors
[11], [5]. The importance of this study is related to the existence
of solutions of partial differential equations of elliptic type. Of
particular interest, is the spin complex related to the celebrated
Dirac equation. For this reason we introduced a covariant form
of this equation in Section 1 of this paper [6]. Then we devoted
Section 2 to the spinor formulation of Dirac equation [12], where
the four-component wave function is represented by Weyl
representation. The spin complex has been given a more
mundane treatment in Section 3, [5]. Here the Dirac operator is
defined using the covariant derivative that involve the metric on
the base manifold and the spin connection 1-forms. Then we
considered the index of the spin complex in Section 4.
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1. Dirac Equation

1.1 Formulation of Dirac Equation

To solve the negative probability density problem of the
Klein-Gordon equation, people were looking for an equation
which is first order in 9/ct |

Such an equation is found by Dirac.

The Dirac equation is an equation derived by Paul Dirac in
1928 that describes relativistic spin -1/2 particles (fermions). It
is interesting as one of the first uses of spinor calculus in
mathematical physics. Dirac began with the relativistic equation
of total energy:

EZ — pZCZ +m2C4 (1)

As Schrédinger had done before him, Dirac then replaced P
with its quantum mechanical operator, P = 1V

It is difficult to take the square root of
E2 =—hC2V2 -l-mZC4 (2)

for a single wave function. One can take the inspiration from
E&M:

Maxwell’s equation are first-order but combining them gives
the second-order wave equations.

Imagining that‘/’consists of N components Vi,

1oy, kat//n imc
c ot ;; o Zﬂl =0, (3)

1=12,...,N , andX =X,Y,Z, k =1,2,3_

where
Vi
v,

¥ (4)

k
and ¢ B are NxN matrices. Using the matrix notation, we
can write the equations as

1a—l//Jroz.Vz// +@ﬂyf =0,
c ot h (5)

(104)



Series M. Mathematical Sciences

— 10 24 35 .
where ¢ =@ X+a y+a'Z N components of ¥ describe a new
degree of freedom just as the components of the Maxwell field
describe the polarization of the light quantum. In the spin of the

particle and ¥is called a spinor. We would like to have positive

definite and conserved probability, P z‘/’*‘/’, where? is the
hermitian conjugate of ¥ (so is a row matrix).
Taking the hermitian conjugate of equation (5),

c ot (6)
Multiplying the above equation by ¥ and then adding it to

y~ xEq.(5) , we obtain

1( .oy 61//
- \v4 \v} -—
C[ p atl’/} y.ay+ya l//+h(l//ﬂv/ l//ﬂl//)
(7)
The continuity equation
0
yy)+V.j=
8t( ) (8)
can be obtained if * =% B =8 then
10/ « .
e t//)+V- (v ay)=0
c ot 9)
with
j=cy ay. (10)
From equation(5) we can obtain the Hamiltonian,
Hy = al’/ (cthJrﬁmc j
"o (1)

One can see that H is hermitian if %' 8 are hermitian.

To derive properties of %: B , we multiply equation(5) by the
conjugate operator,

(lg—a.V—im—CﬂJ(%g V+@ﬂJ

c ot /] ot
1 0° P mc® , |m0( )
= C—Zat—z—aa 8i5]—+ 5 ﬂ ﬂa J’_aﬂ

(12)
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i 1 i i i
. 0. 1 + 0.
we can rewrit aa 8,81 Sz(aa 0{0{)8,8].

Since it’s a relativistic system, the second-order equation
should coincide with the Klein-Gordon equation. Therefore, we
must have

a'a +ala' =25"1 (13)
ﬂai+aiﬂ=0 (14)
pr=l (15)
B_ecau_se _
pa' =-a'p=(-1)a'p. (16)
1.2 Covariant form of Dirac equation
Define
y" =P,
yl=pa’, j=123
y =00t ) v =0y (A7)
Multiply equation(5) by ip ,
. 10 imc
i ——+aV+— =0,
ﬂX(C Ftav+— By
. 0 . ; 0 mc . mc
iy —+iy ——— |y =|iy"o, —— |y =0
j(y o a0 hJW (y ) hjw (18)
using the short-hand notation:
Y40, =0, y*A, = A, (i@—ﬁ}y -0
£ (19)
From the properties of the @'and B matrices, we can derive
y® =y° (hermitian) (20)
y'=(Ba’) =a’ B =a'p=-pa’ =y, (anti—hermitian) 1)
r =yt (22)
yhyY +yYy* =29*"1. (clifford algebra) (23)

Conjugate of the Dirac equation is given by

- * [* mC *
-0y ! v =0

(106)
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=0,y 7" -y =0
h (24)
__ — * 0
We will define the Dirac adjoint spinor ¥ by ¥V =¥ 7|
Then
i0,77" + 227 =0,
h (25)
The four-current is

. i
L~y =[p,ij, d,j" =0.
c c (26)

1.3 Properties of the ¥ matrices

We may form new matrices by multiplying 7 matrices
together. Because different ”matrices anticommute, we only
need to consider products of different” 'Sand the order is not

important. We have 16 different matrices,
I

}/0, i}/l, i}/Z, |}/3
}/O}/l, }/0}/2, }/O}/3a i}/Z}/S, i}/S}/l, i}/l}/Z

0,2,.3 0,1,2 1,23

A AT VA G | 0 A G

iy ry? = s (=7°). @7)
. r,,1=12,...16 . .
Denoting them by ! , we can derive the following
relations.
(a) nr,=a,r,, a,==xlortia
®) Tl =1 it and onlyif 1=m.
(C) 1—‘Il—‘m = il—‘ml—‘l
@ sh# | , there always exists ark , such that LOL =-T,
() TrT,)=0forI, =1
(f) T,

are linearly independent:

16
> %I, =0 ~ _
k=1 only if X, =0, k —1,2,...,16.

(107)



Sudan Journal of Basic Sciences

(9) Corollary: any 4x4matrix X can be written uniquely as
linear combination of the
I''s
16 .
X =>"xT,
k=1

Tr(XT,) =X, Tr (T,[) + X X Tr(LT,) =X, Tr (1) = 4x,
k=m

=1
where *n =17 (XI)

(h) Any matrix X that commutes with 7" for all#is a multiple of
the identity.

() pauli’s fundamental theorem:

Given two sets of 4x 4 matrices 7" and ¥ which both satisfy

o7 y=20"1

there exists a nonsingular matrix S such that

yH* = S}/"‘S‘l_
1.4 Specific representations of the 7" matrices

Recall H =(=ca(i®)V+Bmc*) | the non-relativistic limit, mc?
term dominates the total energy, so it’s convenient to represent
B=r’ by a diagonal matrix.

Recall 174 =0 and pe=1 , SO we choose

ﬁ_(l oj I_(l oj 28)
0 I , Where 01 (28)
a's anti-commutate Withﬂ and are hermitian,
k
akz[ o Aj, (29)
(A) o (29)

A" :2x2matrices, anti-commutate with each other.
These properties are satisfied by the Pauli matrices, so we
have

(108)
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R I R I e 1
a’=| , O = , o7 =], , o=
o 0 01 i 0 0—1(30)

from these we obtain

0 _ _I 0 i i 0 o'
: _ﬁ_[o —J’ 7= pe _[—ai oj

0 1
iy Oy ly 2,8 = .
Ys=lyvyvvy {l OJ

(1)

This is the Pauli-Dirac representation of the 7" matrices. It's
most useful for system with small kinetic energy, e.g., atomic
physics.

2. Spinor Formulations of Dirac Equations

Let’s consider the simplest possible problem:
Free particle at rest. ¥is a 4-component wave-function with

each component satisfying the Klein-Gordon equation,
(p.x—Et)

y=xe (32)
: : E? = p°c?® + m?c*
where % is a 4-compnent spinor and =P .
Free particle at rest: P~ 0,vis independent of X,
Hy = (— inca .V + mczyo)u/ =mc?y°y = Ey. (33)

0_ -
In Pauli-Dirac representation, 7 =91@g@L-1-1) e 4.
fundamental solutions are

1 0

O 2 1 2
leo, E =mc”, ZZ:O’ E=mc

0 0

0 0 ’

O 2 O 2
;(3:1, E=-mc”, ;(4—0, E=-mc

0 1

As we shall see, Dirac wave function describes a particle pf
spin—1/2. Z1, X2 represent spin-up and spin-down respectively

(109)
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with E=mc? X3 Xsrepresent spin-up and spin-down
respectively with E=-mc’ As in Klein-Gordon equation, we
have negative energy solutions and they can not be discarded.

For ultra-relativistic problems, the Weyl representation is
more convenient.

v,

Vs Va L4 Vs
Vep = = o WA= v Y = -
Vs Ve V. V4

YV, (34)

In terms of ¥aand Y&, the Dirac equation is
mc

. 0 . B
IaX_OWA +1o. Vg —7V/A’

_ii i .V, =

ox° Ve VY, 7 Ve - (35)

Let’s define

1 1
Ya=—=+d,) ve=—1=h, ¢
A \/E( 1 2) B \/E( 2 1) (36)
and rewrite the Dirac equation in terms of ¢ and ¢2,
mc

. 0 .
'ﬁ@ 1.V :7¢2 )

. 0 . mc
— Vo, =—¢, .
IaXO ¢, +ic. Vo, 5 ¢ 37)

On can see that % and %2 are coupled only via the mass term.
In ultra-relativistic limit (or for nearly massless particle such as

neutrinos ), rest mass is negligible, then ¢ and ¢2, decouple,
. 0 .

|67¢1 —io.V¢, =0,
. 0 .

I—5¢, +ic.V¢, =0,
OX (38)

The 4-component wavefunction in the Weyl representation is
written as

o [(ﬁl}
’ 9, (39)

(110)
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Let’s imaging that a massless spin—1/2 neutrino is described
by %, a plane wave state of a definite momentum P with energy
E =|p|c

(p.x-Et)

¢1 oce% . (40)
. 0 .10 E

| —— =]—— = — ,

ox° h c ot h hc g

. 1
ic.V¢, = —%O'. po,

= E¢, =|p|c¢1 =—Co.pg, or 0_p¢1 =—¢.
I (41)

h=o.p/|p|

The operator is called the helicity. Physically it

refers to the component of spin in the direction of motion. ¢,
describes a neutrino with helicity -1 (left-handed). Similarly,

Py —_4 . (h=+1, right—handed).
P (42)

The 7" 'Sin the Weyl representation are

) )

3. Spin Complex

The spin complex is perhaps the most subtle and interesting
of the classical elliptic complexes. The deepest insight into its
mathematical stricture can be achieved using Clifford algebra
bundles [7 ]. Clifford also provide a unified context for treating
all four of the classical elliptic complexes. In fact, one may use
the Clifford algebra approach to show that the spin complex is
interpretable as the square-root of plus or minus the de Rham
complex. Here we shall give a more mundane treatment of the
spin complex.

3.1 Notation

We begin by restricting ourselves to a four-dimensional
Euclidean-signature Riemannian spin manifold M . We choose
Dirac matrices obeying
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O y=ry" +y%y" =25, (43)
and take the representation
0 i
y® =[ _ (;J a, =(1-i1), &, =(1,i1)
—ia, (44)
where {4} are the 2x2 Pauli matrices

{0 1} {0 —ij {1 OJ
A = C A, =] A= .
10 i 0 0 -1 (45)

Then the chiral operator 7sis diagonal,

I 0
vs=r"r'y’y’ ={ j

0 -1 (46)

and we may split the space of Dirac spinors{‘/’a}into two
eigen-spaces of chirality £1:
YsW. =1y, (47)
the Dirac operator D is defined using the covariant derivative
with respect to the basis of
D =y"E}(X)D,(x)

a L a al
- yE; (x)[ 2 +%[yb,yc]wﬁ,b(x>j,

X (48)
where E. is an inverse vierbein of the metric on M and
ab u

@, dx is the spin connection 1-forms.

It is easy to show that (Weitzenbock formula):
D'D=DD" =-g"" D,D, +%[}/a'}/b][}/c'}/d]Rade
0 0
— +o,
ox* ox" (49)
so the leading part of the operator is elliptic for metrics with
Euclidean signature.

:—g'uv

Clearly the spinors v.(x) upon which Dacts are the analogs

of C”sections of the fibers of the bundles, we treated in
previous examples. We therefore must introduce a pair of
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corresponding spin bundles®:overM with local coordinates
At L)

Thus we finally arrive at the following definition of the spin
complex
D:C*(A,)—>CY(A))

D":C*(A.) >C™(A,). (50)
4. Index of the spin complex

4.1 A Genus

The Agenus is the genus associated to the characteristic
power series:

\Nz/2
Q(2) =— =1-2/24+72%/5760—....
sAlnhi\/z/Zi (51)

The A genus of a spin manifold M is an integer, and an even
integer if the dimension is 4 mod 8 (which in dimension 4
implies Rochlin’s theorem), for general manifolds, the A genus
is not always an integer.

The A genus is given by:

A(M)zﬁxi—/zzl_ip +L(7p2_4p )t
L1 sinh(x; /2) 2471 5760 ¢ 7 (52)

4.2 Index of the spin complex

The analytic index of spin complex (A..D)js
Index(A,, D) = dim Ker D —dimKer D

=n.-n., (53)

where ":are the numbers of chirality £1normalizable zero-
frequency Dirac spinors.

The index itself is the difference between the numbers of 1
chirality spinors in the kernel of Dirac operator.

Now we turn to the topological index of spin complex , it can
be expressed as:

Index (A* D)=jﬁ X; /2 = [A(Mm).
' rsinh(x, /2)

Where N=dimM js 3 multiple of 4. for N=4 we find

n

(54)
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1

1
e Ta e LU b

1
Tr(RAR).
24872 hJ; RAR)

Hence ™ is a multiple of 24 for any compact 4-dimensional
spin manifold without boundary.

5. Conclusions

The significance of this study is that the global geometrical
interpretation of Dirac equations provides the existence of
solutions of the Dirac equations. In fact the topological
invariants introduced are the key points that affect the relation
between the analytical techniques and the topological and
geometrical data.
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